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The Parametric Representation of the Tetrahedroid 

Surface. 

By Derbiok N. Lehmeb. 



1. Weber* has discussed the 16-tiodal Kummer Surface by means of the 
double theta functions. The tetrahedroid surface is a special case of the Kum- 
mer Surface noticed by Cayley,f and discussed by him by its representation in 
tetrahedral coordinates. StudyJ has expressed the sur&ce parametrically by 
means of certain 0-functions defined by him and closely related to the 3^-functions 
of Jacobi. He derives also the Cartesian equation in a very elegant form. 

Gayley has observed that the tetrahedroid is a homographic projection of 
Fresnel's Wave-Surface. The latter has been discussed by Lacour|| who repre- 
sents the surface parametrically using the en, en and dn elliptic functions. 

2. We may represent the tetrahedroid surface parametrically as follows :§ 

XQ^auaVf 

asb> ^1* ^> ^ ft^ tb^ four homogeneous coordinates of a point in space, u and v 
are independent parameters Cj, a^ are the (Tx-functions of Weierstrass built on 

* Weber, Crelle's Journal, Vol. 84, p. 849. 

t Cayley, OoUeoted Works, Vol. I, p. 803, Vol. V, p. 481 and Vol. X, p. 487. 

t Study, ^'SphariBche Trigoaometrie, Orthogonal Substitutionen und ElliptiBche Functionen," 
p. 226. 

II Lacour, Nou^elles Annales, XVII (8), p. 266. 

§ See HutohiuBon's Thesis On the Reduction of HypereUiptio Functions, p. 86. Also Bricard, Nou- 
▼eUes Annales, 8d series, Vol. 18, p. 197,1899. 
1 



2 Lehmer : The Parametric Representation of the Tetrahedroid Swrfo/oe. 

independent invariants. To au belong ei, 6^, eg, and the periods 2(d, U. To cv 
belong 61,61, 63, and the periods 20, 2o'. 
We shall further use the notations 

cj + cj' = (i)f, ci +cj!' = cjl2, 

also (j?=,e^ — 6g, 0^ = 62 — eg, 

6' = 68 — ^, y = eg — 61, 

3.Ifwep„tS- = «, a = y, ^=,, 

we get* 

a;« = (j;>U— ei)(pt? — 61), 
y=(fpw — cKpw — ia), 
7?={ipu —e^){pv—e^), 

whence solving for pu, pv and fptipt; we get 

fm=<^(a:,y, z), 

^ = ^(35, y, 25), 

pupv=x{xjy, 2), 

where 4>, '4'> and x ^r® functions of x, y, « of the form 

^» + 5y»+ C^ + D. 

The equation of the surface is then 

The surface is thus seen to be of the fourth degree. The Cartesian equation may 
be obtained in a simpler way by using the results of §6. If m is fixed while v 
varies the point {Xj y, z) lies on the intersection of two quadrics, and similarly 
when 1? is fixed while w varies. The ** parametric lines'' are therefore elliptic 
twisted quartics. 

4. It is important to determine the region in which u and v are to vary in 
order to obtain the whole surface. In other words we must determine what 

^ See Schwarx, Formeln and Lehrs&tse, Art. 18. 
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values of M, v correspond to a given value of a, y, z. From the preceding para- 
graph 

so for given values Xq, y^, z^ofx, y, zwe get two sets of values ; 

w = zb t^o + 2fai) + 2i/Jy 

where ti©, Vo are any pair of values of w, r which give »«, yoi «o while /£, /£', r, v' 
are integers. It is not necessary to consider values of u and v outside the four 
parallelograms as shown 





because 4a, Aof and 4(d, 4cj>' are periods for all the coordinates. Now ^ and 4" 
were functions involving only the squares of a;, y, s;, so all the values 

±Uq+ 2ijUd + 2ij!(Jy 

of t* and V will give correct values of cco, yoiZo to sign pr^. It is found that by 
applying formulaB 7 of article 18, Schwarz "Formeln," that if we take any one 
of the eight possible values of u and combine it. with all the eight possible values 
of t; lying in the four parallelograms above we get all the eight possibilities of 
sign. We may thus arbitrarily choose our u in the lower half of the first parallelo- 
gram and allow v all the four parallelograms. As to the points on the bounda- 
ries in the v plane the usual conventions apply and we may omit the upper and 
right hand boundaries altogether. In the u plane the only boundary necessary 
is from the origin up to and including the points o and cj' and from «' up to and 
including cj + cj' = cj^. 



i^ 




4 Lehmbr : The Parametric Repreeentaiion of the Tetrahedroid Surface. 
4. It is important to note the effect of certain transformations of the form 

£=Oorly %=1,2, 3, i=l,2,3,x = an integer. Restricting ourselves to 
the range of values indicated in the preceding paragraph we have the following 
sixteen transformations : 

2**. u' = u, t/ = »+2cji, 

3^ m' = M, t/ = t? + 2c58, 

4^ tt' = w, t/=f; + 2o„ 

e**. t«' = t« -|~ ^if t/ = v + ttj + 2cii , 
7^ t^^u + Oi, t/ =t? + Qi+ 2cd!|, 
8^ W' = W + Oj, t;' = t; + fill + 2o8, 

10^ u' = u + Ofi, v' = V + CJJ8+ 2c5i, 
ir. ll'=W+Ci)j|, f/=:f; + cjjj + 208, 
ly. u' = t*+ci)j|, t/ = t? + ci, + 2cis, 

13^ t4' = ti + (»s, t/ = t; + Q8, 

14^ ti^=t* + {08, t/ = v + cjl, + 2qi, 

16*. u' = u + (^, t/ = v + os+ 265|, 

16^ m' = w + G)„ t/ = V + c5, + 2^, 

The effect of these transformations on the coordinates is exhibited in the follow- 
ing table which is easily constructed by applying formulsd (2) of article 22, and 
formute 6 of article 18, Schwarz, "Formeln." 
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6. It is not difficult to see that the above sixteen transformations form a 
group, and it follows that when we have found a relation between any or all of 
the coordinates we can at oDce derive sixteen other relations by operating on 
these coordinates with these transformations* The relations thus found need 
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not neoessarilj be distinct. Thus the equation of the surface will, of course, 
be invariant under all these transformations. 

6. Thsobsm. The interaecHon of the surface with each ofthephnea of reference 
ie a pair of conies. The three vertices of the tetrahedron of reference in any refer- 
enoe plane furnishes a triangle which is sdf polar to both the conies in that plane. 

To prove this, put 2^ = 0. This gives u = or v = 0. Taking u = 0, we 
have 

x^ = a^v, 
whence 

a*a5 + V^ + (?Q^ = cfc\v + Vaiv + c^ofv = 

(Schwarz, ''Formeln," article 24.) Our conic Lb thus 

The other conic in this plane is obtained by putting 9 = and turns out to be 

The sections by the three other coordinate planes are obtained by operating on 
the above with the transformations of our group. The sections by the four planes 
are 

x. = Q, {a^^ + VA + <^A){a^A + V7\ + ^A) =0, 

aji = , (a WaJ + VA + ?a4)(?6V4 + 6?;^ + c»a5) = , 

x, = 0, (^V(?7^-\'a^a\ + VA){ffV^^ + a^7\ + V7^) = 0, 
These conies are seen to be referred to their self-polar triangles. 

7. By means of the intersections of the surface with the planes of refer- 
ence given above we may easily derive the equation of the surface in tetrahedral 

coordinates. ^^ 

From paragraph 3 we note that the equation is of the form 
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Put Buccessivelj x^=0, a^^O, x^^^O, a:;^=Oin this equation and identify with 
the above intersections. The equation of the surface thus obtained is 

a*^ m<^^s4-{- a^S?xt + 6»y a4 + c«? a| 
+ a«5»(c»6» + c»6»)a5a^ 

+ c»a«(6»^ + 6V)4a4 
+ (6»a« + 6'c»)a|a5 

Study has expressed this in a somewhat more elegant form by writing 



a:o= — *>i^adbbcc Xo, 

xi= t</aa, Xi, 

iC8= *>/bb X,, 

05,= Voc a,, 
a/a=^ a, 
b/b=b, 
c/o = c. 

We thus get, dropping accents, 

4+ x\ + 4 + 4 + (^ + ^){4^+^) 

From this, the equation of FresnePs ** Wave Surface" may be easily derived by 
the transformation 

X = V — ab — ^ , 
2 = V — ca — ^ . 
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%. Singular Planes. Starting from the identities (Schwarz, "Formeln," 
article 24), 

a^afu + l^a\u = — c*(t|w, 
c?alv + i^alv = — ?5}t7, 

and using the well-known formula 

(P« + e^)(i? + ^) = {PR + QSy + {PS- QRy, 
we get 

{adaiUOiV + bba^w^vY + (a^^iti^at; — dbd^va^uy = c^^crft^o^t; 

or c^?(Tjua|t; — (aoiTiWaii? + hha^ua^vy = {abaiua^v — dbaiva2u)\ 

whence, 

{cca^ua^v — axiaiudiv — hha^ua^v){c^imiV + aaaiua^ + Jftctaticfit;) 

= {ahoivia^v — ahdivajtif. 

Now, the identity which we started with holds also when a^u is changed to 
— (Tjt* . We thus get the identity 

(cccTgtiagt? — aaxJiWiV + hha^WiV^ccOiuaiV + aaOiuaiv — bba^ua^v) 

Multiplying these last two equations together, member by member, we have 
{ccx^ — aaxi — 66x2) (ccxg + aaai + hbx^){ccx^ — aaoci + bbx^Xccx^ + ooxi — bbx^) 

We may identify this equation of the tetrahedroid with that given in para- 
graph 7. Putting the right side of this last equation in the form 

we get, comparing coefficients. 

By using the relations a* + 6* + c* = 0, a* + 6» + ? = 0, it is not difiBoult 
to obtain the value of p in the simple form 

_ 4a«g6»6Va» 
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whence, j _ 2a'a'yyc'c* 

J.1 = a^ar ' , 

We have thus thrown the equation of the surface in the form 

where ji= aaari + Jiarj + ccxj, 

jj = — aaxi + bbxt + ccxg. 
ft = — aaasi — ftJa^ + ccx,, 

From the general theory of surfaces, each of the planes ^^ = is tangent to 
the tetrahedroid along its intersection with the quadric surface Q^=zO. We 
have, in fact, found four singular tangent planes which touch the tetrahedroid 
along a conic counted twice. 

Apply, now, the operations of the group. We thus derive sixteen singular 
tangent planes, all of which touch the surface along a conic counted twice. 
Writing, in general, ^ (a, 6, c, d) for the plane ax© + bxi + cx^ + dx^ = , our 
singular tangent planes are 

^(0, oa, ±66, ±cc), 

q{aa, 0, zfc 1, di 1), 

<7(fe6, ± 1, 0, =b 1), 

5(ca, ±1, d= 1, 0). 
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The four quadric sarfaces Q^, Qx, ft. ft are seen to be referred to their selif- 
polar tetrahedrons. They are : 

g, = 2aVA»6Vc»«g + a»5» ( J«c« + 6»?) xf 
ft = 2a«5»a:; + a»5« (fi»c« + J'?) a§ 

ft= 25»j^a4+ (6V + 6»?)i^ 

+ (5»J^+aW)a*=0, 
ft= 2c»c'a^+ (J»c* + 6»?)*i 

+ c»?(a«6«+a»6»)4=0. 

The above method of obtaining the singular planes of the surface is used by 
Lacour in his treatment of Fresnel's "Wave Surface " (Nouvelles Annales, third 
series. Vol. XVII, p. 266). 

A glance at the equation of the tetrahedroid shows that 

The tangent plane to the tetrahedroid is therefore given parametrically as 
follows: 

p«o = «oft. 

p«« = «« ft. 
pttj = x', ft, 
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or in terms ofu and v, 

piL^ = audv (a^Valualv — (J?Vd\fHjlti) , 

puj = (TinCiV {(Paluc^v — aVi^oft?) , 

By using the formulaa of art. 24, Schwarz, " Formeln/' these equations may 

be written 

pu^ = (rmv (a'ft'crf woft; — (Pb^alualv) , 

ptA, = (Tgt^jV (aiucfiv — diualv) , 
ptig = a^tio^v {alualv — (rluOiv) . 

These equations give us the parametric representation of the reciprocal surface. 
Treating the w's as point-coordinates, we find the trace on the plane tig = is 
the pair of conies 

with similar results for the other coordinate planes. The equation of the recip- 
rocal surface is found to be 



"o _^ 



This is again a tetrahedroid surface. It may be obtained from the first by 
the transformation 

t^ =z oa 66 cc Xo , 
tij = adxi, 
tij=66a5,, 
ti^=zccx^. 

9. Singular Points. The singular points of the tetrahedroid may be found in 
the usual manner by obtaining the values of u and v, for which we have simul- 
taneously u< = (i = 0, 1, 2, 3). They may be more readily found, however, 
by making use of the fact that singular planes reciprocate into singular points, 
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and vice versa. Reciprocating our sixteen singular tangent planes, we obtain at 
once the sixteen singular points 

0, 1, ± 1, ±1 , 

1, 0, zfc cc, ±66;, 
1, ifccc, 0, ifcoa, 
1, zfc 66, zfc aa, 0. 

10. It is seen that there are four singular points in each plane of reference 
just as there are four singular planes through each vertex of the tetrahedron of 
reference. 

Tt is easily verified, moreover, that the four singular points in any plane of 
reference are the points where the two conies in that plane intersect. Also the 
line joining any two of these points in a plane of reference passes through a vertex 
of the tetrahedron of reference. By reciprocating, we find that the four singular 
planes, through any vertex of the tetrahedron of reference, intersect along lines 
which lie two in each of the planes of reference through that vertex. These four 
planes also cut the opposite plane of reference in the four common tangents of 
the two conies in that plane. Their points of tangency lie by twos on straight 
lines which also pass through a vertex of the tetrahedron of reference. These 
theorems, of course, are easily established directly by using the equations of the 
planes. 

11. The singular point (0, 1, 1, l) lies in each of the six singular planes. 



q{<M„ 


0, 


+ 1. 


— 1), 


q{<m, 


0, 


-1, 


+ 1). 


q{bb, 


+ 1, 


0. 


— 1). 


q{hb, 


— 1. 


0. 


+ 1). 


qi<x, 


+ 1, 


— 1, 


0), 


q{<^, 


-1, 


+ 1, 


0) 



Making use of the transformations of the group of paragraph 3, we have the 
theorem : 

Through every singular point pass six singular tangent planes. 

Also, by reciprocation, or directly from the coordinates of the singular 
points ; 

There are six singular points in every singular tangent plane. 
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A convenient notation for the sixteen singular planes is the following : 

la = q{0, +aa, +66, +cc), 

lb=q{0, +aa, +66, — cc), 

lc = q{0, +ad, — 66, +cc), 

/d = y(0, +ad, — 66, — cc), 



IIa = q{ad, 0, 


+ 1 


•f 1) 




IIb = q{aa, 0, 


•f 1, 


-1) 




IIc=:q{aa, 0, 


— 1, 


+ 1) 




IId=:q{aa, 0, 


-1. 


-1) 




Ilia = q {bb, -f 1 , 


0, 


+ 1) 




IIIb = q{bb, +1, 


0, 


-1); 




IIIc = q{hb, — 1, 


0. 


+ 1); 




IIId=q{bb, -1, 


0, 


-1); 


IVa = q(cc , 


+ 1. 


+ 1, 0); 


in = q{cc, 


+ 1, 


-1. 0); 


IVc:^q{cc, 


-1, 


+ 1. 0); 


ird = q(cd, 


-1, 


-1. 0); 


and similarly for the singular points: 






la = (0, 1, 


+ 1, 


+ 1); 


16= (0, 1, 


+ 1, 


-1); 


etc. 






2a = (l, 0, 


+ ec 


+ 66); 


etc. 






3a=(l, 


-{•oc ( 


0, aa); 


etc. 






4a=(l, 


66 


ad 0); 


etc. 









With this notation we may write down the six singular points in each singular 

plane as follows : 

la: 26, 2c, 36, 3c, 46, 4c; 

76: 2a, 2d, 3a, 3d, 46, 4c; 

Ic: 2a, 2d, 36, 3c, 4a, 4c2; 

Id: 26, 2c, 3a, Sd, 4a, Ad; 
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Ila: 36, 3d, 46, 4rf, li, Ic ; 
lib: 3a, 3c, 46, 4rf, la, Irf ; 
//c: 36, 3d, 4a, 4c, la, id; 
lid : 3a , 3c , 4a , 4c , l6 , Ic ; 

///a: 4c, 4d, 16, Id. 26, 2d; 

i//6: 4c, 4d, la, Ic , 2a, 2c; 

IIIc: 4a, 46, la, Ic , 26, 2d; 

Illd: 4a, 46, l6, Jd, 2a, 2c; 

IVa: Ic, Id, 2c, 2d, 3c, 3d; 

IVb: la, 16, 2a, 26, 3c, 3d; 

IVc: la, 16, 2c , 2d, 3a, 36 ; 

IVd: Ic, Id, 2a, 26, 3a, 36. 

The six singular planes through each singular point are : 

la: 7/6, //c , 7/76, IIIc, IVb, IVc ] 

16: //a, //d, ///a, ///d, IVb, IVc ] 

Ic: //a, //d, 77/6, ///c, /7a, /7d; 

Id: 7/6, //c, /7/a, 7//d, 7Fa, IVd 
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Ilia, 


IIIc, 


IVb, 


IVd, 


la, 


Id 


2c: 


Illb, 


Hid, 


IVa, 


IVc, 


la, 


Id 


2d: 


Ilia, 


IIIc, 


IVa, 


IVc, 


lb, 


Ic 


3a: 


IVc, 


IVd, 


lb, 


Id, 


lib. 


lid 


35: 


IVc, 


IVd, 


la, 


Ic, 


Ha, 


He 


3c : 


IVa, 


IVb, 


la. 


Ic, 


lib, 


lid 


3i: 


IVa, 


IVb, 


lb. 


Id, 


Ha, 


He 


4a: 


Ic, 


Id, 


He, 


lid, 


IIIc, 


Hid 


46: 


la. 


lb. 


Ha, 


lib. 


IIIc, 


Hid 


4c : 


la, 


lb. 


He, 


lid, 


Ilia, 


Illb 


4rf: 


Ic, 


Id, 


Ha, 


lib. 


Ilia, 


Illb 



1 2. A number of theorems may be obtained by mspection from these two 
tables. In the first place, no three singular points lie in more than one singular 
plane, and no three singular planes pass through more than one singular point. 
This means that no three singular points are coUinear and no three singular 
planes pass through one line. Again, there are two points common to any pair 
of planes, and two planes common to any pair of points. This means that the 
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120 lineB joining the sixteen points are precisely the 120 lines in which the six- 
teen planes intersect. 

The four planes la lb Ic Id all pass through the vertex Vo= (1, 0, 0, 0) of 
the tetrahedron of reference. Therefore their six lines of intersection do also. 
Now, by looking at the table, we see that the points 

2b and 2c lie in the intersection of la and Id ; 
36 and 3c lie in the intersection of la and Ic ; 
46 and 4c lie in the intersection of la and lb. 

These six points, therefore, lie by twos on three straight lines through the 
vertex vq. Now, these six points all lie on the conic in /a, and we have the 
theorem : 

In each singular plane the six singular points are three pairs in involution, and 
the center of involution is a vertex of the tetrahedron of reference. 

We have shown the above theorem for only one singular plane. It follows 
for the others by using the transformations of the group of paragraph 3. 

To write the reciprocal theorem, it is necessary to see that the six planes 
through any singular point are tangent to a quadric cone. Consider, in fact, the 
six planes through la. They are by the table lib, lie, Illb, IIIc, IVb, /Fc, 
or, written at length , 



q((M., 


0, 


1, 


-1). 


q{ad, 


0, 


-1, 


1). 


q{bb. 


1, 


0, 


-1). 


qibb, 


-1, 


0, 


1). 


q{cc , 


1, 


-1, 


0), 


?(ca, 


— 1. 


1, 


0). 



The traces of these planes on the plane ^i = will give the six lines 

aa Xo =t a:2 ^ ^^s = 
bbxo =F cc, = , 

cc Xo± x^ = . 

It will suffice if we show that these lines are all tangent to the same conic. 
This requires the vanishing of the determinant 



= 0. 



a»5«, 


1, 


1, 


OM, 


— dd, 


— 1 


a'iP, 


1, 


1, 


— ad, 


ad, 


— 1 


l?V, 


0, 


1, 


0, 


-hi. 





m\ 


0, 


1, 


0, 


bb, 





&^, 


1. 


0, 


— cc, 


0, 





<?^, 


1, 


0, 


cc, 


0, 
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Subtract the first row from the second, the third from the fourth, the fifth from 
the sixth and the determinant is seen at once to be equal to zero. 
The reciprocal theorem of the one last written reads therefore : 
The six singular planes through any singular point are tangent to a quadric 
oone and are three pairs in involution. The intersecting pairs meet in a plane of 
reference. 

13. Consider any pair of singular points not in the same face of the tetra- 
hedron ot reference, e. g. Ic, 4rf, we see by the table that these lie in the intersec- 
tion of the two singular planes Ila and IITb. The other four points in lla are 
36, 3rf, 46, and lb. The other four in Illb are 4c, la 2a, and 2c. Now, the line 
joining Sb and Sd meets the line joining la and 4c, since these two lines are in 

lie. In general, 

16, 36 meets la, 2c in IVc, 
16, 3d meets la, 2a in /F6, 
16, 46 meets 2a, 2c in Illd, 
36, Sd meets la, 4c in lie, 
36, 46 meets 2c , 4c in /a, 



3(2, 46 meets 2af 4c in lb. 



Naturally these lines intersect on the line Ic, 4d. Thus the six lines of the 
complete quadrilateral in Ila meet the line Ic, 4(2 in the same points in which 
that line is met by the six lines of the complete quadrilateral in Illb. A similar 
state of afiairs exists when the two points selected lie both in the same face of 
the tetrahedron of reference except that here one vertex of the complete quadri- 
lateral in each of the two singular planes will lie in the line joining the two 
chosen singular points, being in fact the vertex of the tetrahedron of reference 
lying in that line. From these considerations we have the theorem : 

Every luxe joining two singular points meets twelve other such lines in six 
points which are in involution. If the two singular points lie in the same face of the 
tetrahedron of reference^ two of these six points coincide with a vertex of the tetrahe' 
dron of reference, which is a double point of the involution. 

This theorem is its own reciprocal. 
Uniybbsitt of California, Augttat, 1901. 



On Ternary Monomial Substitution^ Groups of Finite 
Order with Determinant ± 1. 

By Ernest Brown Skinner. 



Introduction. 
The finite ternary linear substitution-groups generated by the two elements 

i = 1, 2, 3, a^fifi^ = 1 and t + 1 is taken mod 3, have been studied by Professor 

H. Maschke under the title *' On Ternary Substitution-Groups of Finite Order 

which leave a Triangle Unchanged."* 

Substitutions of the form 

z[—ai%^ (i,y=l, 2, 3) 

he has called numomial stAstitutiona and the groups containing only such substi- 
tutions monomial groups. In what follows it is proposed to investigate all ter- 
nary monomial groups of finite order with determinant ± 1. 

It is shown first, that the groups composed of multiplicative substitutions 
with determinant + 1 may be generated by at most two substitutions, and con- 
versely. The form of these independent generators is given explicitly. It is 
further shown that the ternary monomial groups with determinant ±. 1 may be 
generated by at most three independent generators, one of which is of order 2, 
and conversely. It follows directly that the various types of groups to be 
studied are known. If li, T2 and r denote the generators of the ternary multi- 
plicative group with determinant d= 1, and /S' = (1, 2, 3), ^ = (12), these types 
are found by taking every possible combination of the substitutions 2^, T2, S, s, t 
as generating operations. 

In the second place, the sets of invariant forms of these groups have been 

* American Journal of Mathematics, toL XVn, No. S. 
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determined in all cases, and the full systems have been worked out in all except 
certain exceptional cases (see §§6 and 1 2 below), for which only what Professor 
Maschke has has called ''reduced systems/' have as yet been found. In these 
exceptional cases, while the full systems have not been found in general terms, it 
is shown how in any case given numerically, the forms of the full system may 
readily be picked out. 

Finally, the orders of the various groups are given in terms of the auxiliary 
quantities which occur in the solution of the problems to determine the invariant 
systems. 

OHAPTEB L 
Ternary Monomial Groups with Detericinant + 1 . 
§1. — Definitions and Notation. 
A multiplicative ternary substitution is a monomial substitution of the form 

ai a root of unity and Oia^fiL^ = 1 . 

Such substitutions may be denoted conveniently by 

or more briefly by 

where m = L. C. M. of nii , m^, m„ and (j., is a prim- 
itive with root of unity. 



t=l, 2, 3, (2) 



The subscript m is then the order of T and the determinant is q^"" = ± 1 . 

If the determinant is + 1 

Xki=0, (mod m). (3) 

If it is ± 1 

S2X;< = 0, (modm). (4) 

No two of the exponents ki have a common divisor, which is, at the same time, 

a divisor of m. Two or more multiplicative substitutions Ti, T^ are said 

to be independent if there exists no relation of the form 

T{Ti .... =1, 

a, ^ .... not multiples of the respective orders of 7i, TJ • . . . 

The necessary and sufiScient conditions for the equality of two multiplica- 
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tive substitutions y* = (oS)* and T'^ = {q^Y of order m and both of determinant 
+ 1, are 

§2. — Qraufps of Ternary Multiplicative Sttbstitvtions with Determinant + 1. 

Groups of multiplicative substitutions are evidently Abelian. 

Thbobbm I. — The necessary and sufficient condition that tioo ternary muUipUca- 
tive substitutions T^ = {of^^ and T^ = (o^^) are independent, is that the tvoo-rowed 
determinants of the matrix 

are prime to d^=^ [iVi, JVg] . 

If one of these determinants is prime to c2, the other two are also by reason 

of the two relations 

Xki = %ki^Oy (mod (2). 

Suppose first that iVi = -AT, = d. The conditions for 

If (*,«) = A, then ^ = »-l(modi). 

If [A, c2] :^ 1, there exists a solution of (6) such that a and ^ are both less 
than d. If [A, d] =1, there exists no solution of (6) except a = /3= (mod d). 
The condition is therefore necessary and sufficient when Ni^=^ N^. 

If i^i^^riV;, let Ni=r^d, N,=r,d, T[^ = {o^) and 7J. = (af'); then 
ki = ki (mod d) and k( = ki (mod d). The condition that 27> and 7J» are inde- 
pendent is that A = (^ ^) is relatively prime to d. But 

A = A+ d (int. fen. ki, ki). 

If, therefore, [A, d] = 1, [A, <f] = 1, and conversely. q. b. d. 

Corollary. If N^ is a divisor of iVi, the.oondition that Ti = {J^^) and T^ = («5^J) 

are independent is 

[A,iVi]=l. 
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Thbobeh II. — Every group of ternary mvUiplioative eubstitutiona with determi- 
nant + 1 may be generated by at most ttoo independent generators, and oonversdy, 
every Abelian group thai oan be generated by two generators is holoedrioally iso- 
morphic with a group of ternary multiplicative substitutions. 

First, let (? be a group of order jj", p a prime, and let 

be a substitution of maximum order in the group. If G is exhausted by the 
powers of Ti, the group is cyclic. If G contains yet other operations, let 

be a substitution of maximum order among the remaining elements which are 
independent of Ti. The group {Ti, T^] will then contain every ternary multi- 
plicative substitution whose order is a divisor of jp"*'. For the conditions that 

T arbitrary and of order jp"» or less are 

The congruences (7) have a solution whatever m^ and m^ may be since, by 
Theorem I, [(*i^),i>*'] =!• There cannot then be a third independent gen- 
erator. 

The converse is easily shown to be true. For, let T be any Abelian group 
of order p" with two independent generators. Its " Weber invariants "* are then 
p^ and p^ where ni + n^ = n. Let 

be any substitution of order p^'K It is possible to find a set of numbers JS< 
which, together with ^, satisfy the conditions of Theorem I, and for which 
^Bi = (mod j?*»). Moreover, the notation may be chosen so that ni > n^. 

To prove the theorem in the general case, let Gj^ be a ternary multiplica- 
tive group of order 

N=^p^pp plk , Pi a prime. 

♦ Weber, "Algebra," voL H, §12. 
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Let j??*> and Ji^ be the generators of the subgroup of order pT which exists 
in Gjf. Further, let 

and G^j,.={n'\n'\'^'^.^% 

whose orders are 

N^ = lipf and N, = l{pf'^ (8) 

respectively. Moreover, 

N,N2=N. (9) 

The orders of ^i**^ are relatively prime. Hence, 

a^^ = \ Ti\ where 71 = I?\ T?K... T^'l* 

Similarly, 

<?if. = \ T^] where T, = I^^^li^Jf^ .... T\^\ 

If n?>>wi*> for every t, [iVi, N;\=N^. 

Ti and T^ are independent, for suppose If = T^, m and n any positive 
integers; then 

reduces to 

«^ nNi 

Consequently m contains pfP and n contains pfP. Therefore, m contains Ni and 
n contains iV^,. Conversely, let Tj^ be any Abelian group of order N which can 
be generated by two generators so that 

Among the Weber invariants of Tj^, not more than two powers of any prime 
Pi can be found, viz. one which is a divisor of the order of di and the other a 
divisor of the order 6%. But the Weber invariants of the most general group of 
ternary multiplicative substitutions are 

pf.pf^pf.pf . . . • pf\p^i'\ 

• Weber, " Algebra," vol. H, §18. 
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and among the possible values ofnf^ and n^^ may be found every bipartite parti- 
tion of a«, i. e. among the groups Qjr will be found groups isomorphic with all 
possible Abelian groups that may be generated by two generators. q. e. d. 

§3. — The Forma which remain Invariant with reaped to the Svhatitutiona of the 

Growp \T^, T^\. 

Let jri = (tt5r,) and 7i = (a)JfJ be the generators of the group \Ti, T^\ so 
chosen that [iVi, N^ = N^. 

The invariant forms of { T^, T^\ are rational integral functions of monomial 
forms of the three types : 

L iBf, t = l, 2, 3, 1 

11. a?2f, i,y=l. 2, 3, t:#=y,V (10) 

in. {zAf^y. J 

The conditions for the in variance of 2? are 

A:<a = (modiVi) 1 .--x 

Jfe^aSO (modiVi).J ^ ^ 

By Theorem I, [(*<*/), -AT,] = 1. Hence, 

a = (mod N^. 

Let a = aiJVa, 

and let ^ Ni = N^.N,. (12) 

Also let [Ajo ^ = ?i ; then 

ai = mod — . (13) 

The least value of a is therefore 

a=ai--— =-T^- (14) 

?* ?< 

The forms of type I are then given by 

z^^, X any positive integer. 

The conditions for the invariance of the form sfzf are 

kfiL + kiP = (modi^i)'l . (16) 

k'fi. + ^P=0 (modiVi).) ^ ^ 
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Let kikj — kikj^A ; then, since Ni containB N^, 

Aa = (mod N2), 
Ai3 = (modi^s). 

But [A, N^"] = 1, by Theorem I, bo that 

a = j3 = (mod If^). 

The congruences (16) then reduce to the single congruence 

hai + k^fii = (modN). (16) 

For Ni = N^ and consequently iV" = 1 , (16) has no meaning, but in this case 
the solution of (15) is 

a = i3 = (modi^i)- 

For i\^ > 1, let A:, = j^Asi, i = 1, 2, 3, where qt = [kt, N], and 

N = q,qjIP. (17) 

From (16) it follows that ai contains qj and /?| contains ^^ so that (16) 
reduces to 

AV3t| + kjp2=0 (mod IT), (18) 

where ai=2/a„ ^i — qi^^. 

To solve (18), put 

a8 = n (mod iV''), 

then kffi + kjfi^ = mod IT. (19) 

Let V be the least positive solution of the congruence 

vkj =i — ki (mod N^) . (20) 

From (19) and (20) it follows that 

p2 = nv (mod^O- 
Let Vn be defined by 

Vn = nv (mod N'). 

The general solution of (18) is then 
whence the solution of (16) is 
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We have then the proposition : 

Theorem III, — The invariant forms of the group {Ti, T^\ are rationl integral 
fwnctiona of the fdlomng forma : 



I. 2^» i=l, 2, 3. 
11. {z:?Jz]n^Y- i,y=l, 2, 3. 

III. ZiZ^Z^, 



(22) 



where Ni and N^ are the reapective ordera of T^ and TJ, 5^^ = [A;<, JVi -r- J^J .nia a 

N 
poaitive integer < ^ ^ and v^ ia defined hy the oongruenoea 

hiV + Tci = fmod ^r=-i — ) , Vn^nv (mod ^.^ ^ V 

The full system "^^ is easily found. The forms z^^t i= 1, 2, 3 and ZiZj^z^ 
belong to the full system. It remains only to examine the forms 

^nQjjr^^M (23) 

obtained by allowing n to run through the set of values 1, 2, ... . N^ — 1, where 
^' is defined by (17). 

Recurring to the definition of N^f it is seen that there are 

N 



qiq^qs 



(?! + ?• + ft) — 3 



forms of the type (23). These forms, together with the four forms Zi^ t= l, 2, 3 

and ZiZ^z^ include the full system and, in some cases, coincide with it. This 

N 

system of {qi + ft + ft) + 1 forms is called the " reduced system."t 

ft ft ft 

Suppose it be possible that for some partition of n forn <] N'^ 
n,+ n, +.... +n, =n) ^^^, 

* The full system is defined to be a set of forms, the fewest possible in number, in terms of which 
every other form of the system is rationally expressible. 

t See Professor Maschke's paper where the expression is used in a slightly different though strictly 
analogous sense. 



] 
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hold simultaneously. It is evident that all forms 2?^^" zj^^s for which relations 
similar to (24) hold simultaneously, do not belong to the full system. It follows 

that the full system of the group { ^, 7i} consists of the forms 2^««, i = 1, 2, 3, 
ZiZ^Zgand those forms 2^^« 2j*^*^«, for which the relations (24) are not simulta- 
neously true, 

%L—The Invariant Farm of the Oroup {T^, T^, S\. 

The group ] JJ, T^, S\, where S denotes the cyclic substitution {zi z^ %), is the 
most general ternary monomial group with determinant + 1. 

Since every invariant form is unchanged by S^ the following types are 
admissible : 

I. 21 + 2S+2S, 

II. ^4+^4+4^f )- (26) 

III. zjafaj + ajzfa^ + ajgf^l. 

If p be the least of the three integers a, j3, y in type III, the form is divisible by 
the invariant {ziZ^ZsY, while the remaining factor is either of type I or of 
type 11. 

For I, we may write (gj) and for II (2^2^). It follows directly that the 
forms which remain invariant with respect to the group ] 7i, T,, S\ are rational 
integral functions of ZiZ2% &^^ of forms of the types {zi) and (2^2$). 

The forms (25) go into (6)^,*«i) by the substitution Ji, whence it follows that 
asO (mod Ni) is a necessary condition. This condition is also sufficient, since 
Ni contains N^ . The invariant forms of the type (2^) are then all given by (2^^0' 
where X is any positive integer. 

The conditions that a term ^z^of{9^s4) ^^^^ ^ invariant are 

k^ + kj^ = (mod N^), ) ,36) 

V + kifi = (mod iVi), ) 

But these congruences are identical with (16) and consequently reduce to the 
single congruence _ 

koLi + kj^i = (mod N) , 

with notation the same as in §3. Giving to i and J all possible values, and 
remembering that Xki = mod N, we find 

ha, + h^x = X^odN (27) 
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Let c= [ki, A^]» and as before 9i=[Api, If\, then [c, jj = 1 by reason of 
2A^=0 (mod N). Let ki = cxi, £, = ci^s, then the congruences (26) show that 

a = ^ = (modyigrj^s)* 
Let qxq^qz=Q. N-QR, a^=Qa^, ?i-Q%?%. 

When the factors qi,q%, qz and c are divided out, (26) takes the form 

««a8 — (Xi + X2)^8 

The coefficients of (28) are relatively prime to R. Let 

A = ;^ + «i«, + xf, <=[A,i2], A = «<, i2 = r<. 

It follows that a and ^ contain the factor r and the congruences (29) reduce to 

(31) 



j=o( (^od-'^)' 



(28) 



(29) 



(30) 



where 



a, = rots, ^8 = r/3,. 



(32) 



The first congruence of (31) is identical in form with (18). Its solution is there- 
fore 

^8 = t^» + f*^ 

twc, + «! = (mod t) , 
9m =nv(mod t)* 



(33) 



It is easy to show that this solution satisfies the second of (31)« It is therefore 
the general solution of (31). Let 

^ = N^Qr, (34) 



then, by reason of (27), (31) and (32), the solution of (26) is 

a=^(n +>i), 

t;Ai + A^ = 0(mod t), 
Vn = nv (mod t), 

where n=0, 1, 2, .... t — 1. 



(35) 
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If the solution had been found by making /?,=n(mod t)y it would have 

taken the form 

a =^{w^ + ^'t), 

P =^(n +i^t), 

wxi + ac, = (mod t) , 

w^ = nw (mod t). 



(36) 



The results obtained in the present section may be summed up as follows : 

Theorem IV. — The invariant forms of the group j IJ , T^^ S\ are rational inte- 
gral ftmctions of the folbwvng forma ; 

!• («f'^)» ^ ^ positive integer. \ 

11. (i^<*»+^)2^<^+'^)), X, f£ positive integers. I (37) 

III. («ia,J%), 3 

where the following definitions are to he observed : Ni and N^ are the orders of 

TiandTJ, N^ = N,N, ?, = [A:„^, N=QR, 

<=[i2, xf + xix, + x|], B = rt, ^ = NrQ* 

§6. — The Qtumlities v, w and t. 

In the paper referred to above, Professor Maschke has given some relations 
between v, w and t which will be found useful in later investigations. The 
proo&, which are simple, will be found in Professor Maschke's paper. 

1). tw=l(mod<)t (38) 

2). v + w = t+l. (39) 

3). V and w satisfy the congruence 

sc* — aj+ 1=0 (modO. (40) 

4), V and w are always distinct except for < = 3 , in which case t? = ti? = 2. 
6), < as a number of the form 

p^/>J«.... or SpJ'jp^, (41) 

where pt is a prime number of the form 3A + 1 • To these properties two others 
may be added. 

* The solution of the oongruences (96) oocara in a slightly different form in Professor ICasohke's 
paper. 
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6). The solution of the congruence (40) is possible for those and only those 

numbers t = B^pi^P2* ,5 = or 1 . 

For, since [<, 4] = 1, (40) is equivalent to 

4a^ — 4a; + 4 = (mod t) 

or (2x + 1)*+ 3 = (mod t) . 

Making ^ = 2x + 1 > we have 

y* + 3S0(mod<). 

If jD be any number, the divisors of y^—D are identical with the divisors 
of 2? — Du^* The divisors of 2?+ Su^ are those and only those prime numbers 
of the form Sh + l.f Prom the existence of these solutions we may infer the 
existence of solutions of the form 

t=3'pi^pi' .... ,t 

5=0 or 1. 

7). Finally, for < = (mod 3), 

[v — w, <] = 3 
and for < ^ mod 3 

[y — ti;, <] = 1. 

For, from (38) and (39), one finds 

{v — wy+ 3 = (mod t). (42) 

6.— The Full System for the Orawp \ T^, T^, S\. 

If one makes in (37) the substitution 2^ = ^^, the invariant forms' of the 
group become rational integral functions of the forms 

I. (y?), n. (yj+^y;*^'^% m. ^/^:^y^. (43) 

The cases < = 1 and < > 1 are treated separately. For < = 1 the congruences 
(29) are satisfied by any positive integral values for as and /?8. Since a = ^ 
and ^ = ^/3,, the forms (yf^) are invariant for every positive integral a and^. 
We have 

(y? yf) + (yf yS) = -Si, a symmetric function ; 

(yfyf) — {lAy%) — ^2^» an alternating function, 

* Dirchlet-Dedekind, •' Zahlentheorie, " §62, ed. 1894. \ Ibid. §70. t Ibid. §86. 
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where /Sg is a symmetric function and A is the discriminant of yiy%yz* We 
have then 

from which it follows immediately that the full system consists of the four 

forms 

(yi)» (yiy«)» ^ViVtVi and A. (44) 

Between these four forms there exists the relation 

A' =18 {yi).{yiy2)*{yiy2yz)—^W'yiy%y^~^{yiy%f 

Case 11. <>3. 

If '^^ be defined by '^'n = (y?yJ")> there are t — 1 forms which are obtained 
by allowing n to run from I io t — 1. Professor Maschke has proven the follow- 
ing theorem : 

Theorem V. — // < > 1 , every invariant form of (he system (43) is expressible 
raiionally in terms of the ^'reduced system^^ consisting of the <+ 1 forms (y{), 

>/y\y%yi<Mid *«, n= i, 2, 3, — t—\* 

A general expression for the full system of such a reduced system has not 
been found, but in any given case the forms of the full system may be picked 
out by means of the following theorem : 

Theorem '^\. — The full system of the group { T^, T^, 8\, < >1:, consists of the 
forms (yi), t/yiy^yz and those forms '^f.for which the rehUions 

Wi +W8+ =W, Vn,'\-Vn,+ = t?« (n, n<<<— 1) (46) 

are not both true. 

Let 1^^ be a 1^ of minimum order in the set of o^^s for which the property in 
question is true. Then 

^n.il'n,.... -^n + iifyiyzysYV, f^>0, (47) 

where 9 is a function of the forms i^. According to hypothesis, the form ^f can- 
not contain any i^ for which the property in question is true. Let '4'n' he another 
function of the set and of the next higher order, then 

* Maschke, loo. oit, p. 179. 
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9 cannot contain ^^,, and if it contains functions of the set ^^ of lower degree 
they may be eliminated by a relation having the form (47). This process may 
be carried on so long as any of the '^^^ having the property (47) remain. It is 
easy to show that it cannot be carried farther. Hence the theorem is true. 

Cor. For / > 3 the number of forma 4« belonging to the fuU system cannot 
eocceed ^{t — 1) when t^ mod 3 or ^{t — 6) when < = {mod 3). 

w may be taken less than v. If A; be any positive integer such that 

w + &<<— 1, 
then by (38), r^ + » = v«, + ^*- 

Consequently the number of 4's belonging to the full system is less than w. But 

by (39), 

^ + ti? = < + l. 

Therefore, for < > 3, ti? < i (^— 1), 

For « = (mod 8) we have, by §5, 7), 

t^ = 14? + 3fn, ma positive integer, 
and 2u? = < + 1 — 3fn . 

The least value of m is 2, whence, 

t^<i(«-6). 

OHAPTBB IL 
Tebnabt Monomial Groups with Determinakt rh 1 . 

§7. — Oroupe of Ternary MvUipUcaiive Subetitutiona with Determinant dbl. 

In any ternary multiplicative group with determinant d= 1, those substitu- 
tions with determinant + 1 form a subgroup with index 2. Let (7,,. be a group 
with determinant ±1 and Qr the subgroup with determinant +1. If the 
Weber invariants of Qr are 

pf\ pf\ pf, pf...., 

{he Weber invariants of Q^r are 

2, p^\ i>»f\ pf, />?i^-..- (48) 
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But if T denote one of the substitutions 

r, = (-l, 1, 1), r3 = (l,— 1, 1), T, = (l, 1, -1), r, = (-l, -1, -1), (49) 

the Weber invariants of the group \Ti, Ji, t} are precisely the numbers (48) 
We have then the proposition : 

Theorem VII. — The moat general ternary mvltiplicatvoe group with determi- 
nant :±i\ is the group { 7^, JJ, rf, where r is a substittUion of order 2 and determi- 
nant — 1 . The Weber invariants of the grovp are 

2, p^\ JP?P, pf\ pf ^^^'.Pi^Pu. (50) 

Got. If all the numbers p are odd primes^ the grovp \ Tx, 7J, r\ is hobedrically 
isomorphic with one of the groups { 7\ , 7^ f . 

§8. — The InvariaiU Forms of the Group { T^ jT,, r\. 

By reason of the Corollary to Theorem VII only those groups {71, 7^, rf, 
for which JVj and iV^ are both even, need be investigated. Let pi = 2. The 
group ]7i, 7i,T} will then contain two independent substitutions 7i and 7J of 

orders 2«^*\ 2ni'^ respectively. Therefore, Ti^'^'"'^ and y/**^-^ are two of the 
substitutions 

CTi = (l, -1,— 1), (T,= (-l, 1,— 1), CT, = (— 1, -1, 1). (51) 

But CiOj = Out iyjt A; = 1, 2, 3 in some order, and 

tfli = T4 , r^pi = T<, $ = 1, 2, 3, ... . 

The group ] T^, 7]^, rf contains 'T], r,, Tq, ^4 and the invariant forms are functions 

of 2^, 4t A* 

Let ^i=2^»©iand N^=2!^Q^, >t»=#=0 and <;ii, and Q^-^Q^^Q, then 

N= 2^»-^»Q and qi= [kiy NT] contains at most 2^»-^». Therefore,^ contains 

2^ at least. It follows that all the forms (22) are invariant with respect to 
1 7\, 7i, r} except Zj, %, «8. 

Theorem Ylll.— The invariant forms of the group |7\, 7i, r} are rational 
integral functions of the forms 

I. zfi t= 1, 2, 3. 

IL {^zf^y* ,i,j= 1, 2, 3, i^j. r (62) 

IIL {ziz^z^y. 
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The problem of finding the full system is the same as that in finding the full sys- 
tem for the group {Ti, Tgf as may be seen by making 2f = ^o f = 1, 2, 3. 

^9.— The Invariant Forma of the Groups {Ti, TJ, S, rf. 
The invariant forms of the group { 7\ , T^, S\ were found to be 



ri <"' 



or (yf) . (2^+ V*^). -C^(yiy.y.)'. 

To abbreviate the notation still further, let 

H: = (yf), +^*.M = (y?+«yr+«) and A = V^/:^,. (63) 

tf'n,,, is then simply ^,, and the set of forms (37) takes the form 

S„ ■4'n,K^f ^'. (37a) 

For the case Ni even, since 3 is even when Ni is even, the set of forms is 

5-., ^,...^, A", (64) 

For Ni odd there are two subcases, viz. a) r = r, ; /3) r :^ r4. 
a) T = <r4. The invariant forms are 

-ffac, i^,.x.M. nH-t>, + X + /« = 0(mod 2), 



I 

I, J 



il^ • • fl;4^ X = p = 1 (mod 2), }- (55) 

'4'n.A,M-^^ n + t?^ + X-h/t£ = p=l (mod 2), 

|8) r^r^. Since 

/y-lTi/S'=T,, /S'-V,/S'=T8, /S'"V,/S'=Ti, TiT2T, = T4, 

the invariant forms must be functions of sf, 2^, 2|. They are therefore 

H,, 'i/z^^x.^, ^^ x = n + X = t;n+/t£=v = 0(mod 2). (56) 

It remains to find the full systems. For the case Ni even, we know that 
H^ and 4'n,A,,i are expressible rationally in terms of Hi, 4^^ and A^. It follows 
that the reduced system consists of the t+ 1 forms, 

jBi, 'i//^, n = l <— 1 and ui^ (57) 
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For the case N^ odd and r = ^4, we note that by Theorem V the set of forms 
(55) will be included in the system consisting of the following : 

1). The even forms ^'n • 

2). The products i^^^ . ^^n, of two odd forms. 

3). The products jB^i .i^^ where -i//^ is an odd form. 

4). The products A .t^^i '^n odd. 



(68) 



To show that the form fl? may he replaced by 5i, or vice versa, we have 

J3? = ^,+ 2(3rlyi) 

= H, + Rat. fen. (4',, A^, A^. H)* 

That the reduction cannot be carried further in the general case is apparent 
from the case t = 3, since, for t = 3, all the forms (57) are found in the full 
system .f In most cases, however, it will happen that the system (57) admits of 
further reduction. 

For the case Ni odd and t^r^ the invariant forms are the set (56) and 
these may be expressed in the form 

We find, for the even values of n, Jl is even and 

n + X<= 2(n' + A,'<) n'=l, 2, 3 ....^^^. 

and for odd values of n, /I is odd, so that 

t — Z 



n + W=2(n" + ^^+^"<), n" = l, 2, 3. 



2 



= 2(n'" + X"<), n"' = ^, '-±i....<-l. 



And, moreover, by definition of «„, 

t>8,= 2©„(modO. 



• Ma9obke, loc. cit. , p. 176. t Ibid. , p. 180. 
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If one makes ^ = a?i, the system (66) will take the form 

But these invariants are identical in form with the system (37). The full system 
is, therefore, found in the reduced system 

SAx), ^»(x), A{x). (59) 

Theorem IX. — The form system of the group \Ti, T^^ S,t\ is— 

1) for Ni even, H^, ^'n.A,^* ^**'; '^ /^^^ system is found by replacing Aby A^ 
in the full system of the group \ T^, T^^ 8\ ; 

2) for Ni odd and t = T4 the form system is given by (55) and the full system 
is contained in the reduced system (58) ; 

3) for N^ odd and r^r^ the form system is 

afid the full system is found by replacing y by 'i^ in the full system of { 7i, 7i, 8\. 

§10.— TAc Invariant Forms of the Group \T^, T^.s). 

Kifj, I be the subscripts of the k'8 in r= {(J^^) and if the transposition 
{if I) be denoted by «<^;,the invariant forms of the group { Tj, TJ, «<^/} are 
rational integral functions of the forms 

2^, «?+«?, («i+2?)2f, 2?'< + af'< and 2i25,2;8. 

The exponent X satisfies the congruences (11). It has been found to be 

X=o(modAV (60) 

The exponent ft satisfies the four congruences 

kili = Jcifi = (mod iVi),l 
klfi=kifi=0 (mod iVi),J 
.-. 11 = (modiVi), (61) 

since [As^, A;,, N{] = 1, 

In order that the form (z? + «?) «f shall be invariant, a and /3 must satisfy 
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the congruences 



k,<i + kj^ = {mod Ni),^ 
JcflL + h^p = (mod iVi), 
A;,^a + &;/3 = 0(modi^2), 
h[a + A;j/3 = (mod JVi). 

It follows immediately that 

a = /? = (mod N^, 

whence the congruences (62) reduce to 

h<^\ + *A = (mod N) , ) 
hjCLi + k^Pi = (mod JV), ) 

where aLi = aiN2^ = P%N^. 

As before, put N = ^i^s^s -'^ = Q^i where g^, = [Aj^, i^. 
The congruences (63) then reduce to 



(62) 



(63) 



where 



qixali, + *,/3{ = (mod i2),l 
qi xfiii + xj^i = (mod 5) . i 



(64) 



If either g'i or g', contains a prime factor e which is found in iZ, the same 
factor must occur in ^i and consequently in a(. When this factor is divided out, 
the resulting congruences will differ from (64) only in that the modulus will be 

R R 

-J- . If ^- contains 6, this further factor is found in a and ^ also. 



Let 






i=l, 2, 



Also let P be the product of all the prime factors common to R and g< and com- 
mon to R and qi, each one taken as often as it occurs in R, and let 

ai=a,gP, /3i = /3,g,P, N=QPR. (65) 

The congruences (63) reduce to 



giXiag + x^/?,= (mod B)A 
qi^i(H + «i/?2 = (mod R),) 



(66) 
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in which the coefficients are prime to the modulus. To solve (66), let 
tr = lki — ki, i2'], ki — ki = €ftf and Iff = r'tf. 

The congruences (66) will reduce to 

*<a3 + x:,/?8 = (mod if),) 
*jai + 3c^/3s = (mod^'), I 

where ai = oi /, /?, = /8j /. 



The solution of (68) is 



ai =n (mod <'), ^ 
/3, Sv', (mod 0, 
t/xj + A^SO (mod tf), 
Vn =nt/ (mod tf). 



(67) 

(68) 
(69) 

(70) 



The solution of (62) is, therefore, 



(71) 



n = 0, 1, 2 



tf—1. 



In order that the forms z?' zf' + ^' zf m&y he invariant, the followuig congruences 

TYiiiflt iM*^ tme * 



These congruences reduce easily to 



jfejoi + h^i = (mod qjBI), 
AiiOt +iS;</?2=0 (mod 






where 

We know that 
so that if 
we obtain 



k,a't + kifi'iSO (mod g-/), ) 
ki<4 + kt^iS0 {mod gjtf).i 



(73) 
(74) 

(76) 
(76) 
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By procesBes similar to those already employed, we find for the solution of (72), 



a'=N,QfPr'{n + a^,0, 
^'=N,QjPr'{vL'+iiqjtf), 
tf'hi + ^=0 (mod £,<'), 

<' = nt/'(mod2><'). 

n =0, 1, 2 .... 2i«'— 1. 



(78) 



(79) 



Let y = iV, Qi Py', qjH^ztf, ;ir = Xi. We have then 
Thbobem X.—The invariant forms of the group \Ti, Tg, Sii\ are rational inte- 
gral functiona of 

and x'^'' + ^'^'' TSfi' + ^'^" + xf^" + ^'^' 7^" + '^'^'\ \ 

where x, X, r, X', ^d are positive integers. J 

Vn- and Vn" are defined by (70) and (78) and 

n' = 0, 1, 2 if, 

n" = 0, 1, 2 tff. 



§11, — 2%6 Qt^n^i^ v\ t?" an(i <'. 
The quantity i/ is determined uniquely by either of the two congruences 



f/kj = — ki (mod if), 
vfhj = — hi (mod 






With the aid of the relation 2A; = (mod <') one finds 

2t/ = 2,.(mod <'). 

If l! is odd, tr' is determined uniquely by (81). If If is even, xf is either 
t?o or vj + — , where t?o= -^ Tmod —J . 

The quantity v" is determined uniquely by the' congruence 

vf% = — hi (mod q^t')y 



(80) 



(81) 



(82) 



(83) 
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We know that ^ — A:? = (mod qj il) ; 

therefore, 1//2 _ i = o (mod q^ H) . (84) 

The congruence (84) has at least one root for g^' = 2 and at least two roots for 

From (84) we obtain easily 

v"+l=0(modO (85) 

and t?" — 1 = (mod q^). (86) 

From (85) and (86) it follows that [g^, f] is 1 or 2, while from (81), (g;, t!)=2 
when <' is even. 

If, therefore, [g/, <] = 1, t/' may be fomid from (86) and (87). It is 

^'' = l+2,p. \ (87) 

where g^p + 2 = (mod £) > ) 

If, however, [g^, <] = 2, then i/' is one of the two numbers 

l + fifo, l + 2^(po + -2-)' 

where g, is the smaller of the two roots of 3;,p + 2 = (mod <'), unless <' = 2.f 
For 11=2, (86) gives at once 

These results may be stated as follows : 

F(yr H odd^ v' and t/' are given by (81) and (87). For i even and >'2, t?' w 

owe 0/ the numbers t?i or t?i + ^ , t<?Aere t?i= -^ Tmod — J , and t;" is one 

numbers l+qjpoi 1 +2; rpo+ -o-)> ^^^^ p^ is the smaller of the roots of 
gjp+ 2 = (mod*'). FoTl!=. 2, t/' = l. 

• Dirichlet, '' Zahlentheorie," p. 88, ed. 1894. f Serret, '' Alg. Sup.", No. 292. 



of Finite Order with Determinant ± 1 . 39 

%\2.— The FvM System of the Orowp \T^, T,, 8}. 
For brevity let 

^/=^(xix,a5s)- ) 

4>n and ;f„ will be written for ^n,o,o ®'^d ;(r„^ o» a^^d where no ambiguity can arise, 
4>„, X and ^^^ ^ will be written for ^^^^^ and 4>,,o,m- 

The problem is then to find the full system for the set of forms 

x^S .l^ ^„.,^^andxn,A. 

xj' and J.' evidently belong to the full system. 

1). The form xiXi is invariant, since {xiX^x^*' and a^' are both invariant. It 
is easily shown that ^t, = 2xf xj'. 

2). The lorms Xn, k are expressible in terms of the forms 

a^', ^^, n = 1, 2, 3 <" — 1 , Xn» n= 1, 2, 3 tf — 1 and the form ;(jo,i 

= xf + a^ • For we have 

whence Xn,. + i = Zo.i.Xn,. — i#.X»,.-i- 

If, therefore, the proposition is true for X< v, it is true for X = v + 1. But it is 
true for % =: 1 since, by multiplication, 

Xo,i .X» = Xn,i + {xf^ + x?*'a^»)«--. 

l{gjny>Vn, the last term contains the invariant factor (xiaJgXs)^" and the other 
factor is one of the set <^„. If g, n < t?^, the factors of the last term are the inva- 
riant (xi Xg Xs)^" and one of the set Xn' 

The case qjn^^v^ cannot occur since, in such case, 

qjn — vl, = nl{qj — tr')(mod <') 
= nt/ (mod tf) by (81) 
= (mod^'). 

But, by definition, [t/.<'Q = 1 ; then nt/ = (mod <') gives n = (mod if), 
which case is excluded. 
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The proposition is thus proven for all values of %. 

3). The forms 4^a,a,^ ai*^ expressible in terms of the forms 

The proposition is evident for 4>n,A.x- To fix the ideas, let X >/[£, then, after the 
invariant factor {^l' ^{'Y is removed, it remains to consider the factor 4>n,A'i 

X'=X— /!£. One finds 

SO that the assertion is true for X = v + 1 if it is true for X>i/. It is true for 
X = 1 ; hence true universally. 

Similar considerations hold for the forms ^p;*.^. 

4). The forms 4>n,i,o ^^^ ^«;m,o ^^^ expressible in terms of acf cc{', ;(jo.i *^d the 
forms ^^ . 

If one of these two forms is known, the other is known from the relation 

Let us consider the forms 4^«;m,o- 

a). If w = ^'j t?» = <', and 4>i,-.i,o breaks up into the two known forms o^'ajj" 
and^ci- 

/3). If n > i', we may suppose that pi' < n < (p + 1) <'. Then 

^.;^ 1,0 = K^l^K-^^' x?'+'"-"*' + a^Ji'+'^-^a:?-^'). (89) 

When t?i' — pi' < 0, the second factor on the right of (88) is one of the forms ^^. 
If, however, Vn — p<' > 0> we have 

vi' — pi' = (n — pi') t/' (mod i") by (8 6) 
= t;i'_p,.(modi'0. 

For the case under discussion 
We have then 

The determination of the forms ^p,., i is then made to depend upon the solution 
of the next case, viz. 
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r). n<tf. 

If v'J > iff we have at once 

If both n and vH are less than i', ^^ = 4>,,. is of degree If, since n + v^ 
= n(i; + l)(mod t^^) is divisible by tf by (84). Moreover, n and vH are diflferent 

for all values of n when tf is odd, and for all values except n= — when f 
is even, since, if n = v^', we have 

n(l — 1;) = {mod qjtf). 

If f' is odd, 1 — t/' contains g^ and no other factor of the modulus. If f is event 
1 — t/' contains q^ and 2 by (85) and (86). 

.\ n:=:l! or — , according as ^ is odd or even. The corresponding form is 

r 
{Xi sc,)*' or {xi xj)^. Consequently the form ^„, ^ breaks up into the two known 

factors 

{xiXiY and Xq.\ ox (x<x,)« and ajo,i- 

If n =^ Vn» ^n,i is identical with some ^,,,^i when n and r?" are both less than 
<', so that we need consider only the cases where n > v^. 
It may be shown that 

<f„.<f„.,,. = ^^.,1 + a^--' aj?';'--+'" + «r-'-'x^'"-+'". (90) 

If 2t?i' — n" < 0, the problem is solved, but if 2t;i' — n > 0, (90) may be written 

^11 • ^n- »- = ^t;M + ^»;;.i> (91) 

where it may be shown that t;i| > vH, and consequently < n and 

ni = 2t;i' — n^n. 

The proof may be completed by induction. 

5). The forms ^„ are expressible in terms of the first t forms of the set. 
For any n^H, one may write n = ni + A/, ni < i'. Then 

< = <+X«'(mod«"). 
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It follows directly that for n^H, 

80 that 5) is proven. 

The lemmas 1), 2), 3), 4), 5) give the following theorem : 

Theorem XL — The invariant forms of the group j7i, ^» *<, »[ a^« expres- 

dble rationally in terms of tfie 2{if + 1) forms 



n = 1, 2, 3 — i', 



I (92> 



where if, v!^ , v^, ^ and qj have ihe meanings assigned in §10, and Xi = ajf . The fvJl 
system wiU consist of the forms a^, xf ' + ^J", the forms Xn » f^ which tij + ^^ = n 
and t?ij + »^=^> are not both true and the forms ^^.for which n'^tf, and ni+n^=^n 
and t?i( + Vn[ = vi! are not both true. 

§13. — The Invariant Forms of the Group \ 7i, 3;, «», rf. 

The invariant forms of the group ] Ti, ?i, /Sik, rf are all found among the 
forms of the group {Ti, T^, Sn,}. It is clear moreover that r either leaves any 
given invariant of the latter group unchanged or simply changes its sign. The 
invariant forms of the group {7\, 7]^, %, jj will then be found by imposing 
proper conditions upon the exponents x ,X, fi, X\ ii\ v of the forms (79) and 
adding to the forms thus obtained certain products of forms which change sign 
with respect to r. 

There are several cases with subcases depending upon the character of 
3^ t^y qj and t". The results are here given without proof. 

Case I. y even. 

The form system is the system obtained from (92) by excluding odd powers 
of S^XiXf^x^f and in the full system t^XiXf^oc^ is replaced by ^{xix^x^y. 

Case 11. y odd, t'^ = qf even. 

There are several subcases depending on the character of t and q^ and the 
particular r* that enters into the group. 

• See §7 (49), aboTe. 
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1). <' even. 

la). r=^rj or r^. 

In the forms Xn^k^ ^ must be even and the remaining ccmdition to be 
imposed upon the exponents of (79) is r = (mod 2). Besides the forms thus 
obtained, one has also to include the forms 



s/xix^x^ .Xn.xy Xn'x. • ^Jn'^x, w, vJ and n" odd. . 
There is a reduced system consisting of the forms 



a^, *^XiXiX^y ^„ (n=l, 2, 3 t!)^ jr,^, n=l, 2....-^, 



ViCiXias-Xsn-i n=l, 2....— , x^.-Xn^^ ni and n, both odd. 
lb). T = Ti or T,. 

n must be even in the forms ^n,x.M *^^ ^® must have also r = (mod 2). 
The forms s/xix^x^.^^^^^, , n odd and ^^a,** • 4^»'',a,m» ^' ^'^^ ^" ^o*'^ ^dd, are 
to be included. 



For a reduced system, we have 

1 
"2 



a^ » 4^> n = 1, 2, 3 — - , ;jj„, n = 1, 2 . • . . ^, 



ff 

^/ariargars.^^ai-i, n = l, 2 -g-, ^n'-<?>n", fi' and n" both odd. 

2). if odd, 2f even. 

2a). r = rj or r^. 
The conditions to be imposed upon the exponents are x = p = vi^S (mod 2). 



The forms 



^j'Xn^Kf s/XiX^Xs^Xn^K, Viodd, Xn'.K^Xn'\kf 



n! and n'' both odd, are to be included. 

There is a reduced system consisting of the foirms 



af, S^jx^x^ XsY, »n » n=l, 2, 3 ....«', x** < ®v®°' 
a^.;(r^ and \/a;ia:8ar,.ar^, t?l odd, 

Xn'*Xn"i ^' ^"^d ^" ^^^^ ^^^ 
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2b). T = ri or T;* 
The form-system is identical with that in the case lb) above. 

Case III. y odd and tf' odd. 
1). r=rj. 

The form-system is identical with that of the case la) under II. 
2). T = r4. 
The conditions are 

x = r = n + < + X = n + t?i' + a + f£ = (mod 2). 

To the forms thus obtained must be added the forms 

4^*. A, M • >Cn. A • i>n\ A, ft • ^^n", A, i* i Xn\ A • Xn'\ A f 

for which the conditions n + v^ + X^n + v'J + X + (i=l (mod 2) hold. There 
exists a reduced system consisting of the forms 

a^^ ^{xiXtXsf, Xn^ n + t?leven, ^^, n + vlJeYen, 

together with the product made up by taking two distinct factors from the 

forms 

a}', i^Q^Q^Qdz, Xn} w + t?l odd and ^» , n + v'^ odd. 

3). r = T< or T,. 
The conditions are 

x = i; = n'+X = n'' + ;L=t;if, + /!£ = 0(mod 2), 

where n' and n" belong to Xn,x and ^^ x,^ respectively. 

To these forms must be added the forms oj'. t^x^x^x^, together with a^.Xji,A. 

aj'-4>*.A,M» ^^»i«i^-Xn,A» v'a;ia:ia:8-4>».A,M» |X»',A, •ajn'.x, <?>»', x. ^ -^^n", a, m ^^d 
a:«,x-4^n,x,M» for which 

n' + ;i=n'' + ;i = <;, + ^=l(mod 2). 

There is a reduced system consisting of the following forms : 

a^*'i ^{ph^t^)\ Xn w even, <J>^, n and v'^ even, 

together with the products taken two at a time of the forms c^, ^^^1X20:81 X^ 
n odd, ^h' ^ and t;^ not both even. 
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\\^.—The Invariant Forme of the Group {71, T^, 8, a]. 

If S and 8 be the generators of the symmetric group of three elements, the 
invariant forms of the group \Ti^ T^j S.e] are rational integral functions of the 
symmetric functions 

The exponent v is any integer, while x = (mod iVi). 

The conditions that the form Sa^s^ shall be invariant are given by six con- 
gruences of the form 

&, a + Aj, /3 = (mod N^) (93) 

and six of the form 

Ma+h'ip = (mod N^), (94) 

in which the numbers % and j are any arrangement of two of the numbers 1, 2, 3. 
From the two congruences 

ha + h^P=:Q (modi^j) 
and kia + kj^ = (mod N^), 

one finds a = (mod iVi) , /3 = (mod N^). 

Let a = N^ai, ^ = NtPi, (95) 

then the twelve congruences (93) and (94) reduce to six of the form 

*<ai + *i/?i = 0(mod^, (96) 

By reason of the relation 2A; = (mod JVi), the six congruences (96) reduce to 
four, which may be written as follows : 

ha^ + hPx =0(mod^,| .^^. 



h^— {h + *») i3i = (mod N) 

h<H + h?i =0(mod^ 

(*i + *B)ai +*»/3i = (mod ^ 

in which the notation is identical with that in the congruences (27). 



h^^-^hPi =0(mod^J ^gg^ 
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and for (98), 



(99) 



Comparing (97) and (98) with (27), one has at once the solutions sought, viz. 
For (97), 

a = N,Qr{n +W) 1 , . 

fi=N,Qr{n +fi't)^^ ^ 

If one compares (a) and (d) or (b) and (c) of (99) the following condition is 

obtained for n, viz. 

n{v — w) = (mod if) . (100) 

Two cases arise : 

GaseL [{v — w),t] = l. 

The congruence (100) has no solution except n=0 (mod ^), and, conse- 
quently, (93) and (94) have no solution except 

a = /3 = (mod Ni), 

The invariant forms are then symmetric functions of af >, a^s zf^s together with 
powers ofziZf^Zf The full system is 



\ 22jf««fs z,z,z,. (101) 

Case 11. [v —u>,t]^l. 

It was shown in §§5, 7, that if [(r — «?),<] =^ 1, then [(t; — «?),<] = 3. If 
V — «7 = 3m and < = 3« one finds 



Let 

then since 

Vn, i ifl divisible by *. 
Let 



ie = (mod s). 
n = Til « ; 
Vn = v„, , = Tiisv (mod 3«) , 



= v 



nil 
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We find Vn^=niv (mod 3) . 

It follows immediately that the solutions which satisfy the twelve congruences 
(93) and (94), are of the form 

a = y'(n+3;i),1 ^ (102) 



when y =N, gr« = ^ = A . 

Let zf = ^i. The invariant forms sought are then 



Sv 



(103) 



where n = 0, 1, 2, and x, Jl, //, v are arbitrary integers. 
Furthermore, the congruence 

a? — x+l =0(mod<), 

of which t; is a root, may be written in the present case 

{2x—iy+Z = (mod Ss). 
It follows that 2t? — 1 = (mod 3) 

and that t; = 2 (mod 3). 

Evidently t?i = 2 and t?, = 1 . 

The set of forms 2^i+»^^|+»'* is identical with the set 2^+«^^J+»^ 
We may then write the forms (103) as follows : 

2^f-, X^r''^r^\ (fie^^s)"^, n = 0, 1. (104) 

The results may be summed up in the following : 

Theorem XII, — If t ^0 {mod 3) , the invariant forms of the group \Tif T^, S,8\ 
are given by 

lft = {mod 3) , th^y are given by 

1^, 2^« + .A^ + 8.^ („ = 0, 1), VmJ^. 

It remains to find the full system of the system (104). Let 
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We have only to examine the forms X^l'^^^'^^y since all other forms of 

the system are expressible in terms of 0^, (7,, Cfl. Let 2fl+•^^+•'' = 2)x.^• 
The forms D^^ are expressible rationally in terras of Oi, C7,, G^ and D. For, 
suppose the statement be true for all forms of order 3n in the ^'s or less ; then 
the n + 1 relations 

for which X + /£ = n — 1 suflBce to determine the n + 1 forms of order 3 (n + 1) 
in the ^'s. But the statement is easily seen to be true forn = 1 and for n + 3. 
It is therefore true generally. 

Theorem XllL—I/t $ {mod 3), tlie/uU system of the group \Ti, T^, S,s\ 
is Oi, (72, Gf; i/t = 0{modS),itis Oi, G^, Of\D. 

Between the four forms of the full system Oi, OJj, C^, D, there exists the 
single relation 

i?»= 3(7,. i> + 9(78+ (7i(7,+ 3(7/(2(7,+ G^D) + SGi {D + 2G^) . (106) 

§15. — TJie Invariant Forms of the Group { Ji, JJ, S^ s, rf. 

To find the full system of the group \Ti, T^^ Sy s, rf, one has only to 
impose proper conditions upon the exponents occurring in the system of Theo- 
rem XII, and to add such products, two at a time, of forms belonging to the group 
\Ti, T2, S, s\ as undergo no change except a change of sign when operated upon 
by r. 

The systems of invariants of Theorem XII, written out in full, are 

for <$0 (mod 3), 

2^^S SzJ^^^S^ {ziZ^z^Y; (107) 

for t = (mod 3), 

22j^S 2<'<»+»^)2r'^*'-^''*\ n = 0, I, (^l2,2,)^ (108) 

The conditions to be imposed, as is easily seen, are given by the following 
tables : 
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I. <^0(mod3): 

1). Mevenj*) * = **' "^^ (^°^ 2). 
' i3) r=f=t., r = 0('mod2). 



/3) r^^ti, r = 0(mod2). 

a) T:=r4, x=^ •{■ (i — v = 

^) f^fi, »=A.=|it = r = (mod 2). 



2). i^iodd f"^ T='^4. «=a + ^ = i/ = 0(mod2), 



II. <=0(mod3): 

1), iVievenH ^ = ^^' ''=0(mod2), 
1/3) t:^t«, y = 0(mod2). 

2).iVoddi"^ 'r = T4. x = » + A, + ^=v(mod 2), 
^ ||3) t:^T4, «=n + ;i=^;=r (mod 2). 

If, as before, the substitution zf = ^< be made, the results obtained may be 
given by the following : 

Theobem XIV. — The invariant forms oftJte group \Ti, T^, S, a, r} are — 

fort^O (mod 3), 

2^. s^f^r. (^1^3 6)'. 

the exponmU aulfjeet to the conditions of table I; 
fort = {mod 3), 

ihe exponents subject to the conditions of Table II, and in both cases when t = r^, the 
products composed of an even number qf/ojctors of odd order invariant with respect 
to the group \ 7i, TJ, S, s\ must be added. 

\16.—The Full Systems for the Group \ T^, T^, S, s, r\. 

In order to abbreviate the work of finding the full systems for the cases 
given above, the following notation, part of which has already been used, will 
be adopted. We put 

(7i = 2|; , (73 = 2^^1 , C7,= (^,^,^,)». 



(7 = 2«fS . iT = (^, ^, ^,)i^. 2f? = Cf . (7„ 

L=Of.D, ASi = 2^ , M= Gf^.D 

(hsies 1) and 2). < $ (mod 3), JVeven, r any r. 
7 



(109) 
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The Ml system for both cases is clearly 

^1, Ci. 4'. (110) 

Case 3). N^ odd, < $ (mod 3), T = T4. 

The forms belonging to the group ] 7i, T,, iS, «, t} are also invariant with 

respect to the group \T^, T^, 8,s\. Every invariant of the latter group is 

1 
expressible rationally in terms of Ci, (7„ Gf^. This fact may be expressed by 

the equation 

♦ (21, a,, 2,) = :^fn^,^,G,-GiCfi. 

The form G^ is an invariant of the group ] 2^, T^, S, s, r\. The even powers of 

1 % 

Gi and G^ are expressible in terms of C,, CJT and i^ = 25i. It follows 

immediately that ^ is expressible rationally in terms of 

Ot, cf'f ^ and K, (111) 

and it is apparent that these forms (111) constitute the full system* Between the 
forms of the full system there exists the single relation 

JS?=Gfl{S,+ 2G,). (112) 

4). t^ (mod 3) , Ni odd, r :^ T4. 

Since the conditions are x = K=ii = v = (mod 3), the system of forms is 
given by 

It is at once evident that the full system is 

S%, G, Gf^. (113) 

6) and 6). <= (mod 3), Ni even, r = T4 or r^^ T4. 

The system of forms differs from the system of the group {TiT^S, s] only 

in the exclusion of odd powers of G^^ . The forms X^l', 2f J "*" '^ &"^^ are expres- 
sible in terms of (72, G^, G^^ and Cg is, in the present case, an even power of 
^72^. Therefore, the full system is 

<7i, a„ D, gIk (114) 
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The relation existing between the four forms (114) is the relation (106) which 
maj be written in the form 

D» = 3(7,Z) + 9 ((^.)^ + OiG, + 3 [Gf)^i2G, + G^D) 

+ 3(cf')^(l?+2C70. (116) 
7). < = (mod 3), Ni odd, t = tt. 

By a process similar to that used in 3), it is found that the forms of the 
system may be expressed rationally in terms of the seven forms 

C?, GJ), (7,CWI. (7„ 2?», cf^D and Gf. 

Between these forms and the forms E, F, K and S^ , there exist the following 
relations : 



*-i 



G^D = E +F+Gl~^^,L, 



A- 



JD« = -B + 2(7, + 2C7; y^ (jr+ i) + 6(7/, J 



(116) 



By means of the relations (116), the forms C?, GD, 2?* may be replaced by 
8^^ F, Q respectively. No other relations of the sixth order in the ^'s exist. 
We may then choose for the full system the forms 



S,, C7„ Cfs E, F, K, L. 
The following relations hold for the forms (117) : 

jf=(#(-s;+2(7,), 

U - Gf^XE-\- 2(7, + 2(7/ •^*(Jr+ L) + 6(7/], 
E*= /Si ((7| + 3(7/. ^ + 6(7/) 

— 2(^. ^^'^ Jr(3^ + -^ H- 3(7/) 
+ 3(7/(3(7/ + (7/^+ 2(7|) + ZGIE, 

F*- \E-\- 2Gt+2Gf-^(K+L) + 6(7/] 

X [S,+ 2G,+ (7/-2(7f. . ^K]-EiE+2F). . 



(117) 



(118) 
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8). t~0 (mod 3), -ATj odd, r ^ t^. 
For n > 2 the n + 1 equations 

;i=0, 1, 2, 3 n — 1. ^ + ii = n—l, 

suflBce to determine the n+ 1 forms 

2^i+i(2A+i)2^+«^^ X=0, 1, 2.... n, X + ^ = n, 

of order 6 (n+ 1) in the f's in terms of the forms of order 6n or lower. It is 
easily shown that the forms of orders 8 and 1 2 in the i^'s are expressible in 
terms of the forms 

S,, <?, E, Of. (119) 

It follows immediately that these four forms constitute the full system. 
The four forms of the full system are bound by the relation 

E' = SEa+9Gi + S,a + ZGi{2G + S^) + ZGI{B+ 28^). (120) 

The results just obtained give the following : 

Theorem XV. — The full system of the groups { Jj, 7J, 8^ a, r} are given as 
follous : 

JFbr<^0(mod 3): 

1) Ni even, r = r^, C\, G^, Gf^. 

2) " t#:t4, Oi, (7„ Of.. 

3) N^odd, T=T4, aS„ C7g. Ofs K. 

4) " r^r,, 8,, a, Gf. 

Far t = (mod 3) : 

5) -^1 even, r = r^, Oi, OJj, D, Gf^ 

6) '' r:^T„ Oi, C7„ Z), Of.. 

7) JViOe^d, r = T4, /Si, O,, Cf. JS?, F, K, L. 

8) " T:#=T4, /Sg, <7, ^, Of., 

where the farms Oj, Og, O,, Ey F, O, K, Z, 8^ are defined by (109). 
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The reUOuxM existing in thoee cases where more Vum three forms belong to 
thefuMsystem are, for case 3), (112) ; for oases 5) and 6), (116); for case 7, (118) ; 
for case %\ (120) 

OHAPTBB in. 
The Obdebs of thb Principal Tebnabt Monomial Groups. 
§17.— 7%c Order of the Group {TJ, 2*,, 8\. 
Let U, = 81,8-"^ = {o%, o^,, oS^), i = 1, 2. 

The substitution Ut belongs to the group {T^, T^), for, from the condition 

one has for the determination of a, ^, J the two independent congruences 

The congruences (121) reduce at once to 

where a = aiN. 

By hypothesis [j^lc!^, i^] = 1, so that one may find aj and /? from (122) 
whatever value may be assigned to h . We have then 

where a and /3 are the solutions of the congruences (121) when J = 1. 
The conditions that U' is found in the group {7*1, 7^^ reduce to 

M-V = 0,|/ ^^ (123) 

But the solution of (123) has already been found, since these congruences are 
identical with (27). If we make S= Qr, this solution is 

a= S(» + ;u), ' 

o.=nv (mod t), 
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or a= S(w?n + 31'<),1 

w?jfei + ifc, = 0(mod0.| ^ ^ 

ti?,» = nw (mod <) . J 

To find the least positive value j satisfying (123), one may put n = < — 1 and 
^' = 1 in (125). The value for h and the corresponding values for a, say a« and 
j«, are then 

a, = S(w,_i + A,0- (126) 

It may be proven that values for % and ^ exist both < N^, which will satisfy 
the conditions for 

where h, and a, are substituted for h and a respectively. It follows that the 
order of the group 

To find the order of the group [T^, 7*,, 8\, we have 

STt = ITJ/S', i = 1 or 2. 

Let 8Ut8-^=Vt, 

whence /S^T^-S^* = 7,' 

and S'Tt = TT'/S*. 

But TiUiVi=z 1, since 2* = (mod N^ and 2*' = (mod J^Tg). 

Therefore, F* = TJ- (7r* 

and S'Tr = Tr'UrS!. 

It follows that every element of the group \Ti, T„ S\ may be put in the form 

a =0, 1, 2 JVi— 1, 

/3 = 0, 1, 2.... N,— l, 

y = 0, 1 S — 1, 

5 = 0, 1, 2. 

Therefore, the order of the group \Ti, T,, S\ ie 
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^IS.— The Order of ihe Group jTi, T^ys}. 
If by 8 we mean the substitution (i, Z), and if we put 

so that «w<|«"^ = Ji, 8Va8~^=T^t 

it may be seen that every substitution of the group ] Ji, 7J, «} may be put in 

the form 

'l^Ituy,vi^8'. 

We have then to find the lowest powers of Ua and Vu that occur in the group 

The group { 7\, Tg} contains the substitution vu, for suppose 

7rT{ = vh 
From this condition 

If a = ^iai, the congruences (127) reduce to 

The congruences (128) have a solution for any value of y , since [(Aj<, kj)^ iVJ =1, 
hence for y = 1. 

To find the lowest power of m<i contained in { 7i, 3fif, let 

We have then the two independent congruences 

From (129) follow, as necessary conditions, 

f"*-f'>'='4(mod^). (130) 

By (65) and (67) we have 

kj='^h, k,-ki = eftf, N=QPr'f. 
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With this notation, the polution of (130) is found to be 

y -QjPf'in + Xgjtr), 
a =QjP7'(-w;: + (iqj1f), 
w^'ki + ki=0 {mod qjtf)y 
iv'J = ny (mod qj if) . 

The least value of y and the corresponding value of a are therefore 

a= QjPr'it'-vj^f+fiq^tf): 

These values satisfy both the congruences (130), and with them substituted in 
(129) it may be shown that there exist a set of values for (i and fi both <i\^, 
which will satisfy (1 29). It follows that fiS'^ is the lowest power of Un occurring 
in the group \Ti, T^, Un, va\, and that the order of this group is NiN% QjPr'. 
Every substitution of the group Ti, Tu^\ oaay be put in the form 

T,-Jful8i 

a = 0, 1, . . , . iWi — I, 

^=0, 1, .... iv;— 1, 

y = 0, 1, .... QjPr, 
5 = 0, 1. 

The order of the group \Ti, T,, ««} is therefore 

2NQjP^=2N^^. 

^19.— The Order of the Group {TJ, Tg, 8^, r\. 

The substitutions t^ and t^ are interchangeable with all the substitutions of 
the group | 7i, Tj, «<«}, and the order of the group ] 7i, T^^Si^.r] is therefore 

If T is to let ^A=5 3?2Jt«Z,»L 

be any substitution of the group { Ti , ^ , »i, } , and let « = 2jyr — -j. r, 6* is either 
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9x*ti or Q^r^ according as j is or 1. We may then form the following table : 

$1=1, $, , Oj, B^, , 

Ti , Q^ti , .... OpTi , 

'^l > ^3*^1 > • • • • VpT J , 

If i\^ is even, the first line contains one of the substitutions Ci, a^ , a^, (61) viz. Ti ' 

Suppose Tj* = (Ti, then (T< and <t, = Si^ Ci Sa and, consequently, <T^=(Ti<T|=T<Ti are 
found in the first line of the table. The group is then exhausted by the first 

two lines of the table. The same argument applies when T^^ . 

If Ti* = Ojf the first line contains neither (T< nor cr^, unless N2 is also even, 
since ««<T^«i,= Cj. The second line contains CjTi = Tj and T^r, = Oj is contained 
n the first line. The group is then exhausted by the first two lines. 

If ^x is odd, the group contains t^ and Si^tiBa^^-ti which are not found in 
the first line, and t^Ti = 0^ which is not found in any one of the first three lines. 

In this case the order of the group is ^^NiN^ —rf . 

The same argument holds for t = T{. 

N 
The final result is, the order of the group ] Ti, TJ, 5^, r} is 2W-— ^ , unless 

Ni is odd and t is either t< or T|. in which cases it is 2W^ . 

qjf 

§20.— T%6 Order of the Group \ Ti, TJ, S, s\. 

The group ]Ti, TJ, /Sf is a self-conjugate subgroup of the group 
\Ti, T^, S, e}. It follows immediately, since s is of order two, that the order of 
the latter is twice that of the former. 

The order of the group ] Ti, Ti, /S', «} is 2 . 3 . NQr. 

^21.— The Order of the Group {Ti, T;, 8,8,i:\. 

There are two cases : 

Gaee I. T = T4. 

The substitution t^ is interchangeable with every substitution of the group 
\ Tu ^9> Sf s\, hence the order of the group in question is 2*. 3-^^. 
8 
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Gase 11. r^T^. 

Subcase 1). If N^ is even, {T^ T^, S^s] contains one of the substitutions <t, 

namely, T^ and, consequently, it contains <ri, (Xg, (Ts- Moreover, the substitu- 
tions of ] jTi, T^, S, s} may be put in the forms 

T^jyCTV^V or T^TIU^B^, 

where 6^ is one of the six substitutions of the group j/S', «[. We have 

hence 'i'A=^x'^m- 

It follows that the substitutions of the group ] 7i, JTg, /S, «, t\ may all be put in 

one of the four forms JB^, JB^Tj, JB^rg, R^r^, where v = 1, 2, 3 2. ZNiN^Qr 

are the substitutions of the group \Ti, T^, S, s]. 

But R, = R,c, 

whence Ryti = R/TiTi — R;t^ = fi^r,, 

BO that the group is exhausted by the sets Ry^ and R^ti. The order is, therefore, 

2».3iv;iv;er. 

Subcase 2). If i\^ is odd, the substitutions jB^, R^tiy R/t2, R^r^ are all dis- 
tinct, since otherwise one would have 

whence R^^Ry^ — tfl^ — a^ , 

but (T. cannot occur in the set R^. Hence the order of the group is 2*. ZNQr. The 
result may be stated as follows : If r = T4, or if r #: ^4 and Ni is even, the order 
of the group { TJ, 7^, 8, s, r] is 2*. 3 . NQr ; if r ::^ T4 and N^ is odd, the order is 
7?.3.N.Qr. 
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On the Forms of Unicursal Sextic Scrolls. 

By Virgil Snyder. 



The study and classification of scrolls whose order is less than or equal to 6 
has been, to quite an extent, completed. The following paper will discuss some 
types of sextic scrolls. 

The literature on cubic and quartic scrolls is extensive and well known. 
The only paper on quintics with which I am familiar is that by H. A. Schwarz, 
"Ueber die geradlinigen Flachen fiinften Grades," in Crelle's Journal, Vol. 67, 
pp. 23-57. Apart from incidental mention of particular cases, there has been no 
investigation of sextics. I have used the methods of Cayley, Salmon, and 
Schwarz, but the new singularities which first appear in the sextic sometimes 
require a different treatment. 

The first section is a direct generalization of the corresponding articles in 
Schwarz's paper, and I have used his notation throughout ; the remaining treat- 
ment differs widely in the details from his procedure. In the second section, 
Schwarz's method of generation is employed in part, and in the third section, the 
dual of his method. 

With the exception of the generators, all plane curves which lie upon a 
scroll which is not reducible, and which possess the property that only one 
generator passes through each point, must be of the same genus. This follows 
from the fact that the generators furnish a one to one correspondence between 
the points of the two curves. 

This principle furnishes a basis of classifying scrolls according to the genus 
of the curves which can be drawn upon them. 

When a straight line which is not a generator, a conic section, a nodal cubic 
or any unicursal curve lies on a scroll as a simple curve, then every section of the 
scroll will be unicursal, and the surface itself will be called unicursal, or p = 0. 
Similarly for p = 1 , 
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For the geometric construction of the various cases, it will be desirable to 
consider the surface as generated by joining corresponding points of two plane 
curves of the same genus, or, dually, by the line of intersection of corresponding 
planes of two developables. 

§1. — General Discussion of the Various Possible Types of Sextic Scrolls. 

A plane passed through any generator g ol ek sextic scroll will cut from the 
surface a curve of the fifth order. This curve cuts the generator g in five points. 
One of these is the point of tangency of the plane through g. In general, each 
plane is a simple tangent plane, hence the other points are double points on 
the surface, so that each generator of the scroll is cut by four other generators. 
There are, therefore, an infinity of planes which pass through two generators. 
The consideration of these planes furnishes the point of departure of the follow- 
ing discussion. 

Every plane through two generators cuts from the surface a quartic curve, 
which may be reducible. Whenever a plane section of a scroll is reducible, the 
composite curve of section must consist of a number of generators and an irre- 
ducible curve which possesses the property that at least one generator passes 
through every point, if the surface is not a cone. 

Cones will be excluded from the investigation. In case of the sextic scroll 
the irreducible curve in a plane containing two generators may be a simple or 
multiple straight line, a conic, a cubic or a quartic curve. 

A. If the irreducible curve be a simple straight line, a conic, a nodal cubic, 
or a trinodal quartic, the surface is of genus . 

Any scroll whose order is greater than 4, cannot contain more than one 
simple conic. 

B. If the curve of section be a non-singular cubic or a binodal quartic, 
then ^ = 1 . 

C. When the curve is a quartic with one node, ^ = 2. 

D. When the curve is a quartic without nodes, p = 3. 

E. It is necessary to make a particular investigation of the case in which 
the surface contains a multiple linear directrix. 

(a.) Suppose the directrix be double. Then every plane through the double 
line will cut four generators from the surface, because the section of the suriace 
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made by this plane cannot contain any further irreducible part than the double 
line. Through every point of the double line passes one generator (in which case 
the directrix is itself a generator) or two. In the first case, the scroll is unicur- 
sal. In the second case, the plane which contains the two generators which pass 
through a point of the doable line, does not contain the double line itself. Sup- 
pose this were the case. Then every plane through the double line would contain 
two generators which cut each other on the double line, and two other genera- 
tors, neither of which can pass through the point of intersection of the first two, 
because the line was only double. 

Hence each of the latter generators must cut the directrix in some other 
point. If they intersect in different points, then through each such point on the 
directrix d must pass one other generator of the surface which cannot lie in the 
plane of the first ones, as the complete section of the surface is accounted for, 
hence the plane through the last two does not contain d. 

The only remaining alternative is that the two latter generators cut d in the 
same point. This configuration is excluded, as it would not give an irreducible 
sextic scroll. 

Hence, in general, the plane of the two generators does not contain d. Con- 
sider the section of the surface made by the plane of the two generators issuing 
from the same point of d . This plane can contain no other generator, for every 
generator must cut the double line, hence it would have to pass through the point 
of intersection of the first two, making the directrix triple, contrary to hypothesis. 
The curve of section is, therefore, either an irreducible quartic curve or a four- 
fold line. 

In the first case,p cannot be greater than 3. In the latter case, in which 
the surface has one double and one quadruple directrix, skew to each other^ if a 
plane be passed through any generator, not containing either directrix, it will cut 
from the surface a quintic curve which has a triple point at the intersection of 
the generator and the quadruple directrix. If the surface does not contain any 
double generators, the quintic curve will have no other singular points, hence 
the curve, and therefore the surface, will have2> = 3. 

For each double generator, the genus of the surface would be reduced by 
one, hence a (2, 4) scroll may have 3 double generators without becoming 
reducible. 

Every sextic scroll which contains a double generator contains an infinite 
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number of plane quartic curves whose planes all pass through the double gen- 
erator. 

"When the surface is of type (2, 4), these plane curves must all have a double 
point at the intersection of the double generator and the quadruple directrix — 
each would then be of genus j> = 2 . 

(b.) Suppose the plane of the two generators cuts from the surface a triple 
line. It will also contain a generator, then every plane through the triple line 
must cut from the surface three generators, as no other irreducible curve is pos- 
sible, apart from the multiple directrix. Of these three generators, two may 
coincide with the directrix, or only one, or none. Being a triple line, three 
generators will issue from every point. If two of them coincide with the direc- 
trix, the triple line coimts for simple directrix and double generator, hence the 
surface is unicursal. 

Let two generators issue from each point of the triple line apart from the 
line itself. There are now two cases to consider, according as the plane of the 
two generators does or does not contain the triple line. In the first case the 
plane through the generators would cut from the surface just one more line. 
This line would lie in the plane n and cut d ; through the point in which this 
extra generator cuts d must pass another generator not lying in the plane, hence 
the plane of the two latter generators would not contain d. The case, then, in 
which the two generators lie in a plane with rf, can be excluded. The only 
remaining case is when the plane through the generators which issue from the 
same point of d does not contain d. The plane will then cut from the surface 
an irreducible quartic or a cubic and a generator or a conic for particular posi- 
tions, or, finally, a multiple line, which would have to be a triple line. In this 
case, d could not be a generator, but 3 generators would lie in the same plane. 

The case in which three generators issue from each point of d and all lie in 
the same plane not containing d, leads also to a new triple line. Every genera- 
tor must intersect both skew triple directrices. A plane passed through any 
generator will cut from the scroll a quintic curve having a double point on each 
directrix and cutting the generator in one more point, the point of contact of the 
scroll. 

The quintic curve has in general no further double points, hence it belongs 
to the type p= 4. As before, the type is reduced by a unit for every double 
generator, hence a (3, 3) scroll may have 0, 1, 2, 3, or 4 double generators. 
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(c.) When the irreducible curve contained in a plane passing through two 
generators is a fourfold line d, four different cases may arise. 

From every point ofd passes 1, 2, 3, or 4 generators of the surface which are 
different from d itself. 

If only one generator (distinct from c?) passes through each point of d, the 
surface is of gen us ^ = 0. 

Suppose two generators, distinct from d, pass through every point of rf, and 
let their plane not contain d. This plane will cut from the surface an irreducible 
quartic, or a multiple directrix. 

If the plane of the two generators always passes through the quadruple line, 
so that the two generators which any plane through d cuts from the surface 
intersect on d, then, apart from possible multiple generators, no other double 
lines exist on the surface. This is the (2, 4) case in which the two skew direc- 
trices coincide. 

If a plane be passed through a generator of a scroll of this type, the section 
made by it will be a quintic curve having a triple point at the intersection of the 
generator and the quadruple directrix, and no other multiple point, hence the 
surface will belong to the category^ = 3. 

Suppose the fourfold line such that three generators, distinct from the line 
itself, pass through every point of it. Then a plane exists which contains two of 
them without passing through the fourfold line. This plane will then cut from 
the surface an irreducible quartic curve or a multiple line ; the line is at most a 
double line. 

Suppose, finally, that four generators distinct from the multiple directrix 
issue from each of its points. If all four lines lie in one plane, the surface is 
of type (2, 4) and the plane cuts the surface in a double line which is not a gen- 
erator. This case has already been considered. 

(d.) Suppose, finally, that the surface has a fivefold line. Then the plane 
of two generators contains a quartic curve which has a triple point on the five- 
fold directrix, hence the surface is unicursal. 

It thus appears that sextic scrolls are to be divided into five groups, accord- 
ing as the genus is 0, 1, 2, 3, 4. 
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§2. — Urdcursal Sextic Scrolla Oenerated by Two Devdojpahles. 

When one variable has been eliminated, the equations of the variable line 
which generates the scroll is defined as that of intersection of the two planes 






in which a,b ; a^ V are linear homogeneous expressions in x, ^, 2, to. 

By eliminating t between these two equations, there results an equation in 
Xft/jZfW of degree m + n, which is the order of the surface. 

When the two equations E=:0^ E' =zO do not represent the same plane 
for any value of t^ the eliminant will contain no extraneous factors. Suppose 
that E = E' when t^^t^. Then this plane appears as factor in the scroll, 
Consider, in this case, a constant x so determined that E — xE' = when < = <o, 
which is always possible. E — xE^ = {t — <o)^''- Now, replace J&=0 by the 
plane J?'' = 0. This process can be continued until no value of t exists for which 
Ef E^""^ define the same plane. For unicursal surfaces of the sixth order m + n= 6 
hence there are three cases to consider : 

J (m = 6 E = afi + bt^ + cfi^de + et+/=0, 
In =1 E'=pt +q — 0. 

jj {m = 4 E = ai^ +bfi + cfi + dt + e = 0, 
(n =2 E^=pf +qt + r=0. 

jjj (m = 3 E=a^ +bf + ct + d = 0, 
in = 3 E^=pfi + gf + rt+8 = 0. 

Since the order of a scroll is not changed by duality, it is possible to think 
of it as generated by joining corresponding points of two twisted curves 
rather than by the lines of intersection of corresponding planes of two devel- 
opables, hence 

If a (1, 1) correspondence exist between the points of a straight line and the 
points of a unicursal quintic, the lines joining corresponding points generate a sextic 
scroll. 

Similarly for a conic and unicursal quartic, and for two cubics. 



Snydeb: On the Forma of Unicursal Sextic Scrolls. 65 

[I.] m = 6 , n = 1 . 

The equation of the scroll having a quintuple line can be written in the 
form 

U(i + zu^ + y>v^ = 0, (1) 

in which w,, v. are binary quantics in ar, y of order s. The five tangent planes 
at any point «i, Wi of the quintuple line are defined by the equation 

For certain values o{ Zi'.Wi, 8 in number, two roots of this equation coincide 
they define the cuspidal generators, which cut the quintuple line in the pinch 
points. The pinch-points may also be defined as the points in which the quin- 
tuple line cuts the octic torse aX' + bX^+ =0. 

By a suitable linear transformation, equation (1) may be reduced to 

This will be called type I. 

A simple mode of generation is obtained from the section made on the scroll 
by the plane containing two generators. The section is a quartic curve having 
a triple point. The surface is generated by the lines cutting two such quartics 
not in the same plane, and the line joining the triple points. Various subforms 
exist, when the pinch-points coincide. When z^v^ + Wiv^ = has a cubic factor 
two pinch-points coincide, which requires that the octic torse touch the quin- 
tuple directrix. 

When tig, t?5 contain a common factor, so that the equation may be written 

»*2^^ + (aa; + hy){zu^ + wv^) = , 

in one position of the generator it coincides with the directrix, aa + Jy = 
being the osculating tangent plane. This is type II. Subforms exist as under I. 

III. acVi^g + {ax + hy){cx + dy){zu^ + wv^ = , two such limiting generators 

and osculating planes. 

IV. as^t/g + ^1 • t?i . t^i (2^2 + wv^ = , three such generators. 
V, Four such generators. 

VI. 7?ifu^ + t^i(zwj + wv^ = 0. In this case two of the five sheets through 

the quintuple line unite in forming a single cuspidal edge. 
VII. x^y^u^ + u\.vi {zii^ + icv^ = , cuspidal edge and limiting generator. 
VIII. Q?y^u^ + lej (zu -+- wv^ = 0, three sheets in cuspidal edge, i. e. three sheets 
have common tangent plane. 
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IX. Qi?y^u^ + r4 . t?i {zv^ + wv^ = 0. 
X. a*y*t/, + Uiv{ {ztii + wvi) = . 
XI. x*3/*Wjj + u\ {zili + tDVi) = . 

In forms V, IX, X and XI, the quintuple line is also fourfold generator, so 
that only one other generator can issue from each point of the directrix. These 
scrolls belong to special linear congruences. Their asymptotic lines are alge- 
braic and of order 9. 

When in I, i^ vanishes identically, the five generators which issue from the 
same point of the quintuple directrix lie in one plane, which also contains a 
simple linear directrix z = 0, w=zO, skew to the first one. This is type XII. 
The surface is contained in a general linear congruence ; its asymptotic lines are 
of order 10. The forms V, IX, X, XI may also be regarded as limiting cases of 
XI [, when the two directrices approach coincidence. 

Among the subforms of XII, two varieties are of particular interest, those 
which are transformed into themselves by a cyclic coUineation of order 6 and 
those whose asymptotic lines are reducible. The scroll 

zx(8a?—{S — ^/5)y^)(Z2x^—6{7 +W6)f) 

= wy (8y» — (3 — >v/5a;*)(32y* — 5 (7 + 3>v/6) x^) 
is of the first kind.* 

In the scroll zx^ + wy^ = 

there are two real fourfold pinch-points, at which all five generators coincide . 
from the other points of the multiple directrix issues but one real generator. 

The surface zx (3x* + 6y*) + wy (5x* + 3y*) = diflfers from the preceding 
by having four double pinch-points, all real, at each of which three generators 
coincide. 

The surface zx (3a:* — 6y*) + wy (5a;* — 3y*) = has four double pinch-points, 
all imaginary. From every point of the multiple directrix issue three real and 
distinct generators. The form zx^ {t? — 5y*) + wy^ (5a^ — y^) = has also three 
generators issuing from each point, with real double pinch-points. The form 
zx^ {t? -f 5y*) + wy^ (5x* + y^) = has two real and two imaginary double pinch- 
points. In all these forms, the asymptotic lines are of order 5. The necessary 

* Ameseder, in the Wiener Berichte for 1890, treats of this kind of cyclio coUineation. It is a pro- 
jection of an axial rotation through 72^. 
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condition is that at every pinch-point three generators coincide, so that all of the 
pinch-points coincide in pairs.* 

[II.] 171 = 4, n= 2. 
By writing 

p lp^d — r{bp — aq)']-q lp{cp — ar) ~q{bq — aq)'] =<^i, 

jpPe — rlp {cp — ar)—q {bp — aq)] = ^2, 

p^qe — r[p^d — r {bp — aq)] = <^s, 

pq (qe — dr) + r[r {cp — ar) — p^e] = <^4, 

q [r {cr — ep) — q {dr — qe)] —r\fb—p {dr — qe)] = <^6, 

the results of partial elimination of t may be written 

and the equation of the surface may be written in either of the following forms: 

^1 — ^1^8 = 0» ^i<?>4 — ^«^s =0, <^| — ^,^4 = 0, 
^1^6 — ^«^4 = 0> 1>f^^ — ^i^4 = 0, ^J — ^8^5 = 0. 

Each of these equations contains an extraneous factor; these are p^^ pq^ pr^ 
^ — pry qr, r^ respectively. 

These expressions are not all independent. The relation 

can be easily verified. By equating the values of <, 



(2) 



^% ^8 ^i ^6 ^^2 — S'^S + P^i ' 

hence, r^g — j^s + 1^4 = 1 

and similarly, r^j — 3^4 + p^^ = . 

The surfaces ^1 , <^2 do not intersect in a plane curve, hence ^s p^ses through their 
curve of intersection ; similarly for <^4, ^5, so that all the surfaces pass through the 
same curve. Again, from the form of equations (2), the non-reducible part of 

t A similar case of a (8, 1) scroll was discussed by me in the American Journal, Vol. 22, p. 257. The 
algebraic condition is discussed in Salmon's ^^ Higher Algebra, '' 4th ed., p. 162. The Jacobian of Us, v^ 
must be a perfect square. 
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this curve is a double line on the sextic scroll. The surfaces ^2, ^g have the 
four lines ^, r; p, a] e, r-y p, qin common ; 2>, r is a double line on ^3, and the 
two surfaces touch along the line p , a . The plane r = touches ^2 t^® whole 
length of 2?, r and is an inflexional plane. The total curve of intersection of 
^2f ^3 is of order 16 ; the common lines account for a curve of order 6, hence the 
double curve on the scroll is of order 10. The point p, 9, r is a threefold point 
on ^2 and on <^j, hence a ninefold point on their curve of intersection. The line 
py r being a single line on ^2 ^^^ ^ double line on ^31 ^^ ^ double point at 
p, Tj q. Similarly, the line j, r has three points at the ninefold point ; no other 
lines common to the two surfaces pass through the multiple point, hence the 
curve has a fourfold point. 

The unicursal sextic scroll of form [//] has a double curve of order 10, which 
has a fourfold point. 

This scroll will be called type XIII. 

The surface ^| — ^y/pi = is the envelope of the quadratic pencil of quartic 

surfaces 

♦/+2<^< + <?>s = 0; 

each surface of the pencil passes through the double curve ; the residual curve is 
then of order 4. As the surface must always touch the scroll, the two must 
either touch along one generator and intersect in two others or touch along two. 
The same may be said of the two other pencils, 

4^+ 24>,« + <^,= 0, 

^,f+ 2^4« + *5 = 0. 

Every generator cuts the double curve in 4 points, hence the curve cannot lie 
on a quadric or cubic scroll, for in that case every generator oi the sextic would also 
belong to the simpler surface. Through every point of the double curve pass 
two generators, each of which cuts the double line in three other points. The 
cone of order 9 having the double curve for directrix and any point upon it for 
vertex, contains two triple and one fourfold generator, the latter passing through 
the fourfold points. 

A non-reducible sextic scroll cannot have a double curve of order 10 with a 
double point of order higher than the fourth, for every line joining the multiple 
point to any other point of the curve would be a part of the surface, and this 
cone would be of order less than 6, hence the surface would be degraded. 
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This reasoning cannot be applied to cases in which the double curve of order 
10 is itself reducible. 

Some of the possible forms into which the double curve can break up will 
now be considered. 

Let the surface have a fourfold directrix line. If ^i = 0, g'l = be the equa- 
tions of two planes through the line, then every other plane through the line can 
be represented by an equation of the form p^ -|- gr^ = o. 

Any plane through the directrix will cut two generators from the surface, 
which are generally distinct from the directrix. To every value of ^ correspond 
therefore two values of <; to every value of t corresponds but one plane 
through the directrix, hence to one value of X. ^ is therefore a rational quad- 
ratic function of <• 

By proper linear substitution this can always be brought to the form 

^ = ^, or p^ + g = 0, 

which, associated with 

a<* + 6^ + c<* + d< + 6 = , 

defines the scroll. The equation of the surface is' therefore 

[p {qc —pe) — ^ay + pq{pd— bqY = 0. (3) 

This method must be modified somewhat when one of the four generators which 
issue from each point of the multiple directrix coincides with the directrix itself 
In that case the equation a<* + bfi + cfi + dt + e=zO is expressible in the form 

{a'f + Ve + c^t + dl) (< — <o) + op + i^? = . 

Corresponding restrictions must be made when two or more generators coincide 
with the multiple directrix. 

From equation (3), when jp = 0, g'V = ; when ? = 0, ^V = 0, hence the 
planes p, q are both torsal. Besides the fourfold line p^q^ the surface has as 
double curve the line of intersection of the cubic scroll p {qc — pe) — j'a = and 
the quadric jp{£ — Jg' = 0. It is a quartic curve of the second kind ; the genera- 
tors of one system of the hyperboloid pd — hq=^0 meet it in three points, those 
in which they meet the cubic scroll. Those generators of the other system cut 
the curve but once, as they cut the double line which is a generator of the first 
system. The quartic cuts the fourfold line in three points. This is type XIV. 

This quartic curve may now break up into a cubic and a straight line, into a 
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conic and two straight lines, or finally, into four straight lines. (A quartic of the 
second kind cannot be composed of two conies.) 

When the quartic curve breaks up into a cubic and a straight line, it is 
necessary that the quadric has a second generator in common with the cubic 
scroll. Let this common generator be cut from the plane j>ylo+ 9 = 0. Then the 
plane A^a + AqC + 6 = is identical with x^ (h7^ + d) + ^ (P'^+ ?) = 0- Under 
the same hypothesis, the following identity also exists : 

pigc —pe) — (fa = px^{hq — pd) + (Vi> + <^P — hpx^ — Iht^ — qci){P^ + q). 

which shows that the cubic curve lies on the quadrics pd — 6y = 0, ^^p + cp 

— Xfjbp — ii^T^ — g'a = 0. It cuts the line ^, 5' in two points. The double line 

PK + q^ b\'\-d cuts^, q in one point. The three lines together constitute the 

double curve of order 10. The cubic curve cuts the line pX^ + j, 6A« + rf in 

one point. If 

X^p + op — XiJbp — li^p^ — qa 

be denoted by u^ the equation of the surface becomes 

\x^p{hq—pd) + u{p^^ + q)\^ + pq{pd — hq)^z:^0. 

It is type XV. The second double line is a double generator of the surface. 

The cubic curve may further break up into a conic and a straight line. In 

this case the two quadrics 

tt = , qh — jpd = 

have a generator of each system in common ; the second generator lies in the 
plane pTJ^ + g^ = ; then 

(M + c — Xob — (iop) + 2^ = xUpK + q) + /^i(6^o + d), 
which may be rearranged in the form 

{X^ + c — Xob — (iQp)p — aq^i4{pd — qh) — (a — x'^p — UQh){p7^ + q) . 
The second double line isjp^ + 5, b^ + d, and the conic is defined by 

pd — j6 = , a — xliP — (jLl/q = 0. 

The configuration of multiple lines now consists of the fourfold line p, q] 
two double linesi each cutting p, q and skew to each other, and a conic which 
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cuts each of these three lines once. The equation of the surface is 

i [^oP + f^i {pK + f?)](i>rf - qb) — (a - x'oP - fi'oh){pH + q){p\ + q) Y 

-{^pq^pd — bqf^O. 
This is type XVI. 

The two double lines are double generators. 

If the two surfaces 

t^ = 0, qh — 2>^ = 

intersect in four lines, two of each system, the two lines which cut ^, 9 will be 
double generators, and that in the same system as^, q will be a double directrix. 
The surface will then have a fourfold directrix, a double directrix skew to it, 
and three double generators. The plane a — n^p — (iiq = can now be written 

v = a{pX^ + q) + ^{b7i, + d)= 0, 

wherein pXi + q, bXi + d is one of the new double generators ; the other lies in 
the plane 

«? = a (/>Xi + q) + /?(JXo' + d) = 0, 

since _£_ = _2. — j^^i + 9 _ — ^ _ p^.) + g 

b d ~ bXi+ q~ a bX^ + d' 

The first line is a generator, the other the double directrix. If jpXo + jS^, 
pXi + q = ^, and since 

pd — qb = ^ _^. [v {pX'o + q)—w (pX^ + j)] = m {vp' — wq') , 

the equation of the surface may be written 

{ ( jy + Bq^{vp^ — wq') - V {Gpl + Dq;)Y 

+ {^pi _ v^y{Epf' + F^<i + G(t) = . 

The line y, q[ is fourfold directrix, t?, w double directrix, and g', t? ; t/?, p^\ 5Xo+rf, 
2?' (At) + Xi) — 3' (Ao + Jl() are double generators. This is type XVII. Several 
subtypes exist when the pinch-points coincide in various ways. 

The two quadrics, w, pd — 96, may touch each other along p,q\ in this 

r™ -=^ 

face becomes 



case, /^ = in the expression for t?, and since tr= ^ , the equation of the sur- 



C/i(i>, ?)(i>^-2*)— /sCjP. f?)]'=i>?(i>^-?&)'- 
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In this case the surface has a fourfold directrix, a double generator coinciding 
with it, and three other double generators. This is a limiting case of the last 
type when the two directrices approach coincidence. It is type XVIII. If the 
equation be developed, the terms 

are inBnitesimal of order 4, the other terms are of order 6 or 6 when p = 0, 
5 = 0. Two planes, i>fl^ + g' = 0, pgf + ^ = 0, are tangent along ^, q. Each 
cuts a fivefold line from the surface. The other two tangent planes are 
coincident with each other and with the tangent planes of pd — 56 = along 
p, q. The surface has self-contact along this line. Every plane through p, q 
cuts two generators from the surface, which intersect on jp, j. If one sheet of 
the surface be described by continuous motion of each line, the two sheets 
will pass through each other at the double generators and touch each other 
along j>, q. 

Now, consider the case in which the sextic scroll has a double rectilinear 

directrix. This requires that all of the planes of the form a>} + belong to 

the same axial pencil. The equation can be derived from the general one by 
writing a + xj), a + xjb, a + xjb for c, d, e. 

The remaining part of the double curve is of order 9 ; it has, as in the gen- 
eral case, a fourfold point and lies on a cone of order 6 which has the fourfold 
point at its vertex. The curve cuts the double directrix in 3 points. Every 
plane through the double directrix cuts four generators from the surface ; these 
generators intersect in the 6 points of the double curve which lie in the plane, 
not on the double straight line. This is type XIX. All the generators touch 
the cone g^ — 4pr = 0, hence the surface is contained in the quadratic congru- 
ence defined by the special quadratic complex formed by the tangents to this 
cone, and the special linear complex whose axis is the line a,b. The two 
points in which the line a , b cuts the cone are pinch-points or points of intersec- 
tion of double generators. 

If the coordinates of one of these points of intersection cause the t discrimi- 
nant of the quartic pencil a<* + to vanish, the generator of the quadric cone 

which issues from that point will be a double generator of the sextic scroll. The 
configuration of double lines consists of the double directrix, a double curve of 
order 8 cutting the directrix in two points and having a triple point and finally a 
double generator passing through the triple point. This is type XX. 



in I 
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If the coordinates of both points of intersection cause the t discriminant to 
vanish, both generators issuing from these points will be double generators of 
the scroll. The double curve is now of order 7, has a double point and cuts the 
directrix in one point. This is type XXI. 

Three double generators cannot appear unless the residual curve consists of 
a fourfold line ; this case was noticed as type XVII. As a subform of XX, the 
two pinch-points may unite without giving rise to a double generator ; i. e. the 
line a , b may touch the quadric cone. 

pIL] m = 3, n = 3. 

By writing 

(as — pd){pc — ar) — (jph — aq){sh — qd) = i^i i 
(rd — cs)(ph — aq) — {as — pd)^ = ij/j, 

{pd — as){sh — dq) — {cs — rd){pc — ar) = i^s* 

the equation of the surface is expressed in the form 

4'i4'$ — "41 = 0, 

which has the extraneous factor jx2 — as. 
From the identical relation 

{as —pd)'^^ + {pc — ar) i^s + {aq — Jp) = , 

it is seen that '^i, 4'2> ^^s P^^ through the same curve, which is a double curve on 
the sextic scroll. 

-i^i, 4'! intersect in the cubic pd-^as^ ph — aq and the line s^d] they touch 

along the line a, jp. 
4%, ^8 intersect in the cubic pd — (w, cs — rd and the line a, jp j they touch 

along the line d, s. 
^^y •J's intersect in the quartic sh— dq, pc— ar and the two lines p, a ; d^s. 

The residual curve of order 10 is the double curve of the sextic scroll. The lines 
a, p ; c?, « are simple generators of the scroll. This curve has no fourfold points, 
but has, in general, four triple points. (Salmon's '* Algebra," lesson 18.) This 
scroll is type XXII. 

Next, consider the scroll with a triple directrix. Its equation can be derived 
from the last type by writing c = a + Xi6,(i = a+xjg6, since all the planes of 
10 



74 



Sntbeb: On (he Forma of Unicureal Segetic Scrdtte. 



n 



■il 

'■[ ir 



the system at* + i^ + =0 belong to the same axial pencil. The residual 

curve is of order 7. Every plane through the triple directrix cuts three genera- 
tors from the surface which do not in general intersect on the triple line, hence 
the triple directrix cuts the double curve in four points. This is type XXIII. 

The four points in which the line a, h cuts the quartic developable 
pt* -f- . • • . = are pinch-points ; when the coordinates of one of these points 

causes the discriminant of a^ + =0 to vanish, the scroll has a double 

generator which passes through a singular point of the double curve of order 6. 
This is type XXIV. 

In the same manner, the surface may have two or four double generators, 
or a double and a triple generator. These are types XXV, XXVI, XXVII. 
The last five types belong to the congruence formed by the tangents to the 
quartic developable which cut a fixed line. In type XXVI, the double curve of 
the scroll is of order 3. 

Prom every point of the triple line a, h issue three generators. Let m be a 
plane containing two generators g ^ ^ issuing from a point of a, h. The plane 
will cut from the surface a quartic curve having four double points and passing 
through the intersection with a, &. The curve cannot consist of two conies, for 
a sextic scroll can have but one, hence the section must consist of straight lines. 
The one intersecting a , 6 is a generator and the others cannot be, hence they 
must all coincide. The double lines consist of two triple directrices, skew to 
each other, and four double generators. The equation of this surface can be 
most eaflily derived from that of type XXIII by putting r =jp +>li9', 8^=^p+%^ 
in that equation. 

A large number of subtypes can be derived from this type by having the 
pinch-points coincide and by the appearance of a triple generator. 

Finally, the two skew directrices may coincide. The three generators which 
issue from each point of a, h lie in a plane passing through a, 6. There are four 
pinch-points on the line a, 6. This is type XXVIII. It may have a triple 
generator, type XXIX. 

§3. — Scrolls Generated hy Two Curves. 

Sextic scrolls will now be studied from the dual standpoint, the locus of a 
line joining corresponding points of two curves. 



'M 





Hi 


5 I'rui 










';! li 


J 


i ' 


U : 



) .'il!! 



if 



Snyder : On the Forms of Unicursdl Sextic Scrolls. 75 

Let ^4^= ^< (;i), >7i = >7^ (^), f = 1, 2, 3, 4 be the equations of two unicursal 
curves, the parameters X, /i being related by the equation 

Then x,= U^) + ^M 

will define a scroll which is unicursal when the function /(X, ^) = is so. 
If if, >7 be of order m, n and /(X, /k£) = be of degree mj in ;i, rii in /[£, f will be 
an ni-fold curve on the scroll, yi will be an Wi-fold line ; the scroll will be of 
order 

but the order will be reduced by unity for every point of intersection of f , >/, 
which is a self-corresponding point. When /is unicursal, the parameters X, /[£, 5 
can be rationally eliminated by a process analogous to that employed for uni- 
cursal curves. 

A scroll having a simple rectilinear directrix must be unicursal ; every 
plane which contains more than one generator must contain the directrix, and 
hence n — 2 other generators. No simple plane curve of order lower than n — 1 
can exist on the surface. 

The double curve is of order i (w — l)(n — 2), and it cannot contain double 
generators as a component part except as one or more generators may coincide 
with the simple directrix. 

When the directrix 5 is a simple line on the surface, it cannot be cut by 
the double curve. The scroll can'Jbe generated by joining corresponding points 
of the line and a unicursal curve c of order n — 1 whose plane does not contain 
5 if it be a plane curve. There are n — 1 fundamental types, according as h 

passes through a x-fold point on the curve; x=0, 1, n — 2. When h 

passes through a x-fold point on c, % generators coincide with h and any plane 
through h will contain but n — x — 1 generators. When x = 1 , the double 
curve intersects h in n — 3 points ; in general, in x{n — 2 — x) points. The 

line h now counts as a nodal curve of order -4- (« + 1) + ^ ; the residual curve is 

2 

of order 

i(n_i)(n-2)-^(« + l)-r, 

r being the number of simple coincident tangents of c at points of intersection 
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with 5, Each generator cuts the residual curve in n — x — 2 points. In par- 
ticular, if « = n — 2, the n — 1-fold line is the only nodal line, and the equation 
of the scroll is of the form 

in which t«„_i , Vn^i have a common factor of order n — 2. In case tlie curve c has 
an n — 2-fold point and does not cut S, a special form is one having an n — 2- fold 
line and a simple line 

«/n-i('*Ji«^) + y<?>»-i(«» w?) = 0. 

In no other case can the nodal curve have a straight line other than 8 for a com- 
ponent. These scrolls all belong to a special linear complex ; in the two cases 
just mentioned they are contained in a linear congruence, the former being 
special, the latter general. The theory will now be applied when n = 6 . 

§4.— ZJmoZ of (1, 5) Types. 

When the line 5 does not cut the quintic curve, every plane through 5 will 
cut five lines from the surface which intersect in 10 points not lying on 5. They 
may all coincide, giving type XII, already considered. If the quintic curve 
does not have a fourfold point, this case is excluded. A double conic, cubic, 
quartic or quintic is easily proven not to belong to the nodal curve, hence : When 
a sextic scroll contains a simple rectilinear directrix which is not a generator, and a 
quintic curve without a fourfold point, then the nodal curve cannot he reducible. 
This Cjo must accordingly have oo* four-point secants. There are two families 
according as the nodal curve has a fourfold point or four threefold points.* A 
similar theorem exists for every scroll of even degree 2m . The nodal curve is of 
order (2m —i){m — 1), and contains qo^ secants, each of which cuts it in 2 (m — 1) 
points. Curves exist having an infinite family of secants which cut the curve 
in more than 2(m — 1) points, but in that case only one such secant can be 
drawn through each point of the curve. Type XXX. 

When h cuts the quintic curve Cg once, the residual curve is of order 9. 
Type XXXI. The curve may now be composite ; its factors are a sextic and a 
cubic. The scroll may be generated by a (1, 2) correspondence between points 
on h and a cubic which cuts h once, the point of intersection being self-corre- 
sponding. The cubic may be twisted, type XXXII. 

A different form exists when the cubic is plane. Type XXXIII. A simple 
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illustration is furnished by joining corresponding points of the line a; = 0, y = 0, 
z = (i and the curve a = X', y = A», « = X = fi (fi — 1). 

The residual curve is a sextic which cuts S twice, and is cut twice by every 
generator. 

The sextic curve may break up into two cubics, so that the nodal curve con- 
sists of S and three (twisted) cubics. The equations may now be written by 
joining corresponding points of two twisted cubics which intersect in five points ; 
the correspondence being a unicursal (2, 2) such that four points are self-corre- 
sponding and the fifth the double element of the (2, 2) correspondence. This is 
type XXXIV. 

No other components of the residual nodal curve can exist. 

When S passes through a node on C5, j is a triple line and the residual of 
order 7. This is type XXXV. 

A special form exists when the sections containing a generator cut from the 
scroll a quintic having a tacnode at the trace of J ; in this case S counts for a 
fourfold line (i. e. equivalent to a nodal quartic) and the residue is of order 6. 
This is type XXXVI. 

The sextic may break up into two (twisted) cubics, XXXVII, or finally, a 
triple conic, as is shown by the scroll 

(y' + «*«)! = aj'yto*. 

This is type XXXVIII. The last form'is generated by joining corresponding 
points of ac = 0, y = and a:* = y^ » = by a (1, 1) correspondence. 

By applying Clebsch's method* for finding the asymptotic lines of the last 
scroll, they are found to be 

x=X\ y = ^\ z=20 + dk\ w? = 21:1 + c%^. 

They all have a common osculating plane at the pinch-point (0, 0, 1, 0). Any 
plane through h cuts each curve in three points besides the pinch-point on h, one 
on each generator in the given plane. Two of the generators are always imagi- 
nary. The scroll is contained in the special linear complex p^ = and in the 
special quadratic complex p\% + jPi* .^^m = 0, to which the axis h belongs. 

When h cuts 05 in a triple point, the residual is a quartic of the second kind 
and h counts for a sextic. This is type XXXIX. 

* " Ueber die Haupttangentencanren bei windaohiefen Fl&chen," Crelle, Vol. 6S, p. 161. 
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For particular configurations of the triple point on Cj, the intersection may 
count for 7, leaving only a nodal cubic. This is type XL. 
For example, in the scroll 

(y^ — a?wy = xy {pjo — xz — y*)*, 

a plane through h will cut a sextic curve having a singularity of the form 




he equations of the odal cubic are a = ^^, y = X^ 2 = 1 — %. 
The cubic may become plane, type XLI. 
E. g., the scroll 

has 05, y for a fourfold line and i/? = 0, y^ =a^« for a nodal cubic curve. The 
asymptotic lines are 

a; = 3X*, y = Z%\ 2=6 — c^V^, t^;=8a — c^V^. 

They all have four-point contact at the pinch-point (0, 0, 1, 0). 

%b.—Dual of (2, 4) Typ . 

The scrolls, which are the dual of type (2, 4), can be generated by joining 
corresponding points of a conic section and a unicursal quartic curve. The plane 
of the conic contains four generators, one through each of the four points in 
which it cuts the quartic. The conic intersects the nodal curve, which is of 
order 10, in four points. This is type XLII. The constants may be easily 
arranged so that the plane of the conic contains a double generator, type XLIII, 
or two double generators, XLIV, without the residual nodal curve being com- 
posite. No other multiple generators can exist, nor any simple plane curve, 
except the conic, of order less than 4. 

In general, no sextic scroll except those contained in a linear congruence 
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with distinct directrices can have more than two distinct double generators, for, 
if there be three, the semi-quadric determined by them could intersect the scroll 
nowhere else ; the complete intersection of the quadric and the scroll is of order 
12, hence the residual is made up of lines of the other semi-quadric. 
Specializations of the forms of the directrices are : 

(a) a double line and a quartic ; 

(/?) a conic and a double conic ; 

(y) a conic and a fourfold line ; 

{S) a twofold line and a double conic ; 

(f) a twofold line and a fourfold line, already considered. 

(a.) A double line and a unicursal quartic generate a sextic scroll having a 
double directrix and a residual nodal curve of order 9 ; there may be one 
or two double generators. These types have already been considered (XIX, 
XX, XXI). 

When S cuts c^, it counts for a triple line, and the residual curve is of order 
7 ; this is type XLV, it is distinct from XXIII, as the line S was triple directrix 
there may be one double generator, type XL VI, or two, type XLVII ; the 
residual curve must cut 8 in three points. 

When S cuts c^ in a double point, it counts for a nodal curve of order 6, and 
the residue is a quartic cutting S three times ; type XLYIII. Each generator 
cuts the quartic once. The configuration of double curves is the same as in XIV, 
but the types are essentially distinct, as J is a double generator. There may be 
a double generator, XLIX. The residue is now a cubic or two double genera- 
tors and a conic, cutting 8 once. Type L. 

The last two are distinct types (compare XV, XVI). When S passes through 
a triple point on c^ , there can be no other nodal line ; S now counts for a double 
director and a triple generator. It always belongs to one of the types I to XII. 

(j9.) A scroll, generated by a (1, 2) correspondence between two conies, has 
a conic and an octic for nodal curves, LI ; there may be one double generator, 
type LII, or two, type LIII ; lines of higher multiplicity may enter. E. g., 
consider the conies 

or x = 0, y = ^\ z = l, w = ^\ 
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Then the scroll becomes 

{w + x) V — 2zw}^ {w + xy + u^y^ = («? + x)Vy. 

The line to + a: = 0, y = is a fourfold directrix and not a generator. The 
line 1/; = 0, x = is a double line which is cut by any plane in a tacnode of 
the curve of section. This is type LIV. It differs from XVI by having a tac- 
nodal generator. 

(/.) A scroll may be generated by joining points on a conic to a fourfold 
line by a (1, 1) correspondence. This type has already been considered. Every 
scroll having a fourfold line contains either a double line or a conic section. If 
the line cut the conic, it is a fourfold line and simple generator ; there is no 
other nodal line on the scroll. 

(^). A sextic scroll may be generated by a imicursal (2, 2) correspondence 
between a straight line and a conic. The residual curve is of order 7, type LV. 
There may be one double generator and a residual curve of order 6, type LYI. 
In case the line intersects the conic, it is also a double generator ; the residual 
must consist of two double generators, as four intersections of an arbitrary gene- 
rator and the nodal curve are already accounted for. This type was found 
before (XVI). 

§6. — Scrolls having Tuh) Doubh Gonics. 

When two conies, which lie in different planes but which have two points of 
intersection, are put in (2, 2) correspondence in such a way that each point of 
intersection is a single self-corresponding point, the lines joining corresponding 
points will be a sextic scroll. Let the conies be 

a? = X, y = X', 2 = 0, M7=l, 

The general form of the correspondence is 

a>?fi + hXii^ + c%^ + dJifi + e/ti* +fX + gijL = 0. 

The equation of the scroll can be written in the form 

bz — ax— cw {e + c)z — by — dx / ey + gx 

bz — ax c by -{-/fJD + dx — ez ey +gx — fz 
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The residual curve is of order 5 and is cut by every generator in two points. 
When the surface is unicursal, a double generator exists. The latter is expressed 
by a double point not at (0, 0) nor at ( oo, oo) on the cubic curve inX, [i. The 
plane « = contains the two generators aac + cu? = 0, ey + gx=^0. The plane 
a; = contains the generators cy +fz = , ew + bz=^0. This is type LVII. 

g a 

there is a third double conic lying in the plane gx — /s = and passing through 
the points (0, 0, 0, 1), (0, 1, 0, 0), The residual is now a twisted cubic which 
meets each generator once. Type LVIII. If the new conic touches the plane 
^ = ori/? = 0, the scroll reduces to a quintic and the common tangent plane. 

If + 6=0, /=0, 6+arf = 0, 

the conic is replaced by a double rectilinear directrix and a double generator. 
There is no other double generator. The equations of the directrix are 

ax = a^y + (c + ag)w, ax + adz = ew . 

The residual is a twisted quartic which cuts every generator once. Type LIX. 
A particular case of these types is when the two conies touch each other ; the 
surface mentioned by de la Gournerie"^ as a factor of a composite form of the 
*• quadrispinale " of order 8 is the result. 

If c = 6 = 0, the double generator is the line joining the points of intersec- 
tion of the two conies. If, in this case, j^ = — , the third double conic breaks 

g a 

up into the double generator and the double rectilinear directrix 

bdz + y + bgw = 0, gx=/z. 

If a sextic scroll has three double conies belonging to an axial pencil, the 
common chord cannot be a double generator. 

When, instead of each point of intersection being a simple self-correspond- 
ing point, one of them is a double element, the surface can have no double gene- 
rators, nor can the surface have a rectilinear directrix. A third conic cannot lie 
in any plane passing through the points of intersection of the first two. Through 
the point (0, 1, 0, 0) pass four generators. 

* '' Repherches svp: l^s eurfao^e r6gl^8." Paris, 1867. See p. 150. 
11 
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If the conies have but one point of intersection, their equations may be 
written 

^ = l^f y = f*'t 2 = 0, ti? = l, 

and the equation of the correspondence is 

a7.y + 6;iV + cV + d7? + cX/ti +/fi* = 0. 

The residual curve is of order 6 and cuts each generator twice. Type LX. The 
surface belongs to a complex if cZ +/=:0 and the complex becomes special, if 
in addition, c = . The axis of the complex is defined by 

y = 0, hx — c2+/=0. 

The residual curve is of order 5 and cuts each generator once. Type LXI, 
When ;c = and a correspondence of the form 

exists, the conic in x = is a triple conic and the other is a double conic. The 
residual curve is also a conic. It has one point in common with each of the 
given conies, hence the surface belongs to the unicursal (2, 2) family with one 
double element. When ci = and/ + 6 = 0, the third conic lies in the common 
tangent plane of the two given conies at a point of intersection, and touches the 
double conic. Type LXII. 

\T.—I>ml of (3, 3) Types. 

Scrolls of the dual of the (3, 3) type may be generated by joining corre- 
sponding points of two twisted cubics or unicursal plane cubics by a (1, 1) corre- 
spondence, making three varieties. In case the scroll contains two plane cubics, 
it counts as a separate type, LXIII. No curve of order less than three can be a 
simple directrix of the scroll. 

A double generator may exist, type LXIV, a triple generator, type LXV. 
The scrolls may also be generated by joining corresponding points of a cubic and 
a unicursal quartic which intersects it in a self-corresponding point, and similarly 
for curves of order 5 or 6. 

One cubic curve may be replaced by a triple line, but this form has already 
been considered ; every scroll containing a triple line must also contain a cubic 
curve or another triple line. When the line meets the cubic, it becomes a four- 
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fold line, and the residual curve is of order 4. It is a distinct type, LXVI. A 
double generator may be present, type LXVII, or two ; the residual curve becom- 
ing a double conic, LXVIII. 



§8. — Sextic Developables. 

The forms of sextic developables are classified in the doctor dissertation of 
Professor Schwarz* according to characteristics of cuspidal edge and double 
curve. The five possible types are discussed in Salmon's Geometry, pp. 3 14-3 18, 
The general case is a specialization of LX and its dual ; two forms appear from 
the latter when one or two inflexional tangents are present. They are most 
easily studied by the methods employed in types XXII to XXIX. The develop- 
ables of order 6 are all unicursal (planar). They will not be included in the fol- 
lowing table. 

§9. — Table of Forms of Unicursal Sextic Scrolls. 

By writing xc~ for x distinct curves of order w, each counting as an m-fold 
curve on the scroll, g^ as an ?-fold generator, any line-symbol with a bar over it 
for coincident tangent planes and [cj] for a plane cubic, the characteristics of 
the scrolls obtained may be expressed as follows : 



I. 


c!, 


XIV. 


ct + <^, 


II. 


ic\ + g'), 


XV. 


c{ + <| + /, 


III. 


(c!+2/), 


XVI. 


c} + <^+2^. 


IV. 


(^+^), 


XVII. 


c{ + cf + 3^, 


V. 


(c} + ?*), 


xvni. 


c} = cr + 3sr*, 


VI. 


(^ + 2^), 


XIX. 


cf + 44, 


VII. 


(c? + fl'' + Srf), 


XX. 


^ + C».8 + ^. 


VIII. 


iA^¥)^ 


XXI. 


c! + <,+ 2<^, 


IX. 


(cl + J7+^). 


XXII. 


<ao.«. 


X. 


(c] + ^+^n. 


XXIII. 


c? + <4. 


XI. 


iA + y'), 


XXIV. 


<^ + cj + /, 


XII. 


(ci + ei). 


XXV. 


cJ+c| + 2<^, 


XIII. 


<ao.4. 


XXVI. 


3^ + ^f, 


•"Dew 


iperflciebuB in planum explicabil 


ibus primorum Be] 


)tem ordinum." Crelle, Vol. W. 
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XXVII. 

XXVIII. 

XXIX. 

XXX. 

XXXI. 

XXXII. 

XXXIII. 

XXXIV. 

XXXV. 

XXXVI. 

XXXVII. 

XXXVIII. 

XXXIX. 

XL. 

XLI. 

XLH. 

XLIII. 

XLIV. 

XLV. 

XLVI. 

XL VII. 



2cJ + gr» + g'\ 
cf = cr + 4/, 
e^ = cr + j^ + j7", 

i<A + 9) + <^,- 

{4 + 9) + 4 + <^„ 

(^ + J7) + ^+[<|, 
{<^i-\-9) + ^. 

(cTT?) + cj, 

{<A + 9')+4, 

{c\ + 9') + 4, 
{c\ + 9') + l4'], 

<i + 4 + 9', 

(<^i + 9) + <^, 

(«^ + <7) + cS + ^, 



XLVIIL (c» + /) + t^, 
XLIX. i4 + 9') + 4 + 9'. 

LL 4 + 4, 

LIL c? + (^ + fl-», 

LIIL 4 + 4+^, 

LIV. c} + (^+27, 

LV. 4 + (»^<*, 

LVL c! + (4 + (^ + ^, 

LVIL 2<^ + c» + /, 

LVm. 3c^+<| + (^, 

LIX. 2<4 + c5 + <7« + cf, 

LX. 24-^4, 

LXL 2<4 + <^ + <^, 

LXIL 2<^ + cS, 

LXIIL c?„+[2cj], 

LXIV. cj + 24 + flr», 

LXV. 4 + 9'+lHl> 

LXVL (cS + flr») + 4, 

LXVn. (cJ+/) + c| + s^, 

LXVIIL {4 + 9') + 4+^' 



Ck>BiniLL Univbrsity, Dec.^ 1901. 



On the Forms of Sextic Scrolls of Genus One. 

Bt Vibgil Snyder. 



1. The following theorems, which were established in my previous paper 
on unicursal sextic scrolls, will be made use of: 

(l.) The complete nodal curve is of order 9. 
(2.) Every generator cuts four others. 

(3.) Every curve lying on the surface and such that a single generator passes 
through each point is of genus 1. 

The method employed throughout will be that of algebraic correspondence 
between the points of two curves. If both curves are unicursal, the correspond- 
ence must be elliptic; if the curves are elliptic, the correspondence must be 
rational. 

§1. — General Form and (3, 3) Correspondence. 

2. The general sextic scroll of genus 1 can be obtained by joining corre- 
sponding points of two binodal quartic curves by means of straight lines. The 
quartics must have the same characteristic and must intersect in two points 
which are self-corresponding in the (1, 1) relation connecting the points of the 
two curves. Varieties exist according as two, one or no plane exists containing 
three generators. 

The equations may be written in the form 

x—xo _ y — yo _ z 
^1—^ yi — yo ^' 

inwhich .,= ,(„). s„=^(„),x,= ^iM±^, 

with similar expressions for ^i, Zi having the same denominator. This is type I. 
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The planes of the two directrix curves may intersect in a double generator. 
The residual nodal curve is now of order 8 ; it has a triple point lying on the 
double generator. Type II. 

3. The line of intersection may be a triple generator. The nodal curve 
must now break up into two triple lines since any plane section which passes 
through the triple generator cuts a non-singular cubic from the surface, hence 
it cannot meet the nodal curve except on the triple generator. Two cases exist 
according as the directrices are skew or coincident. The general equation of the 
first type is 

^A (a^» y) + a^w^/s («, y) + zu^^/i (x, y) + cu^a? = 0, 

type III, and of the second is 

«'<^t («. y) + ^i>$ («. y)(y« — (^^) + «^i («f y)(y« — axwy + b {yz — oaw)' = o, 

type IV. The line a? = 0, 2 = is the triple generator in each case. 

These two surfaces can be most easily generated as follows : Consider a line 
a; = , y = and a non-singular cubic curve Cj = lying in the plane « = 0. 
Let a pencil of lines in z = 0, whose vertex is not on c,, be made projective with 
the points of the line. Any line of the pencil will cut Cg in three points. Con- 
nect each of those points with the point on the directrix which corresponds to 
the given line of the pencil. The connecting lines will generate a sextic scroll 
having the line x, y for triple directrix and contained in a linear congruence. 
When the vertex of the pencil is at the point in which the directrix cuts the 
plane of the cubic, the congruence becomes special. These surfaces contain an 
infinite number of non-singular cubic curves, all of which can be cut from the 
same cone. 

4. A more general correspondence may be established as follows: Let a 
series of conies be passed through four fixed basis points, three of which lie on 
the cubic. The equation of the pencil will be C8ju+ xg = 0. Any conic of the 
pencil will cut the cubic in three points besides the basis points. Connect each 
of these three points with the point a:=0, y = 0, z=- fi by means of straight 
lines. The resulting sextic scroll will have the line x,y for triple directrix. 



Snyder : On the Forma of Sextio Scrolls of Genvs One. 87 

The residual nodal curve is of order 6 ; it cuts the triple line 3 times. Each 
generator cuts the sextic in two points.* Type V. 

When two points of intersection of the cubic and a conic are collinear with 
the origin and the correspondence is such that this conic is associated with the 
origin, a double generator exists. The nodal curve is now a quintic which Sal- 
mon has called of the first kind. It intersects the triple directrix twice and the 
double generator three times. Type VI. 

5. Finally, by making a similar correspondence between the points of a line 
and those of a binodal quartic curve, a scroll can be defined having two double 
generators. The residual nodal curve is a quartic of the second kind which cuts 
the triple directrix in one point. Type VII. 

6. Two more types, analogous to III and IV, can be obtained by setting 
up an elliptic (3, 3) correspondence between the points of two straight lines 

which may be skew or coincident. If-^ = X and u = — , then /(X', (i^) = 

X w 

must have three finite double elements. If X = -^ , u = ^~ ^^^ then 

X ^ X 

8 

2 ^«-«r W Z^*^ = ^ust have three finite double elements. The former is type 
Vin and the latter is type IX» 

§2. — Scrolls containing a Multiple Conic. 

7. Let a conic and a line which intersects it in one point be put in (3, 2) 
correspondence in such a way that the point of intersection is a self-correspond- 
ing double element. 

Let the equations of the line be 

and of the conic x= ^, y = ^*, 2 = 0. 



* This curve is the cuspidal edge of the planar developable a^* -|- 6i* + . . . =: 0, in which a, 6, . • . 
are linear functions of a;, y^ z. See Salmon's *' Geometry,' ' p. 296. 
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A generator is then defined by 

X y (I — z 

from which ^ ?/ _ yz 

A — ■^— , M — • p . 

X yw — ar 

The most general relation between % and ^i of the form defined is 

from which, after removing the factor y*, 

A{yzy y\Jo — Qi?) + xzf^ {yz, yw — x*) + aV/i (yz, yw— of) = 0, 

which is the general equation of the surface. Since the point of intersection, 
regarded as a point on the conic, has one non-coincident corresponding point on 
the line, the latter is a simple generator and double directrix. The triple line 
and the triple conic make up the whole nodal curve. Type X. 

If the curve and the line be put in (3, 3) correspondence having the point 
of intersection for a self-corresponding triple point, the line will be a triple 
directrix but not a generator. The equation is 

or, after removing the factor y®, 

ft {yz, yw — ^)+ xzf^ {yz, yw — ix?) + ^^f^ {yz, yw — x*) + a^7? = 0. 
Type XI. These are the only forms having triple* conies. 

8. The next series is that in which the conic is double and the line multiple. 
Suppose X, fi have the same meaning as above and the correspondence be (2, 2). 
The form of the equation is 

yV<^,(a;, y) + yz{yw — 7?)fz{x, y) + {yw — 7?f '^^{x , y)=0. 

The line x, y is a double generator and a double directrix. Any plane through 
it will contain two other generators which intersect on the double conic. The 
residual nodal line is an additional double generator lying in the tangent plane 
through the fourfold line and consecutive to the latter. Any plane section of the 
surface cuts from the nodal line a fourfold point which counts as seven double 
points. It is a tacnode with two simple branches passing through it in different 
directions. Type XII. 
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If the correspondence be (2, 3) with a double element, the form of the equa- 
tion is 

/^ysW + w» w + ^<^2 w = 0, 

in which /g, /a, ^, are restricted so that a double element exists. In particular, 
if ^2 is of the form u^ and t^ is a factor of /,, the double generator lies in the 
plane of the conic. 

The triple directrix counts as single generator. The fourfold line, the 
double conic and the double generator make up the whole nodal curve. The 
equation is 

y^A («> y) + y¥i (»» y) <Pi (» • y){yw — »*) + {yw — 3?f <^f («, y) = o. Type XIII. 

Let there be (2, 4) correspondence between the points of the conic and the 
straight line such that the point of intersection is a self-corresponding double 
element and having one other double element The directrix is now fourfold 
and is not a generator. In particular, if the nodal generator lie in the plane of 
the double conic, the equation is of the form 

^A{^, y)+z{xw-y^)/^{x, y).<^i(aj, y) + (xw — yj ^l{x. y) = 0. Type XIV. 

It will be observed that the last three equations are all of the same type ; 
the scrolls, however, are essentially different. In XII, two generators issue from 
each point of the directrix, and for two different points one of the generators coin- 
cides with the directrix ; in XIII, three generators issue from each point and 
only one generator coincides with the directrix ; finally, in XIV, four generators 
issue from each point, and none of them coincides with the directrix. These 
are the only types having a double conic and a multiple directrix which inter- 
sects it. 

9. Consider a (2, 2) correspondence between the points of a conic and of a 
line which does not intersect it. Let the equations of the conic be 

a5 = a, y = -j^t « = o 
and of the line a = o, y = 0, z = (i. 

The equations of the line joining Xto (i give 



X' = JL, a= ^ 



X ' '^ a— X 



12 
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Substitute these values in a general (2, 2) correspondence between X, (i. The 
result may be written in the form 

(/, (a? , z, w?) a; + 1>2 (», z, u?) y + axfy = xy (4'2 {x,y»w)+ yf (a, z, w?))», 

from which the residual curve of order 6 is directly evident. The sextic cuts the 
double directrix twice and the conic twice. Each generator cuts the sextic twice. 
Type XV. 

When the values of X which correspond to [1=^0 give points on the conic 
which are coUinear with the origin the line joining these points is a double gen- 
erator. The residual quintic curve cuts the double directrix but once. The 
expression for the (2, 2) correspondence is now of the form 

M^)f^'+A W(i + o(a»— x«) = 0, 

from which the equations of the surface and of the nodal quintic can be at once 
obtained. Type XVI. 

10. Two conies lying in diflferent planes but having two points of intersec- 
tion, generate a sextic scroll when put in (2, 2) correspondence with each point 
of intersection as a single self-corresponding point. 

Let the equations of the conies be 

x = xii, y = ii^ « = 0, 

The equations of the line joining the point % to the point fi are 

Xx=: fi^ — (iZf xy — x7iZ = fix. 

The parameters ;i, ^ are connected by the relation 

afi^X + b(i2? + c7i? + dfi^ + efi^ +/X + gii = 0. 
By writing 

hx — axz = li, x^yipy + fz) = yu, x7? — q(? — xy = fj^, 

arfzy — ^xbxy + ex* + di^^ — 6x31:2 = ^a, 

})7?%^ — 2xca;y -f er^yz — fxx% + gi^^ = 4'»i 

the equation of the scroll may be expressed by the vanishing of a determinant, 

h 1>% '4^2 yw 

xli ^a 4'» ^ 

w '/g xxy 0=0, 

xw /g xxy 

xw ffi XX 
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which still contains the extraneous factor 2*. The residual curve is of order 5 
and is cut by every generator twice. A multiple generator cannot appear. 
Type XVII. 

The double quintic may break up into a quartic and a double directrix line. 
For, express the condition that any generator should cut a given line. The 
resultant is a (2, 2) correspondence between X, (lof the kind here treated, but 
with restricted coeflSicients. The quartic curve cuts the double directrix in two 
points and every generator cuts it in one point. The scroll may be defined as 
generated by all the common secants of the line and the two conies. The quartic 
curve cannot further degrade, for, if a double generator appeared, the scroll 
would be unicursal; if a second directrix line were present, the scroll would 
belong to a linear congruence and consequently have no nodal curve. Type 
XVIII. 

The scroll may have a third double conic, which may be determined as fol- 
lows : Suppose Ax+ By + (7« = is the plane of the new conic, which latter 
will also pass through the origin. Solve for the point in which a variable gene- 
rator cuts this plane, 

_ —%ii{xO + xBX) _ _ 

'^~ li{(iB + xA)-7i {xG + xBX) ' ^ '"^ 

Now, consider any quadric surface, with undetermined coefficients, which passes 
through the origin ; impose the condition that the point just found also lies on 
this surface. 

There are condition equations to solve for the unknowns linearly, and put- 
ting the values found for the coefficients in the relation between ^, fi, it becomes 
a (2, 2) correspondence of the kind here needed and not having a double ele- 
ment, hence the new conic is double. 

The residual nodal curve is a cubic which is cut once by every generator. 
It cannot further degrade. If a double directrix line exists, the possibility of a 
third nodal conic is excluded. The surface may be generated by the common 
secants of three conies, all of which pass through one point and each pair having 
one further point common. Type XIX. 

10. A sextic scroll exists having a double conic and a residual curve of 
order 7, which is cut in three points by each generator. Take a binodal quartic 
in 2 = 0. 
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/(aj, y , !£?) = {aa? + bxw + cu^) y^ 

+ {a^T? + Vqi^w + dvf) yw + (aV + ¥xw + d^v?) v^ = 0, 

and a pencil of conies ^^ + x'^^ = passing through the two nodes and two other 
fixed points of the quartic. 

Make the conies of the pencil projective with the points of the conic a; = 0^ 
yz^=.v? such that the nodes, considered as points on the new conic correspond to 
conies of the pencil which touch one of the branches of the quartic at the respec- 
tive node. The lines joining corresponding points will generate a scroll of the 
type desired. Type XX. 

§3. — General (2, 4) Correspondence, 

11. In No. 10, if the conic a? = 0, yz = to* be replaced by the range 

05 = 0, y=0, z=^xw, 

the line will be a double directrix. The residual curve is of order 8 which cuts 
the double directrix twice and each generator three times. The equation can 
be written directly by eliminating x^^ y, x, Wi between the equations 

and dividing out six extraneous linear factors x^ = 0, y* =0 and the first mem- 
bers of the equations of the planes containing the line x, y and one or the other 
of the basis points of the pencil of conies. Type XXL 

If c" = 0, the quartic intersects the multiple directrix which now becomes a 
triple line composed of a double directrix and single generator. The residual 
curve is a sextie which cuts the triple line three times and every other generator 
twice. Type XXII. 

Suppose now that the line be 

05 1=0, ti? = 0, z=^xy. 

Then it becomes a double directrix and double generator. The residual curve is 
a twisted cubic which cuts the multiple directrix twice but every other generator 
once. The scroll may be generated by lines joining points of a (2, 2) corre- 
spondence between a twisted cubic and one of its double secants, the points of 
intersection both being simple self-corresponding elements. Type XXIIL 
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Now, let one of the basis points of the pencil of conies be taken off the 
quartic. The line x, y will become a triple directriz. Let the conic which is 
tangent to one of the branches at the node correspond to the same point on the 
directrix. The latter is triple directrix and simple generator. The residual 
nodal curve is a twisted cubic which cuts the multiple line twice and every other 
generator once. Type XXIV. This form can be generated by means of a (2, 3) 
correspondence between a twisted cubic and a double secant, one point of inter- 
section being doubly self-corresponding, the other simply. 

Now, suppose the quartic to have a cusp at x^w. Let the pencil of conies 
have two basis points not on the quartic, and let the conic which touches the 
cuspidal tangent at the cusp correspond to the same point on the directrix. The 
latter becomes a fourfold directrix and the residual curve is a twisted cubic cut- 
ting the directrix and each generator once. The surface may be generated by 
means of a (2, 4) correspondence between a twisted cubic and one of its double 
secants, the points of intersection both bein^ self-corresponding double points* 
Type XXV. 

An illustration is furnished by the curve 

a5 = X(X— 1), y = X*(^ — 1), z = X 
and the line a;=0, ^ = 0, z^==^fi. 

From the equations of the line joining the point /i to the point X one obtains 

;^_X ^- y(a?Hg(y— a;)) 
X ' ^ «* + yi£7 (y — x) * 

The (2, 2) correspondence between %, (i must be satisfied by (0, 0) and by (1, 1) ; 
similar restrictions exist for the other forms. 

12. If, in forms XXI to XXV» the correspondence were established by 
means of a pencil of lines instead of conies, a double generator would exist Let 
the quartic be defined as in No. 10 and the points on the lines x, yhe projec- 
tively associated with the lines 

2 = 0, a5 + |l£tl? = 0, 

wherein _ aft +i3 
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The elimination of x gives 

afu^ + {bf + dxy) [i^ + {cy^ + Vxy + aV) ^i + {d'xy + Wa?) (i + d'a? = 0, 
(yz — aw) [i^ + (& + ax — fiw) f/ + /?x = 0. 

The factor a* can be removed from the (i eliminant, the other factor of which 
deGnes the surface. 

The line y = 0,yz — ato = 0, corresponding to the line joining the two 
nodes, is a double generator. The residual nodal curve is of order 7, it cuts the 
double directrix once and each generator three times. Type XXVI. 

When c" = 0, the quartic intersects the multiple directrix, which now 
becomes a simple generator. The residual curve is a quintic which cuts the 
multiple directrix twice and each generator twice. Type XXVII. 

If, in the general case (c" ^f: 0) /? = 0, the line 

yz — at^ = 0, 5^ + aa = 

is a fourfold directrix ; the residual nodal curve is composed of the two double 
generators aj = 0,2 = 0; y = 0,ya — at£? = 0. This is the most general elliptic 
(2, 4) scroll which is contained in a linear congruence. The equation may be 
more easily written in the form 






— y _ 2 

X ^ w 
in which /has two finite double points.* Type XXVIII. 



_ y 



If the two directrices coincide, the equation may be written, if now X = -^ , 

X 



xz — ayw 

^ xw 



<^(^,/^)=l;/6-trWi^'' = 0, 



r=0 



and p has two finite double points. Type XXIX. 

§4. — Scrolls having a Plane Dovhh Cubic. 

13. Consider a nodal cubic and a straight line passing through the node but 
not lying in the plane of the cubic. Let their points, which can be rationally 

* See Journal, Vol. XXIII, p. 166, and Bulletin American Math. Society, Vol. 6, p. 843. 
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expressed in terms of parameters, be put in (2, 2) correspondence in such a way 
that both values of % defining the node of the cubic correspond to the same point 
regarded as a point on the line. 

Let 2 = 0, axyw +f^ (x, y) = be the equations of the cubic, and a; = , 
y = be those of the line. Then 

X = x, — — ??3^?— — = u 
X ' axi/tD + /i{x,y) 

are to be put in (2, 2) correspondence of the form 

which gives for the equation of the surface 

/« (»» y) <^^^ + 4>2 (»» y) «2 {q^vo +/, (a, y)) +% {axyw +/8 (a, y^f — 0, 

The line x, y is a double directrix and a double generator, two other generators 
passing through each point. The fourfold line and the nodal cubic constitute 
the whole of the double curve. Type XXX. 

Now, consider a (3, 2) correspondence between the same elements which is 
restricted to the form 

^3 (a,) ^* + X./^^2 (;i) + x;i« = . 

The equation of the surface is 

4>8 («» y) o?^^ + a2^2 (»> y)(<^y^ + A (»» y)) + « (axy^ + A («> 2^))' = o* 

This only differs from the preceding case in the form of ^s ; ^^^ previous type is 

derived from this one when the coefficient of 7? is zero. The configuration of 

nodal lines is the same in the two cases, but the latter is an essentially different 

type, because three generators distinct from the line itself issue from each point 

of the multiple directrix. The fourfold line is now triple directrix and simple 

generator. Type XXXI. 

If, finally, ^, [i he connected by a (4, 2) correspondence of the restricted 
form 

^,{X) fi^ + ^{i^^ {X) + X?? = 0, 

the equation of the surface becomes 

*4 (», y) ^^ + «24», (a:, y){axyw +/b (x, y)) + x (axyw + /, (a, y))* = 0. 
In this case four generators issue from each point of the multiple directrix which 
is itself not a generator. Type XXXII. 



1 
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— r , the plane 


double cubic has a cusp at th( 


which it meeta the directrix line. 








§5.- 


- Ihble of Forms of Double Curves. 


I. 


<i. 




XVII. 


H + <^- 


II. 


«« + /. 




XVIII. 


d»+2<^ + <^. 


III. 


2(? + ^. 




XIX. 


34 + c5(Bkew). 


IV. 


<P = d" + ^. 




XX. 


4 + <^. 


V. 


(« + d». 




XXI. 


cP+<«. 


VI. 


<i + d^ +V' 




XXII. 


<^+{^.g). 


vn. 


<»+d^+2g*. 




xxin. 


cJ(8kew) + (<?,^). 


VIII. 


2cP+Sg'. 




XXTV. 


<|(8kew) + (<?,3r). 


IX. 


cP = d''+Zg'. 




XXV. 


di (skew) + d*. 


X. 


4 + {<^.9)- 




XXVI. 


<^ + d» + <^. 


XI. 


4 + cP. 




XXVII. 


c? + fl'' + (d*. g). 


XTI. 


<5 + /+(<?, ^)(tacnodal). 


XXVIII. 


(i* + <? + 2si«. 


XIII. 


<i + 9* + id^,9). 




XXTX. 


(£*=((?. f^) + V. 


XIV. 


4 + ff' + d^. 




XXX. 


(d», ^ + A (plane) 


XV. 


<^ + <^ + <?. 




XXXI. 


(<P, g) + <i (plane). 


XVI. 


4 + 4 + 9' + d^' 




xxxn. 


<^* + <5 (plane). 



Cobhill Uniybbsitt, Jvm^ 1903. 



Note on Symmetric Functions. 

By E. D. Rob, Jb. 



In this paper new proofs and more definite formulations of two previous 
theorems are given. The following notation is introduced : 



BT+H-i-ia* = \ij»-i .. 



Ai->at = {xix, ....05.} = 





al"a{— ' al' 


...H\ = 


ajr aj— a J 




aSrai-' .-..ai 


«#, O,^ flx- 


a^_i a^_i a^, 



<*»l — w+l^'^-m+l 



''Ni -n + 1 



ofJ^&p. .... 6^in Ai">6. 



(1) 



(2) 



li^ii'i Pm\ _ ^jj^ coeflScient of a^Op, a^^ in jarifiCji a,, } (3) 



^1.— Theorem 1. 

The product of a Bymmetric function 2af af« a?r by the alternant 

|0, 1, 2, m — 1 1 is obtained by adding the p'a in all possible permutations 

to the exponents of the columns of the alternant written as a determinant in 
which each line contains the powers of a single letter, thus giving the product in 
the general case as the sum of m ! alternants. 



* These subscript indices are abbreviations ; written in fuU, they would contain all the t's and all 
the fiD's respectiyely. For restrictions upon these and other notations, see §7. f Ibid. 
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§2. — Proofs of Theorem I. 

1. Muir has covered this theorem in proving a similar proposition for the 
product of the alternant \qiq% - - - ^ qm\ a^d the preceding symmetric function 
from considerations of symmetry, and the fact that the product as a whole must 
be an alternating function."^ ^ 

2. The writer has also given a proof, based on substitutions, in which it is 
shown that the substitutions, 

\i1i2i3 K^^j^hh y*^ ^i\i%iz *V^1 2 3 mJ ' 

when applied to the straightforward multiplication of the alternant and sym- 
metric function, and that demanded by the theorem respectively, give the same 
term, and hence give the required (tn!)* terms identically the same.f This 
proof would apply without change if the alternant \qiq% qm.\ had been used. 

3. Professor W, H. Metzler has suggested the following proof : If we multi- 
ply the alternant \qiq% g^^l by «, = a?-|- a5+ ai, we get, from a well- 
known theorem in determinants, 

(a? +ar + .... aS»)X l^i^g • • • • q^\ 

= b+ffii ft> '-q^\ + \qiyp+q%^ •••• g'«.l+ ••• + |g'i, ft, ..••i>+?m|. (4) 

As every symmetric function of the roots can be expressed as a function of 
«i, «g, s^, the symmetric function 2af oj* aST, by which we are to mul- 
tiply our alternant, can be expressed as 

^(^1, «„ s^)=Sj^Sj,^ 5p^ + ^«j>i«ft ^p^x+p. + (6) 

Now, from the known properties of the coeflScients in ^,J it is easily seen 
that in the product of our alternant by ^, every alternant of the form 

• Muir, " Determinants." 1882, p. 176, §129. 

t American Mathematical Monthly, Vol. 6 (1899), p. 25. The author there attributed theorems I 
and II to Professor Gordan. Professor Metzler has kindly called the writer ^s attention to the reference 
to Muir, from which it appears that Muir has the priority of publication as far at least as theorem I is 
concerned. It may, howeyer, be added that in a recent letter Professor Qordan states he has used the 
two theorems for the last thirty years. 

X For the exact form of the A% see Faft di Bruno, ^^ Bin&re Formen," p. 8, or Am. Math. Monthly, 
Vol. 6 (1898), p. IW, or VoL 7 (1900), p. 6«. 
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Is'i + a^i> ft + ^»> ^m + ^m\f where Xi, x^, x^ are not some permuta- 
tion of the jp% will have zero as coefficient. 

^S.— Theorem 11. 

From theorem I another may be obtained by eliminating the a's in the right 
member, interpreted as the roots of 

/{x) = a^"^ + a^x"^-^ + +a^ = 0, (6) 

by means of the theorem of corresponding matrices,* which expresses the sym- 
metric function aoSaJ^of" a£", as a sum of determinants of the n^^ order in 

the a's.f This we shall call theorem II.| The developments of the next section 
show, however, that theorem II can he proved independently of theorem /, and that 
theorem lean be made to depend upon theorem. 11. 

%A.—More Exact FormvJation of Theorems I and II. 

In order to throw out the numerous permutations which occur in the pre- 
ceding proofs, i. e. in order to deal with combinations only instead of permutations, 
and to define the coefficient of any one alternant in the a's or determinant in 
the as, according as theorem I or theorem II is desired, the following method 
may be used : 

If p\{x) = b^- + b.x^-^ + . 



then of the matrices 



+ &n, 



Oo ai 




a« 


.... 




ao 




a^O 


= A, n lines. 







<h «» 




bo h 




.... K .... 




6o 




6„0....0 


= B, m lines. 


. ... 




06o '■•K 




«![•+"-», 


xr-^ 


"-» .... 1 




ar+"-^ 


a?+— * .... 1 


= Gy m lines, 


jj»+»-i 


< + »-» .... 1 





(7) 



(8) 



(9) 



(10) 



* Gordan, " Inyariantentheorie," Vol. 1, p. 95. 

t Am. Math. Monthly, Vol. 6 (1899), p. 2. 

} In the writer's former paper (1. c.) both theorems were treated practically as one. 
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I A 
n is the Sylvestrian determinant 

resultant of /and ^. By Laplace's development, 



^A^ — 



= 2(— l)^Air>aA{">6.* (11) 

By the theorem of corresponding matrices, 

/>^^^a = {—iyXI>r^a, (12) 

whencef 

i?,, , = ;i22?raAi-^6 = ;i2i)2rV-i-ia^%n-i -i&. (13) 

In each determinant AjT+n-i-i^ we may pick out the term containing 
K-pi^n^pt • • • • K^p 9 a^d we may thus rearrange our sum with reference to 
terms of this form and write 

^^in-j,,n-p^....n-p . ( |i.i._, . • . . i.|. (14) 

\m + n— 1 — %n m + n— 1 — ti) 

Again, 

^/. * = «o {J>^i + ^fi'r' + • • &n)(&oaS + JioS"' + . . &n) . . {h^l+hiair'+ • • &») 
= al^bn^^ K^^ .... 6,.^^ 2af > af - . . . . a{i". (15) 

By equating the coefl5cient8 of 6n-j>i ^n-^ ^n-p« i^ both developments of tha 

resultant, we have 

a;2af > a?« . . . . aC 

= a2{**-^^-^«. ••••"-■P- ^ .[li.i.-i....t,|. (16) 
Im + n — 1 — %^ ..^. m +n — 1— »i) 

By corresponding matrices, 

a2 = X\m— 1, m — 2, 1, 0|; (17) 

also, we have 

|^_ 1, m — 2, .... 1. 0| =(—1)^^^^ |0, 1, 2, .... m— 1|; (18) 

* The subscript complexes of indices x and i together make up all the indices 0, 1, 2, . . . m + n — 1 , 
i. 6. these determinants contain no pair of corresponding columns from the two matrices. Also any a, 
with an index less than or greater than m, is zero ; similarly for the &'b. See {7. 

t Compare Gordan, ^' Invariantentheorie," Vol. 1, p. 184. 
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similarly with li^i^-^i Ah ^^^ ^^ hdive in succesfiion 

\m + n — 1 — 1„» m + n — 1 — iii ^imim-i *i ^ 

= (_ if^^^'^^^'iPlP^ • • • • ;>«•} =|i>li>» • • • Pml (19) 

liii% C J U*i C i 

by taking first the complements of the indices with respect to n and then double 
transpositions of the elements of the determinant 

l>i ^M-^-l • • • • 6ij — » + i 



Using in (16) the values obtained in (17), (18) and (19), we have, as the expres- 
sion of theorem I, 



1. 10, 1, 2, ..•. 7n 






i^ 



(20) 



By using the theorem of corresponding matrices in (16), or by directly expanding 
(11) a/ter the manner o/(l4), we obtain the expression for theorem II, 

2. alXa^a9....al- = X{-iy\^'P'-'^H[i ^^i^^,....^ (21) 

which expresses a symmetric function of the a's homogeneously as a sum of deter- 
minants of the a's of the n^^ order. 



^5.— The Goefficiente ( «i?« ' ' • ' ^A *n Terms of the GoefficlentslP^P^ • • • • P«.[^ 
^0"i>iJP8 P^^ ^i\h *m ) 

If we expand the right member of (21) and collect the coefficient of the 
a- , which we denote by ( ^^ ^* ^* ) according to nota- 



term a^^ag^ 



tion previously used elsewhere,f we have, since we shall show in §7 that ^i is 

* The author's diBsertation, '^ Die Entwickelung der Sylyester^schen Determinante nach Normal- 
Formen.'' Leipzig, B. O. Teubner, 1898, pp. 4 and 89, and Am. Math. Monthly, Vol. 6 (1899), pp. 66, 
67, 104 et aeq. tjbid. 
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constant and equal topi +pfi+ p^, 

( Sfi ft Sfn N 

= (_l)p.+ft+...p-2J-Pi^« JP~1 jS'ift ft I (22) 

iiii^ im^ '**m + l *'■»+« *»+«' 

Hence (21) becomes 

\0 ^ijp, j?^/ 

= (_l).>+.+ ....p-22f?^f-- Mj?^^^ • •^'^ [«.«,...«..• (23) 

^^2 .... 1,^3 (t«+i .... ^^ + J 

§6.— 2%e Coefficients qiq% q^\n — p^ n — p^ n — pj^ in Terms of the 

Coefficients \P'P'--H. 

If we substitute the value of the symmetric function, as given by (21), in 
the development of the resultant as expressed by (15), and collect the coefl5cient 
of a^j a^, . . . . Uq^ 6„-.pj6««p, .... K^p^t which has also been previously denoted 
elsewheref by g^^ ft ft 1^ — Pi ^* — P% ^ — Pm we have 

ftft qn\n—pin—p2 n—p^ 

= (_l)pi4.i.+ ....i>.2ii>ii>s..-.Mj?i«V ••••?« 1 (24) 

and, by using this value, (15) becomes 

Xa^^ttq, aQS&n-pi&n-ft K^p»' (26) 

§7,— jBetfirich'w BelcUions. 

The foregoing summations are restricted by the following conditions on the 
indices and exponents. For (20) and (21) :% 

*The author's diBsertation, ''Die Entwickelung der Sylyester'schen Determinante nach Normal- 
Formen." Leipzig. B. G. Teubner, 1808, pp. 4 and 89, and Am. Math. Monthly, Vol. 6 (1899), pp. 56, 
67, 194 et seq. t Ibid. 

tFor(22)and(28)gi + q[a+... .qn=^Pi+P% + . . . .pm, and for (28) tiin>pi+pa+ . . .p« >0. 
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^>Pl^P2> >Pm>0, (26) 

i>i + m-l>C>i«_i> .... >ti>0, (27) 

*«+«>W«-i > •••• >*'« + !, (28) 

• I • , • m (m. — l) , , , /nt\\ 

h + ^+ •••• *»• = — ^-2 +P1 + P2+ •••.?«• (29) 

*» + 1> i» + 21 • • • • K+n ^^ the indices of the elements of the first line of the deter- 
minant corresponding to |t«^tm-.i h|. The distinction of a and b may be 

dropped in (20) and (21) and then with respect to 

Pf- • ^[,a... = a.. = 0; 

with respect to 

{*m+i*ii»+« *m + n}, a^+< = a_< = 0, (30) 

Since the sum of the indices 0, 1, 2, m + n — 1, each increased by 1 is 

(m + n)(m + n + 1) v , • . • • ■ . 

^ — — — ^^ ' -I— ^ , we have m + n — 1^+ m +n — %^^i + m + n — %i 

+ W, + 1+ .... +W„ + l = i^!-±^^^^^±i^±i). or 

, . n(n — 1) . , • , • m(m — 1) 
»»+!+ t»+« ^—^ — ^ = h + h+ »» ^-2 ■ 

= (by(29))i>,+i),+ ....i)». (31) 
Now 



f« = (t»+i + 1) - 1 + (»•+« + 1) - 2 ... . (i«+, + 1) — n 
or by (31) and (32), 



= Wi+»»+»+--- w.- ^%" ' ^^^^ 



n (n — 1) 
2 

^=_pi+jjg+ ...._p,. (33) 



§8. — 2%e Calculation of the Coefficient 

iPiPi •■■p.^X 
1*1 tj i^i' 
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A recurrence formula for the calculation of j^^^* " "^"*[ is already 

involved in the nature of the coefiScient as expressed. If r numbers be common 
to the two series ^1, p^, . . . . p^ and i^, *2, .... t^i bo that 



we have, by expanding the determinant jhtg . 
of the first line, 



**1— i'*!' 

»*.=i>*.. 


(34) 


»A,=i>A,, 




inant jh^ • • 


. . imf in terms of the elements 



ihh »»» ) 

J§^{-1Y^''\M^^ ^ . t, (35) 

Si K— 1,^— 1> •••• *A._i— i,\^j — I.--. tm— 1)' ^ ^ 

a coefficient of order m, expressed as a sum of several of order m — 1. If no 
numbers of the two series are common, the coefficient is zero. If a lower index 
becomes negative, the coefficient is also zero. The order of the upper indices is 

indifferent for calculation. It is obvious that | ^ v =z 1 . 

§9. — Examples. 

^- I024} ={13} "{-13} ='{2{=^- 

^- {o345J = {234j~"{— 134[ = {23|~|l3{ = ~jl}~|2(=~^* 
, f0123\_- 
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Since, by (31) and (33), the equation 

I • I • n(n — l) , , ^ 

*«. + ! + »»+»+ *m + n ^ ^-= ll=Pl + Vi+ "" Pm 

exists, or 

C + i + *m + s— l + *« + s— 2+ .... in.^n — (n — l) = fi, (36) 

i. e., since the sum of the principal diagonal indices of the determinant 

\im + iim + 2 ^« + nf IS cqual to the weight of the symmetric function, a fact 

which we also know otherwise from general theory, it is best in practice to 
form the diflferent sets of principal diagonal indices of the determinants 
{*»+i*i» + 8 •••• im + n\ first, as thcso are the sets most easily formed; by the 
addition of 0, 1, 2, .... n — 1 respectively to these, we get the first line indices ; 
we take next the complements of these with respect to m+n — 1, and lastly, the 
remaining indices of the set 0, 1, 2 . . . . m + n — 1, not found among the com- 
plements for the indices of the alternants, and lastly, write these indices under 
the indices of the symmetric function for the coefficient of the alternant and 
determinant when (i is even, but the negative of this coefficient for the coefficient 
of the determinant when ft is odd. It is also necessary to take m = (im order 
to get a general result, while n is taken as the order of the symmetric function. 

6. It is required to find |01234|2ajaf and ag2afa|. We have the follow- 
ing calculation : 



Principal Diago- 
nal Indices. 



005 
014 
113 
122 
023 

14 



FirstLine Indices. 
Sum=/u 

^ n(n-l) _Q 



Ai,X,+l,^8+2 
017 
026 
125 
134 
035 



Complements 
with respect to 
m + n — 1. Sum 



num-f 



n(n — 1) 



2 

— /< = 18. 



A— (m + n— 1) 
067 
157 
256 
346 
247 



Remaining In- 
dices. Sum 
_m(m—l) 



+ A' = 15. 



12345 
02346 
01347 
01267 
01356 



Coefficients. 



( 0«23) 
(12345 J 
j 0*231 
102346] 
f 0^23 / 
(01347} 
j 0*23) 
(01257) 
j 0^23) 
t01356J 
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The calculation of the coefficients follows : 



f 0»231 
t 12345 J ~ 



( 0»3 
(0234 



l + j 0»2) _fO»3| fO«2| 
J^j0134j ll23J^l023J 



( 0'23 
102346 



=-{o°:!+ni}=-{2[-i2}=-^- 

\ 0»23)_ f 0*23)_f023|__ j03| _ _f3J _, 
|01347J~(0236j~|l25J~ 104)" U)"" 

j 0*231 _( 0*23) (023) _(23)_f 3) _ 
(01257j~|0146j~}036j""l94j~l3J~ ^• 

f 0'23J j 0»23) f023)_ _j02) _ 
(01356) ~|0245j~il34(~ ] 03) 

By substituting the values of the preceding coefficients, we have, as the results 
of the calculation, and as illustrations of theorems I and II (Formulas (20) 
and (21)), 

|01234|2afa| = — 2|1 23451 +2| 02346 1 — 1 01347 1 + 101257 1 — 1 01356 1 , I. 



ag2aja5=2 



Oo 


«! 





ao 














— 2 












a. 



+ 



a, 




a, 






Stbaocse UiaTiiBSiTT, October 26, 1901. 
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<h 


«4 




ao 


<h 


a, 


Oo 


a, 


«» 


+ 





<h 
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Ci 


«8 
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The Double-six Configuration Connected with the OuMc 
Surface, and a Belated Group of Cremona 
Transformations.'*' 

By Edward Kasner. 



The double-six configuration, consisting of two sets of six lines each so 
related that any line of either set intersects all except a corresponding line of 
the other set, first presented itself to Schlaefli f in the study of the twenty-seven 
lines upon the cubic surface. In this paper the configuration is investigated in 
itself, i. e., independently of the cubic surface determined by it, the latter being 
introduced only incidentally in the final section. The starting point is the 
theory of five coUinear lines. Denoting these by Z^, Z,, Z3, Z^, Z5 and their 
common tractor by Mq, then each quadruple as L^, L^, L^, L^ has (in addition 
io M^ a proper tractor as M^] thus, five new lines J/j, M^^M^, M^, M^ are 
obtained. That these derived lines are themselves coUinear, having a common 
tractor Z^, was observed incidentally by Schlaefli J and verified by Cayley || The 
proof given in §4 is direct and simple. The twelve lines Z^, Mi, form a double- 
six. 

The relations between the anharmonic ratios of the thirty points Pi^ and 



* Bead in different form before the American Mathematical Society, February 28, 1901. 

f ^' An attempt to determine the twenty-seven lines upon a surface of third order, and to divide 
such surfaces into species in reference to the reality of the lines upon the surface " (Quarterly Journal 
of Mathematics, Vol. 11, 1858, pp. 55-65, 110>120). % L. c, p. 117. 

1 '' On the Double-Sixers of a Cubic Surface '' (Collected Papers, Vol. VII, pp. 816-880 ; Quarterly 
Journal of Mathematics, Vol. X, 1870, pp. 58-71). Cf. also ^'On Dr.Wiener'H Model of a Cubic Surface 
with 27 Real Lines ; and on the Construction of a Double-Sixer " (Collected Papers, Vol. VIII, pp, 866- 
884 ; Cambridge Philosophical Transactions, Vol. XII, Part I, 1878, pp. 866-388). 

16 
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thirty planes 11^,,* determined by the twelve lines, are discussed in §6 ; all the ratios 
are expressible rationally in terms of a fundamental set of four (§7) . The Cremona 
group discussed in §8 arises from the transformations which are induced in the 
fundamental set by permutations of the lines. In §§9, 10, certain results 
concerning the double-six and the general cubic surface due to Schurf and 
ReyeJ are presented from a more simple point of view by employing the rela- 
tions between the anharmonic ratios- 

§1. — The Coordinate System. The quintuple§ of collinear lines contains 19 
arbitrary constants ; but, by properly choosing the system of coordinates, these 
may be reduced to four projectively essential constants. For this purpose take, 
as the iundamental tetrahedron of the system, that determined by the points 
^a> ^16 > -Pm» Ao» 80 that the coordinates of these points are 

1, 0, 0,0; 0, 1, 0, 0; 0, 0, 1, 0; 0, 0, 0, 1 

respectively. The unit point is still at our disposal and may be chosen so as to 
satisfy any three conditions. Since P^ is collinear with P15 and P^, its coordi- 
nates are of the form x^, ar^, 0, 0; and similarly, those of Pao *re of the form 
0, 0, X,, X4. If, then, we take the coordinates of these points to be 1, 1, 0, 
and 0, 0, 1, 1 respectively, we, in effect, impose only two conditions upon the 
unit point. Consider, finally, the plane determined by the line Li and by the 
point of intersection of the line L^ and the plane II^s ; its coordinates are of the 
form Uj, 0, t^3, 0, so that if we take these to be 1, 0, — 1, we impose a third 
condition upon the unit point- The system of coordinates is now completely 
determined. 

^2.— The Five L Lines. The four constants which are necessary for the 
representation of the quintuple may be introduced as follows: The points 

* Pfk is the point of intersection of the lines In , Mm; n^ is the plane of the same line. 

f Ueberdie durch collineare Grundgebilde erseugten Curven and Flachen *' (Hathematische 
Annalen, Vol. 18, 1881, pp. 1-82). 

t "' Beziehung der allgemeinen FlAche dritter Ordnungzu einer covarianten Fl&che dritter Classe" 
(Mathematische Annalen, Vol. 55, 1901, pp. 857-264). 

g It is assumed throughout the paper that of the five lines constituting the collinear quintuple, no 
two intersect, and no four have a double tractor, so that the hyperboloid determined by any three does 
not touch either of the remaining lines. 
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^4o» Ao» -P45 lie on the sides of the fundamental tetrahedron, so that each is rep- 
resentable in terms of a single parameter ; the coordinates are of the form 
0, 0, 1, /; 0, 0, 1, m; 1, ^, 0, respectively. The point of intersection of L5 
and ITjjB lies in the planes Xi — X3 = and ar4 = 0, so that its coordinates are of 
the form 1, fi, 1, 0. 

The four constants l.m^X, ^i may be interpreted very simply as anhar- 
monic ratios. The coordinates of the five points of the line M^ and of the five 
planes through M^ are found to be 



(1) 



Ao • 











1 J 


P«: 
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0; 


P»: 
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1 ; 


P4.: 
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I ; 










1 





n,o: 


1 








0; 


n«,: 





1 





0; 


n«: 


—1 


1 





0; 


n«: 


—X 


1 





0; 


Hm: 


—fi 


1 





Oj 



from which follow the required interpretations : 

t = (-Pio* -Pjot Pwi ^40) > J^^vHio, Iljjo. TIjo, 1140), 

»n = (Pio, ^to. ^80. Ptc), ^ = (n,o, Ha,, n„, n„)- 



(10 



The six homogeneous coordinates of each of the lines Li, Z^, Z,, L^, L^ may 

now be calculated, since upon each we have two known points. Thus the line 

Li passes through the points P45 and P40 ; its coordinates are then the minors of 

the array 

1 ;i 

1? 
or P^'pis 'pu :jPm •JP42 'Pis —0:1:1:0: — IX:X. 

The table of coordinates is as follows : 



(2) 
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0' 
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1 














A 
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1 





— 1 
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I 





— IX 
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A: 
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tn 


771 


— mfi 


^- 



The coordinates of the common tractor ifp are 
Mo-. 1 



(3) 



no 
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§3. — The Five M Lines. To exemplify the method, consider the line i^, 
which is the tractor proper to the four lines Zj, Xg, L3, L^. Equating the simul- 
taneous invariants of the intersecting lines to , we obtain the conditions : 

{MtLi)=2h3 = 0, 

(Jf^Zs) = Ptis-^Pss — iJis ■\-Pu = 0, 
{JifiLi) = p„ + mpts — mfipis -f fipu = , 

which, with the quadratic identity 

(M^Mt) = ^18^31 + pitpti + PuPz3 = 0, 
give 

Pis-Pis 'Pu ' Pu •• P43 -Pn — {m — nf.O:m {m—(i) :m*'.0: — m{m — fi). 

The coordinates of the remaining lines are found in a similar manner. 

M^: A m{-K—l) Xm(X-l) ^^"»M^--1)(?-1) —lm{l-\) 



M, 



M. 



G 



M,: 1 








m(l— Z) 
Im 



A 

H 

IXm* 



m(7n — /a) 




C 



m{l—X) m{X—\) 



m 











'm{m—(i) 




m 



The quantities A, B, C are functions of Z, m,%, ft: 

A = m{\—l){jn — X) — (i{l— X){m — I), 
B = (1— X){m _ Z) — (1— l){p. — X), 
G = %m — 1(1. 



\ 



(5) 



^4.—Schlaefli'8 Theorem. Five lines in general determine a linear complex. 
Let the equation of the linear complex to which Jfj, Jfj, Jfg, if^, M^ belong be 

A2^J2 + As ^18 + DuPu + D^Pu + D^P42 + A8l>«S = 0, 

then the coeflBcients Z><^ are proportional to the determinants of the fifth order 
formed from the matrix whose rows are the coordinates of five lines ifj, , ifg. 
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After some reduction, these are found to be 

Aa = , As = J^ w V B\ A4 = ^^^ ^B , 

A4 = {m—ii) ABC, A» = — ^^\ ^23 = ^^f^ ^B. 

Substituting these values, we find 

i. e., the invariant of the complex vanishes. From a known theorem, then, the 
complex is special, and the lines belonging to it are all collinear. 

The lines Jfj, if,, if^, M^y M^ obtained from Jive collinear lines A> -^z* A> 
Z4, Z5 by taking the tractor proper to each set of four of the latter lines are also 
collinear. 

The coordinates of the common tractor io o^ ^he M lines are 

A- {m — 11) ABC, —mA\ ImfiAB, 0, iXm^iiB, %m^AB. (6) 

§5. — The Double-six Configuration i, if, P, 11. From the original set of 
five collinear lines Xj , Z,, Zg, L^, Zr, there is thus derived a configuration of 
twelve lines Zq, A» Lz, Z3. Z4, Z5, M^, ifp M^, M^, M^, M^. Each Z line inter- 
sects all the if lines except the one whose index is the same, and similarly, each 
M line intersects five of the Z lines. The various pairs of intersecting lines 
determine 30 points and 30 planes 

P,„ n,„ {i. X = 0, 1, 2, 3, 4, 5 ; i q^ x) 

where P<^ denotes the point of intersection of Z< and M^ , and Il<^ denotes the 
plane of the same two lines. 

In the following, indicate by to, ti, tg, ts, t^, 65 any permutation of the six 
indices 0, 1, 2, 3, 4, 5. Through each point P^,^ there pass 9 planes 

and similarly, in each plane there lie 9 points. On each Z line Z^ there are 
five points P^,^, P^^, P^^, P^,^y P^^, and through it there pass five planes 
nioM» n^,^,, n^^, n^^, n^^^ ; similarly with respect to the if lines. The 30 points 
lie by fives in 6 lines in two distinct ways, and the thirty planes pass by fives 
through 6 lines in two ways. Any five Z lines, as well as any five if lines, are 
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coUinear; the common tractor of L^ L,^ L^ L^ L^ is M^. In a certain sense, 
the con6guration is closed ; no new lines are obtained bj taking the tractors of 
four L or four if lines, for the two tractors of X^, Ai» J^*,* A, are i^q and M^ and 
the two tractors of M^, if^, if^, M^ are L^ and L^. 

The configuration was derived from Li, L^, L^, L^, L^, but it is just as well 
determined by any five L lines or any five if lines. In particular, it is seen that 
the relation between the original quintuple Li, , X5 and the derived quin- 
tuple ifi, , i<^ is a reciprocal one; just as the latter lines are the tractors of 

the former taken in fours, so the former are the tractors of the latter. 

We may state the results obtained as follows : 

In connection with any five coUinear lines L^, Z^, L^, L^, L^, there exists a 
covariant line Z^, uniquely defined by the fact thai it is coUinear with any four of 
the five, but not with all five. The relation between the six lines Zq, Xi , Z^, Z3, Z4, X^ 
is a symmetrical one, i. a., the covariant line of any five is the sixth. There presents 
itself then, a conjugate set of six lines Mq, , M^, standing in the same symmet- 
rical relation ; these lines are the traders of L limes taken by fives. The relation 
between the conjugate sets is ofinvolutory character. 

§6. — Belations between the Anharmonic Ratios. Consider the points in 
which Li is intersected by the lines ifo, if^ Ms, M^, M^. The coordinates of the 
point of intersection of any two intersecting lines pu^pu are proportional to the 
determinants formed from the array 



— i>42 



2>M Pa P28 
•Pii Pit 



— J>« —pii pii 



Thus the coordinates of the point Pis, the intersection of the lines Li and M^, are, 
by (2) and (3), the determinants formed from the array 



10 

— 1 0,00 

- /m C 



which reduce to 0, G, 0, Im respectively. 



y 
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By this method the following table of coordinates is obtained : 



Pn 

Pn 
Pu 
Pu 



1 , 

B ffi(l— Z), 

G Itn , 

m — (I m , 

10 . 



The anharmonic ratios of these coUinear points are equal to the anharmonic 
ratios of the corresponding parameters 

»n (1 — 1) Itn m 



*' B ' ~G' ^rr 



0. (7) 



Calculating the ratio of the last four points, we find 

(Pu > Pvti Pu I Pa) = ^JYZIJ) 
But from (1), (p d d n\_Lli--"') 

Therefore {P^, P,s, P^, Pi,) = (i\o, ^3o» ^40, ^50). 

or employing a more abbreviated notation* for the anharmonic ratios, 

Zi(2345)=ifo(2345). 
From the symmetry of the conflguration, we have then the result : 

A {^ih iih) = ^<o(*2*8 *3H) » (8) 

which may be translated as follows : 

The anharmonic ratio of the points in which any four of five coUinear lines ctU 
the common tractor of all fine is equal to the anharmonic ratio of the points on the 
fifth line, which are coUinear with three of the four lines. 

* The anharmonic ratio of the four points in which the lines 3f^, Iff,, Jf(|, Jf<| interaeot the line 
L, is thos denoted by Ia^ («t^s^4^'») > while that of the four planes determined by the same lines is 

denoted by Xii (itUiiU)' 
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Another relation may be obtained by combining the above with the well-known 
theorem concerning the two tractors of four lines ; the four points of either trac- 
tor and the four planes of the other tractor have the same anharmonic ratio. In 
the present case, consider the four lines i^,, Z^^, Z^^, Zf^; their tractors are 
Mi^, Mi^ , so that _ 

Mi, {i2 is ii ii) = Mi^ {i^ i^ i^ i^) . (9) 

From (8) we have then _ 

Li, {h h h h) = -l^u {h h U h) > (10) 

which may be expressed : 

The anharmonic ratio of the four points on one of Jive cdllinear lines which are 
collinear with three of tlie remaining lines is equal to the anharmonic ratio of the 
fow planes determined by these remaining lines and their common tractor. 

Another relation is obtained by considering the anharmonic ratio of the 
points Pjo, Pi3, Pi4, -Pi6, which, by means of (1), is found to be 



Zi(0345) = 



_ l{m—fi) _ 1 — [i/m 



m 



{i—^) 1—x/r 



Introducting the interpretations of l^ m, X, [i from (l), we have 

^_ J^o(1235) 

A(0345)= :^(i236) 

.^ ifo(1234) 
i^(1234) 
or, by permuting the indices, 

l_M i^{hhhh) 
L,Mi.H)= f^^^- (11) 

Mi^ihhhh) 

The complete system of relations between the anharmonic ratios of the configura- 
tion consists of the ftmdamentaX relations (8), (10) and (11), together with the well- 
knoum relations* between the anharmonic ratios of five collinear points or planes. 

In the first place, by means of (8), (10), (11), it is possible to express the 
ratios of four points or planes of one line in terms of the ratios of the points 

* See, for example, M. J. M. HUl, ''The Anharmonic Ratios of the Roots of a Quintic " (Proceed- 
ings of the London Mathematical i3ociety, Vol. XIY, p. 182). 
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and planes of any other line. Thus : 

Xi(2346) = ^o(2345) =Zo(2345) 

= ^i(2_345) =X,(2346) 

1 _ -yi(10 3 6) J _ A (1 3 5) 

_ 3f,(10 3 6) _ Z,,fl0 3 6) 

1 _ Jtf»(l0 3 4) ^ LtllOSl) 

^,(10 3 4) 4(10 3 6) 

_ ^,(10 2 4) J _ £8(10 2 4 ) 

ifa (1 2 4) X,(10 2 4) 



J _ Af,( 10 25) ^ _ A(1026) 



if, (10 2 5) i,( 10.2 6) 

^,(10 5 3) 4(1053) 

if; (1 6 3) _ 4(1063 



1 - ^«(10 5 2) ^ 4(1062 

K; (1 6 2) 4 (1 5 2) 

J _ ^,(10 4 2) J _ 4(1042) 

_ ^,(10 4 2) _ 4(10 4 2) 

1 _ Jl f5(l0 4 3) ■" 4(1043) 

ifB(1043) 4(1043) 

From thb it follows that all the ratios may be expressed in terms of those con- 
nected with any one line, say M^. But the ratios of the five points on At^ are 
rationally expressible in terms of two I and m ; and similarly, the ratios of the 
five planes through M^ are expressible rationally in terms of two X and (i. The 
four ratios I, m, X, (i are independent, so that there can be no relations in addi- 
tion to those enumerated in the above theorem. 

§7. — The Complete System of Ankarmonic Batioe. 

Of the anharmonic ratioa connected toith the douhle-eix, only four are indepen- 
dent. For a fundamental set of independent ratios toe may take 



Z=^o(1234), »» = ^(1235), 
a = ^o(1234), /i = Jfo(123 



t\ <'^' 



All the ratios are expressible rationally in terms of these by functions of at most the 
fourth degree. 
16 
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The following table"^ gives the aDharmonic ratio of any quadruple of points 
situated on an L line. The ratios of any quadruple of points on an if line, or of 
any quadruple of planes, may also be found in the same table, in virtue of the 
equalities (8) and (10). 

Z,(1230)=-^, Zb(1234)=?. 

i,(1235) = »n, £,(1230) = — ^, 

Z,(1205)=-^, A(1240) = -f^, 

A(i306)= ^^_^^^^ , x,(i3 4 0) = (ii::^, 

^*(^^^^) = (T^' A(2340) = (i:ii^I^. 

* il, B , C are the functions of / , m , X , /i defined in (6). 
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§8, — The Cremona Oroup G^^^. If we denote by <oh^^^4^ wiy permuta- 
tion of the indices, the anharmonic ratios which correspond to the fundamental 
set (12) are 

li =Mi,{ixhhH), m, = Mi^{^^i^%), 
Xi = if <^ (ij i, % i^) , fii = Mi^ dx i, is ij), 

But from §7 these are rational functions of 2, yd, %, f£ : 

where /o '^i, ^n Xi ^^^i^ote rational (in general fractional) functions of the fourth 
or lower degree. Thus to every literal substitution of the six indices 

corresponds a rational transformation of the four fundamental mvariants 

Til ^ ~^' =fi{^^ ^' ^^ h)» m' = mi = ^i(l, m, X, (i),) /^^x 

It is now to be shown that the system of transformations T so obtained form 
a group. 

Consider any two substitutions Si and Sj : 



their product Sky and the corresponding transformations T^, 7}, Tjc. Then we 
have, in the first place, 

?t=/»(^ m,X,fi), etc., 

and in the second place, since the permutation h^ ...Tc^\b obtained from to ... {5 
by the substitution Sj , 

I''=/j{l^ ^4, JW, f^)=/;(/o ^o 4i, Xi)^ etc- 
Therefore, 

fiifi^^if 'J'o Xd =/*» <^^/o <^i» '^it Xi) = <^*» 
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which expresses the essential group property of the system of transforma- 
tions jT, 

T,Tj= 7i. 

In particular, it follows that the inverse of Ti is also a transformation of the set, 
and therefore the transformations are birational or Cremona transformations. 

The transformations T, induced hy the permutations of the indices, constitute a 
group G^ of Cremona transformations which is holoedrically isomorphic with the 
symmetric substitution group on six letters. 

A set of generators may be obtained by writing down the transformations 
which correspond to generators of the symmetric group /S'(0 1 2 3 4 5). Thus 
the following five form a convenient set of generators : 

JL 

1 



(34) -^71: ^ 






m 
I 




1 


(23)(46) ~ Ti : l—m 






l — l 




i-ii 


(45) ~ 7i : m 






I 




^ 


(12)~ T;: -f 






1 

m 




1 

7i 


^ ' {(i — X)(m- 




{>•- 
iF 


-l)iXm- 












(- 


— 1 


)(Xm-lfi) 



{m — l){m — fi) {m — l){l — A) 

The subgroup (rigj, consisting of the transformations corresponding to those 
permutations which leave the iudex unaltered, is essentially a group in two 
variables, since the generators 7i, TJ, TJ* ^4 transform Z, m and X, fi cogre- 
diently. The group in two variables so obtained is identical with the cross-ratio 
group discussed by E. H. Moore* and H. B. Slaughtf The total group. Gt^,, 
however, cannot be expressed in two variables. Expressed in homogeneous 
form, five variables are necessary, 

ti : tf^ : t^: t^ : t^ := X : (III : m : I . 

* ''The Cross-Ratio Group of n\ Cremona Transformations of Order n — 8 in Flat Space of n — 8 
Dimensions'' (American Journal of Mathematics, Vol. XXII, 1900, p. 279). 

t ^'The Cross-Ratio Group of 120 Quadratic Cremona Transformations of the Plane" (American 
Journal of Mathematics, Vol. XXII, 1900, pp. 848-880}. The generators K, Ly if, T^ given on p. 844, 
correspond to the generators Ti, T^^ T,, T^ employed above. 
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The generators then become 

Ti'. i^ t^t^ <1<5 <1<4 <j<3 

7s • ^ h h h 'b 

T,: Wih Wih Wih WA tiWi 

f {t2—ti){h — tx){t4 — h){t,h-t,ts) {tz — ti){ti-t,){tn-h){tit, — t,ts) 

n :\ (<4 - tn){ts - <i)(<2 - h){titi — t4z) ih - tz){t, - <3)(<i — t,){t,t, ~ t,t,) 



§9. — The Automorphic Correlation ft.* Consider two quintuples of collinear 
lines Xi, Z|, X^, X4, X5 and L[, L'^, Z3, L[, I^. Denote the common tractor of 
the first set by if^, the point of intersection of Mq and Li by P*, the plane of the 
same pair of lines by TI^ with a similar notation for the second set. We now 
prove the following 

Lemma. The two quintuples are homographic when 

{p,p,p,p,p,)%{p[PiP',p',p;), 

(Hi n, n, n« n,) ^ (n{ ni n^ n; no ; 

they are correlative when 

{P, p. Pa Pi A) % m ni Hi ni no, 
{u, n, n, n^ n^ % (P( p^ Pi pi p^). 

It will be sufficient to give the proof of the second part, since that of the 
first follows the same scheme. Assuming the second set of relations, it is to be 
shown that there is a correlation transforming the first quintuple into the second. 
The general space correlation, or reciprocity, contains 15 parameters. The num- 
ber of correlations transforming if^ into Mq is therefore 00". If we impose the 

• Schur, 1. c, p. 12. 
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conditions that Hi, IIj, 11^ shall correspond to Pj, jP, , Pg, and that IIi, n,, n^ 
shall correspond to P^ P%^ P^i the number of correlations is reduced to oo^ 
Each of those correlations, in virtue of the assumed relations, will then trans- 
form P4, P5, II4, IIj into ni, lis, P4, P5, and, therefore, any line of the first 
quintuple Li is transformed into a line belonging to the pencil determined by 
P[ and n^ If, then, we require the correlation to transform ij, , . , . , ij into 
Zi, , , « . , Z5, we impose just five additional (linear) conditions and the correla- 
tion is completely determined. Similarly, it may be proved that when the first 
set of relations holds, there is a definite homography transforming the first quin- 
* tuple into the second. 

We apply the lemma to the quintuples ifj, * . , . , ifs and Xi, , X5 with 

the common tractors Lq and M^ respectively. From the relations (10) it follows 
that the conditions of the second part of the lemma are fulfilled, so that there 
exists a correlation Ci transforming Mi M^ into X| .... L^. 

The quintuple of lines Mi, .... , -8/5, obtained from a quintuple ofcoUinear lirtea 

Xp , Z5 fty taking the tractor proper to each set of four of the latter lines, ili 

correlative to the original quintuple. 

This is an extension of Schlaefli's theorem, the latter merely states that 
ifj, • . , . , ifj are coUinear, while the above includes in addition the relations (10). 

Consider now the efiect of the correlation £i upon the double-six. The 
common tractor Zq of the one quintuple becomes the common tractor M^ of the 
other. Taking the tractor proper to each set of four, it follows that Zj , .... , Z5 

transform into ifj, , M^ and, therefore, M^ into L^. Hence P^ becomes 11^ 

and Ilifc becomes P^. 

There eodstsfar the douhle-six configuration an automorphic correlation £i which 
interchanges the lines Li, Mt and the points and planes P^ » n«. 

The character of £i is determined as follows : Since £i transforms Pi* into 
IIw and Tlj^ into P<k, the coUineation O? leaves the points P« invariant; in par- 
ticular, the five points P,o, P,o, Pisi Pgs* Pis* no four of which are coplanar, are 
invariant, and, therefore, £i^ is the identical transformation, i. e, il is involuto- 
rial. There are, however, two species of involutorial transformations in space 
of three dimensions, namely: polarities, in which corresponding points and planes 
are conjugate with respect to a proper quadric surface ; and null-systems, in 
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which all corresponding points and planes are incident. The latter species is at 
once excluded in the present case by the fact that the plane IIm corresponding 
to the point P,* does not pass through it. Therefore, 

TJie aiUomorphic correlation £i of the double-six is a polarity, i c, there exists a 
proper qnadric surface Q with respect to which the points P^ and the plane !!« are 
conjugate. 

§10 — T?ie Gubic Surfaces F and <!>.* The number of arbitrary constants 
involved in a set of five coUinear lines is 19, which is equal to the number of 
constants in a quaternary cubic form. In fact, it is easy to show that through 
five coUinear lines X| . • • « £5 there pass a single surface F of the order, and also 
a single surface 4> of the third class. Thus a surface of the third order is deter- 
mined by the 19 points, jPio» ^w. ^is. A4» ^»» Ptu ^m» ^«4> ^w* Pm P^^ Puy 
-P^oi ^4i> -Piit ^4si Ai> Pit J Pisi l>ut the first four points are on Mq, therefore, 
the entire line Mq lies in the surface, and in particular the point P^; then each 
of the lines Xi . . . . Z5 has four points in the surface, and so lies in it. The sur- 
faces F and <I> pass through the 1 2 lines of the double-six, as may be proved by 
showing that each line has four points in common with F and four planes in 
common with 4>. 

It is well knownf that the 27 lines on F consist of the 12 lines X^ Mi and 
the 15 lines c^ = c^ obtained as the intersections of the pairs of planes Tlac, Uti* 
From the principle of duality, it follows that the 27 lines on 4> consist of the 
12 lines X^, Mi and the 15 lines du, = d^i obtained by joining the pairs of points 

The relation between F and 4) is obtained by considering the polarity £i 
defined in the previous section : £i transforms F into a surface of the third class 
passing through the double-six ; but there is only one such surface, namely, <I> ; 
therefore, H transforms F into 4>, and similarly, 4) is transformed into F. 

Through five coUinear lines there pass a single surface F of the third order, and 
€1 single surface ^ of the third class. These surfaces intersect in the double-six 
<ietermined by the five Ivnesy and are reciprocally related by the polarity £1.% 

* Beye, 1. c. 

t Sohlaefli, 1. 0. 

X Compare the oorresponding theorem with regard to three arbitrary lines : Through three lines 
-Uiere pass a single surface of the second order and a single surface of the second class ; these two sur- 
f laces coincide. 
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The number of double-six's which can be formed from the 27 lines on a 
cubic surface is 36.* The preceding theorem thus determines, for the general 
cubic surface jP of third order, a set of 36 irrational quadric covariants [©], and 
a corresponding set of 36 cubic contravariants [<I>] . 

Columbia UNnrsBSiTY, New York, November^ 1901. 

* Sdilsefli, 1. c, p. 115. 



Untersuchungen uber lineare Differentialgleichungen 
^. Ordnung und die xugehbrigen Gruppen. 

Von Saul Epstbbn. 



EiNLEITUNG. 



Lie hat versucht, seine Theorie der Transformationsgruppen, besonders der 
endlichen Gruppen (deren Transformationen nur von einer endlichen Anzahl 
Parameter abhangen) auf die Integration der Differentialgleichungen anzuwen- 
den. Br zeigte, dass in fast alien Fallen, wo es bisher gelungen war die Ord- 
nung einer gewohnlichen Differentialgleichung zu emiedrigen, der innere 
Grund dafiir die Existenz von Transformationen mit einer endlichen Anzahl 
Parameter ist, welche die betreffende Differentialgleichung invariant lassen. 
Diese Transformationen bilden notwendig eine Gruppe. Jeder Transforma- 
tionsgruppe, definirt durch ihre infinitesimalen Transformationen, ordnete er 
gewisse Funktionen zu (deren Wichtigkeit schon erkannt war), die Differen- 
tialinvarianten, welche ungeandert bleiben bei alien Transformationen der 
Gruppe, und nur bei diesen. Ausgenommen gewisse spezielle Falle, auf welche 
wir hier nicht einzugehen brauchen, ist jede Gleichung, welche bei alien Trans- 
formationen der Gruppe ungeandert bleibt, eine Beziehung zwischen diesen 
Difierentialvarianten. 

So fruchtbar und weittragend seine Methoden sind, in diesem Falle reichen 
sie nicht aus, denn im AUgemeinen bleibt nicht jede gewohnliche Differential- 
gleichung hoherer Ordnung 

/(.,,,|!....) = o (1) 

invariant gegeniiber einer Gruppe im Sinne von Lie. Die partielle Differential- 
gleichung 

17 
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und die vollstandigen Systeme die Lie untersucht hat, bleiben in der Tat invari- 
ant gegeniiber einer Gruppe die aus einer gewissen Anzabl Parameter und den 
n + 1 Variablen », Xi, iCg, . . . • a^ aufgebaut ist. Aber solche Systeme sind von 
sehr spezieller Natur. 

Im Vergleich zur Vollstandigkeit der Galois'schen Theorie der algebraischen 
Gleichungen kann die UnvoUstandigkeit von Lie's Theorie am besten eingesehen 
werden wenn man bedenkt, dass : 

1) Bei einer gegebenen Differentialgleichung man nicht immer behaupten 
kann, dass die Reduktion vermittelst der Gruppe die einzig mogliche ist. 

2) Gewisse Gleichungen, wie die Differentialgleichung der geodatischen 
Linien der Plachen zweiter Ordnung, integriert werden konnen trotzdem sie 
keine Transformationen in sich gestatten. 

Der Weg zur Verallgemeinerung von Lie's Methoden nach der Bichtung 
der Galois 'schen Theorie bin wurde zuerst von Picard angedeutet (Comptes Ren- 
dus, 1883, und Annales de Toulouse, 1887), und die erste Ausfuhrung gab E. 
Vessiot (Paris, Thfese, 1892; Annales de I'Ecole Normale Sup^rieure, 1892). 
Vessiot untersuchte besonders die Differentialgleichung zweiter Ordnung und 
einige spezielle Falle der Differentialgleichung dritter Ordnung. 

Die lineare Differentialgleichung vierter Ordnung, deren Coefficienten Funk* 
tionen von x sind 

bietet ein ausgedehntes und interessantes Gebiet fur die Untersuchung, welches 
bis jetzt noch sehr wenig betreten worden ist. Es ist fur die vorliegende Arbeit 
viel zu weit, und ich kann hier nur den Grund zu einer eingehenderen Unter- 
suchung legen. 

Die sieben ersten Paragraphen sind nur der Vorbereitung gewidmet und 
notwendig noch unvoUstandig. §1 bringt einen Abriss der Picard- Vessiot' schen 
Theorie der Gleichung (3). Nicht nur ist derselbe notwendig fiir das richtige 
Yerstandniss des Folgenden, sondern er hat auch den Yorteil, eine vielleicht 
nicht ganz einfache Theorie an einem speziellen Beispiel zu eriautern. §§2-7 
sind den Problemen gewidmet, die sich uns in §1 aufgedrangt haben. §§8-10 
sind Anwendungen. 
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I. KAPITEL. 

Uebeb die rationale Integration linearer Differentialgleichungen 

4. Ordnung. 

§1. — Ueher rationale Integration. Stellung der Aufgahe. 

Wir beschranken unsere Betrachtungen auf linearc homogene Differential- 
gleichungen 4. Ordnung. 

Die Theorie der rationalen Integration ist eine Ausdehnung der Galois'schen 
Methode auf Differentialgleichungen. 

RationaKtatebereich : Wir definiren zunachst folgendermassen den Rationali- 
tatsbereich. 

m 



i ^ ^ 

Basis- Operationen. 

1. Alle Oonstanten. 1. Die rationalen algebraischen Ope- 

2. Die unabhangige Variable x. * rationen. 

3. Unbestimmte Funktionen y\ - -** y^ 2. Differentiation. 

(die spater ein Fundamentalsys- 
tem von Losungen bilden sollen). 

4. Die CoeflBcienten der Gleichung (1). 

5. Alle gegebenen Funktionen. 

Wenn wir einen Rationalitatsbereich [i2] durch einen andern [iZ'] erweitern 
in solcher Weise, dass zur Basis von [i2] eine gewisse Anzahl von Funktionen 
hinzugefiigt werden, so sagen wir dass diese Funktionen adjungiert sind zu den 
Funktionen des Bereiches \K\ . 

Die Q-leichung heisst redudbel wenn sie ein Integral gemein hat mit einer 
Differentialgleichung niedrigerer Ordnung deren Coefficienten dem Rationali- 
tatsbereich angehoren. Im andern Falle heisst sie irreducibeh 

Eine rationale Differentialfunktion V soil im Gebiet [K\ definiert sein wie 

in §§8, 9, 10. Wenn wir fiir die Integrale y^ y^ ein ganz bestimmtes Funda- 

mentalsystem yj .'. . . yl setzen, dann nimmt V seinen numerischen Wert Fo(x) 
«.n ; Vq ist nicht notwendig in [i2] enthalten* 
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Formale und nvmenische Invarianz: Piihren wir auf die y die lineare Substi- 
tution von 4^ Parameter aus, 

yi=i^a^, (i=l ..,.4) (2) 



k-l 



80 geht 7 liber in V dessen numerischer Wert "PJ ist. Wenn Fund P identisch 
sind (§3) sagt Klein, dass V formal invariant ist; wenn aber VI=VqSo ist Vq 
numerisch invariant (Vorl. fiber hohere Geom., II, p. 299), Das Eine folgt nicht 
notwendig aus dem Andern. 

Wenn yi y^ ein Fundamentalsystem der Gleichung (1) bilden, so kon- 

nen wir offenbar schreiben 

4.3 .... (4 — fe+1) ^ _ _ A 
1.2....yfe '^*~ ^W 



(A:=1....4) 



(3) 



wo 



und 



D = 



y^'^- 






da* 






A = 



y\ 



y* 









dx* 



d% 
dx* 



Die Gruppe (2) spielt in der Gleichung (1) die namliche Bolle wie die Gruppe 
der Substitutionen von vier Bucbstaben in der Theorie der algebraischen Gleich- 
ungen 4. Grades. 

Es moge nun 0,{yi . . . . y^ eine rationale Funktion von den Integralen von 
(1) und ihren Ableitungen nacb x sein ; dann nennen wir der Kurze halber Q. 
eine " rationale Funktion der Integrale " (Gl. 2, §8). Die Funktionen Ci welche 
invariant bleiben bei alien Transformationen (4) spielen hier dieselbe Rolle wie 
die symraetrischen Funktionen der Wurzeln in der algebraischen Theorie. In 
Wirklidikeit sind diese £l Functionen der X, welche wir " fundamentale Invari- 
anten" nennen; denn Appell hat gezeigt (Annales de I'Ecole SupSrieure, 1881) 
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dass alle rationalen Funktionen von y^ y^ rational ausgedriickt werden kon- 

nen durch x^Xi^ ^4 und ihre Ableitungen. 

Oruppe der invarianten Funktion. Die Transformationen der Gruppe (2) 
welche £1 zulasst bilden eine Untergruppe, genannt die Gruppe der Funktion £1 . 
Man erhalt die endlichen Transformationen in der Gleichung 

^ {yi y% ys yi) = ^ (yi y% yz yO • (4) 

Dieselbe gibt uns eine gewisse Anzahl von Beziehungen zwischen den Constanten 
anc, aus welcben wir ihre Ausdriicke durch eine bestimmte Anzahl von ihnen 
erhalten (§6). 

Irans/ormierfe Gleichwfig. Im Fall die Gruppe von H, p = 4* — s Parame- 
ter entbalt, d. h. dass A p unabhangige lineare homogene Transformationen 
zulasst, dann ist Q, betracbtet als Funktion von x^ das Integral einer Differen- 
tialgleichung p-ter Ordnung (p < 16). Dieselbe heisst die Trans/ormierte der 
Gleichung (1). Wir schreiben sie 

■'(^.'^^•■•^=». « 

woF=Ci{yi .... yO- 

So ist z. B. jF = y| — yf y^ invariant gegeniiber der vier-parameter Gruppe 
IX von §3 und die transform ierte Gleichung von (1) welche ^definiert, ist von 
der Ordnung p=4* — 4= 12, und kann erhalten werden durch zwolfmalige 
Differentiation von F und nachfolgende Elimination. 

Die Gleichung (5) hat als Integrale £1 und die Werte welche man erhalt, 
wenn mann an H alle Substitutionen der Gruppe ausiibt — sie hat keine anderen 
Integrale. 

Reaolventen : Lehrsatz : Wenn eine rationale Funktion der Integrale yi . . . ^4 
einer linearen Difierentialgleichung 4. Ordnung keine lineare homogene Trans- 
formation in yi ^4 gestattet, so konnen diese Integrale vermittelst dieser 

Funktion der Coefficienten der Gleichung und ihrer Ableitungen nach x ausge- 
driickt werden. Eine solche Funktion ist z. B. F= Wj yi + ^ y» + .... 1x4 ^4 wo 
die u alle Funktionen von x sind. 

Andlogcn zu Lagrange^s Theorem : Wenn eine rationale Funktion iZ (y, . . . y^) 
alle Transformationen der Gruppen der Funktionen von £1] • • . • £1^ zulasst, 
kann dieselbe vermittels dieser Funktionen, der Coefficienten der Gleichung und 
ihrer Ableitungen nach x rational ausgedriickt werden. 
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So gestattet die Funktion (3) §9 alle die Transformation en von (1) und (2), 

und ist folglich eine rationale Funktion der beiden Letzteren, von ^ ^4 und 

ihren Ableitungen in Anbetracht von x. 

Bei Anwendung dieses Lehrsatzes lasst sich ersehen, dass die Gleichung (6) 
wenn irreducibel, die Eigentiimlichkeit besitzt, dass ihr allgemeines Integral als 
eine algebraische Funktion eines besonderen Integrals durch eine Formel ausge- 
driickt werden kann, welche unverandert bleibt, was fur ein Integral wir auch 
wahlen. Die Gleichung (5) entspricht folglich den AbeFschen Gleichungen der 
algebraischen Theorie. 

Bationalitdtsgruppe {Trans/ormatiansgruppe) : Es ist klar, dass im AUge- 
meinen keine Differentialfunktion V einen rationalen Wert besitzt. Hat sie 
doch einen solchen, so heisst die Gleichung eine spedelle Gleichung in [i2]. Zur 
genauen Untersuchung dieser speziellen Falle bedienen wir uns der folgenden 
Lehrsatze von Picard, erganzt durch Vessiot : 

Dieser Gleichung entspricht in Bezug auf den Bationalitatsbereich [i2], eine 
Untergruppe T der linearen homogenen Gruppe (2) mit folgenden Eigenschaften : 

1) Jede rationale Differentialfunktion F, deren numerischer Wert rational 
ist gestatlet numerisch alle Transformationen von T. 

2) Jede Funktion 7, welche numerisch alle Transformationen von T zulasst, 
besitzt einen rationalen numerischen Wert. 

r wird die Rationalitatsgruppe von (1) oder die Trans/ormationsgruppe der 
Gleichung (siehe §2 im letzten Abschnitt) genannt. Fiir eine specielle Gleich- 
ung ist diese Gruppe charakteristisch, und da das Funds men taleystem der Inte- 
grate willkiirlich gewahlt werden kann, folgt daraus, dass wir nur die Ih/pen der 
Gruppen in Betracht zu ziehen brauchen. 

Charakteristische Invarianten Typus der Gleichung : Jede spezielle Gleichung 

wird durch eine Verbindung der Form ft (a: , yi, ys, i y( ) = a (a;) , char- 

akterisiert wo yi . • • • ^4 ein System von Fundamentalintegralen bilden. £i 
gestattet die Transformationen von T entweder formal oder numerisch, jedoch 
keine audere. a(a)geh6rt zu [i2]. £i nennt eine charakteristische Invariante 
von r. Uui den Tgpus festzustellen, welchem eine gegebene lineare Differential- 
gleichung angehort, is es desshalb notwendig, folgende Probleme zu losen : 

1) Bestimme die verschiedenen Typen der linearen homogenen Gruppen in 
vier Variabeln. (In §3 finden sich unter andem interessanten Gruppen gewisse 
primitive Typen.) 
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2) Bestimme £i fur jede dieser Typen und bilde die Diflferentialgleichung 
von welcher £i abhangt [die Transformierte der Gleichung (I)]. 

3) Der gesuchte Typus wird die kleinste Gruppe sein die einer transfor- 
mierten Gleichung entspricht, welche ein Integral besitzt das rational in x ist. 

Angenommen Tj sei die grosste ausgezeichnete Untergruppe von T und £1^ 
eine charakteristische Invariante von Ti, so wird fli als eine Funktion von £i 
betrachtet, einer gewissen Differentialgleichung geniigen. Integriert man diese 
Gleichung, und adjungiert man elnes dieser Integrale, so wird die Transforma- 
tionsgruppe auf Fi reduziert. Durch dieselbe Prozedur kann man sie noch mehr 
reduzieren. Der Wert dieser Methode liegt in folgendem Lehrsatz von Vessiot 
(von Picard verallgemeinert) : Wenn die voUstandige Integration einer ratio- 
nalen Hiilfegleichung die Gruppe T reduziert, dann ist sie zu einer invarianten 
Untergruppe reduziert (§7). 

In besonderen Fallen, wenn die Hiilfsgleichung der ersten Ordnung ange- 
hort, wird die Gruppe zu einer invarianten Untergruppe mit einem Glied weniger 
reduziert. 

Ueberblick : Kurz, diese Integrationstheorie hangt von der Losung folgen- 
der Probleme ab : 

I. Feststellung der verschiedenen Typen der algebraischen Gruppen (§6) 
welche in der linearen homogenen Gruppe der vier Yariablen enthalten sind. 

II. Feststellung der charakteristischen Bedingungen unter welchen die 
Transformationsgruppe der gegebenen linearen Gleichung auf einen dieser Typen 
reduziert wird, [§8 GL (3'), §9 Gl. (11)]. 

III. Gib, wenn der Typus bekannt ist, die Natur der Hlilfsgleichungen an, 
welche zu integrieren sind. 

Diesen drei Problemen fiigen wir das viel schwierigere bei :* 

IV. Die Differentialgleichung ist gegeben, bestimme ihre Bationalitats- 
gruppe. 

§2. — ZergliedeTwng des Problems. 

Integrdbde Oruppen. Unter einer integrabelen Gruppe versteht man eine 
Gruppe welche eine invariante Untergruppe, mit einem Parameter weniger als 

* Ygl. Epeieen, '' Determination of the Group of Rationality of a Linear Differential Equation," 
.American Mathematical Monthly, January, 1908, p. 4. 
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die gegebeoe Gruppe, enthalt ; diese Untergruppe hat wieder eine iDvariante 
Untergruppe mit einem Parameter weniger als sie selbst, u. s. w. 

Im 2. Teil, Eapitel VI seiner beriihinten Thesen von 1892 hat Vessiot die 
Hauptbedingungen der Integrabilitat durch Quadraturen angegeben. Obgleich 
an einem gegebenen Beispiel wie unserm, solche Untersuchungen gewohnlich 
detaillierter ausgefiibrt werden konnen, unterlassen wir es jetzt und beschranken 
una auf das Stadium der nicht integrablen Untergruppen der linearen homoge- 
nen Gruppen (§1, 1) und ganz besonders derjenigen, welche algebraisch sind 
(§1, 1 ; §6). Dazu bedienen wir uns des Engel'schen Lehrsatzes : 

Bedingungen fur die Integrabilitat. Eine Gruppe ist stets dann, aber auch 
nur dann integrabel, wenn sie keine dreigliedrige Untergruppe, mit der Structur 
der allgemeinen projectiven Gruppe mit einer Variabeln, enthalt. 

Nach unserer Methode haben wir daher vor allem zu bestimmen, welche 
der Gruppen von §3 Untergruppen haben, die isomorph mit der projectiven 
Gruppe mit einer Variabeln und drei Parameter sind. 

Wir wollen daher die Gruppen, welche Untergruppen dieser Art enthalten, 
herausgreifen und annehmen, dass dieses die Transformationsgruppe der Differ- 
entialgleichung sei. Auf diese Weise werden wir das in §1, II vorgeschlagene 
Problem losen. Dann wird die Art der zu integrierenden Hiilfsgleichungen 
offenbar werden. 

II. KAPITEL. 

Ueber die Gruppen in R^. 

§3. — Ueber die linearen homogenen Gruppen in R^. 

Wenn alle Gruppen in R^ bekannt sind. Die infinitesimalen Transforma- 
tionen der linearen homogenen Gruppe werden gebildet aus Combinationen von 

Xipi, (i,& = l 4) 

indem man x statt y gebraucht um es in Uebereinstimmung mit der gewohn- 
lichen Schreibweise zu bringen. 

Wenn wir dann die Gruppen in R^ gegeben haben, brauchen wir nur die 
Glieder XiPj, auszuwahlen und nachzusehen, ob diese fur sich eine Gruppe hilden. 
Da infolge ihrer grossen Anzahl und der Lange ihrer Berechnung nach nicht 
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alle Gruppen in R^^ aufgezahlt worden sind, konnen wir uns nicht vollstandig auf 
diese sonst leichte Methode verlassen. 

AlU projelUiven Qruppen in R^ sind hekannt Nach einer andern Methode 
nimmt man die projektiven Gruppen in iiJ,, welche beinahe alle bekannt sind, 
und verwandelt sie in lineare homogene Gruppen in R^y indem man folgende 
Uebergangsformeln Lie's anwendet (Transformationsgruppen I, p. 679) : 

.p = .,p,-\±..p. -^ = ^^ ^ ^^;^^« 

zp = x,p^ zq = x,p^ »^» *f- '^* 

xU= — Ql>iPi yU= XfPi zJJ= — XiPi 

U+ xp = xipi — x^p^ U+ yq = x^p^ — x^pi CT + zr = XsP^ — x^p^ 
wo U= xp + yq + zr ist. 

Ich sagte, dass die projektiven Gruppen in 12, beinahe alle bekannt seien, 
denn Lie und seine Schuler haben eine Anzahl derselben ausgerechnet und die 
Methoden angegeben, die zu deren vollstandigen Feststellung anzuwenden sind ; 
aber so viel ich weiss ist das noch nicht im Einzelnen durchgefuhrt worden. 

Diese Methode befolgt man in den moisten Fallen in denen die linearen 
homogenen Gruppen in R^ zu bestimmen sind (indem wir uns der Resultate der 
*' Transformationsgruppen " III, Abteilung III bedienen). Bei den primitiven 
Gruppen in R^ konnen wir die erste Methode anwenden, da Lie zwei dieser 
Gruppen bestimmt hat und die ubrigen neun von J. M. Page (American Joum., 
1888, Leipz. Dissert., 1888) ausgearbeitet worden sind. 



Gruppen in R^: Die Gruppen, welche die Richtungen eines Punktes von 
allgemeiner Lage in ^4, der fest bleibt, transformiren, sind I, II und III : 



Pk] XiPf,; XiU'j x^U; x^U; xJJ\ (», h= 1 4) 



Wie gebrauchlich ist U=^ a?ijPi« Dieses ist die allgemeine projektive 



Gruppe in R^ 
II 

18 



<-i 



4- 



Pkf^iPkf (i, A = l 4) 
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Dieses ist die allgemeine Uneare Gruppe. 

m 



Pki XiPki Xipi - XjcPu (». ^= 1 4) i^k 



Dieses ist die spezielle lineare Gruppe. 

Die einzigen Glieder in I und II, die wir gebrauchen konnen, sind : 

XiPk, {i,k = l 4). (2) 

Bilden diese fur sich allein eine Gruppe ? Bilde den Klammerausdruck von 
Jacobi : 

i^iPkf ^i'Pk^> 

Nun ist Pi, {Xi) •=• oder 1 je nachdem Tc^^i oder A; = i' ist. Ebenso ist 
^, (jt<) = oder 1 je nachdem i/ :^ i oder ^ =: i ist. 

Ein wenig Nachdenken fiihrt uns zu der Ueberzeugung, dass (2) in der That 
eine Gruppe bildet. Wir haben festzustellen, ob diese Gruppe integrabel ist oder 
nicht. 

Dass (2) eine Gruppe bildet liesse sich schon daraus schliessen, dass II aus 
zwei Arten Glieder besteht, p^ — Translationen und sc<jpjk— Rotationen ; es ist 
klar, dass eine jede derselben fiir sich allein eine Gruppe bildet, doch kann 
diese Methode nicht immer angewendet werden— so z. B. nicht bei I — und ist es 
desshalb besser die allgemeine Methode zu gebrauchen, welche sich auf alle 
Falle anwenden lasst. 

Die emzigen Glieder in III enthalten, welcher wir uns bedienen konneu, 
sind: 

i^kf (iA; = 1 . . . . 4) . I 

Da [xiPi,, ZiPi — a:fcpj= — 2xip,, ist, folgt daraus, dass die Glieder (4) 
eine Gruppe bilden. Wir haben festzustellen, ob diese integrabel ist oder nicht. 



Die Gruppen, welche eine Plache zweiter Ordnung invariant lassen, sind 
IV, V, VI, VII und die imprimitive Gruppe VIII. 



IV 



PuXiPic — x^Pi {iyk—\ 4) 
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Dieses ist die Gruppe der Euklidischen Bewegungen und Aebniichkeits. 
transformationen. 



P. Je<i>» — a5ti><. U (»,&=! 4) 



VI 



Pi — XiU,XiPu—XuPi (», A = l 4) 



Diese Gruppe lasst a^ + a| + aH"a^=l invariant. 



VII 



»., XtPi — XuPu ^. 2x, 'U—p'^7?i (», * = 1 . . . . 4) 



i=i 



Dieses ist die Gruppe der conformen Transformationen. 
Wir kdnnen ihnen die imprimitive Gruppe beiftigen ; 



VIII 



^iVx + «8 Vl> O^lPl — <^»P» + X,pt — XtPi , X,p, + XiPi, 

«4P% + «>iPt> —ociPi + «iPs + XtPa — XiPt, x,pi + XiPt U 



(4) 



welche x^^ — x^x^ = invariant lasst. 

In IV und V I konnen wir noch folgende Glieder anwenden : 

^iPh — «kPi 

und in V und VII folgende : 

XiPi — XicPi, U. (6) 

Es ist sehr leicht zu beweisen, dass (5) eine Gruppe bildet, von welcher (4) 
eine Untergruppe ist. Wir miissen nach der Integrabilitat dieser Gruppen 
forschen. Es ist nebenbei zu bemerken, dass wenn (4) nicht integrabel ist, (6) 
es auch nicht ist. 

Dieselbe Untersuchung muss mit VIII vorgenommen werden. 



Die Gruppen, welche eine Curve dritter Ordnung wie 
in .^8 invariant lassen, sind IX und X. 



(6) 
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IX 



Pk^ XiPi—^%Pz + 3 ^x^Pi — XzPz), x^pi + 2xip^ + Sx^Pz, 



und deren Untergruppe 



Pkf ^iPi — ^P% + 3 i^iPi — ^sPs)^ ^iPi + ^P% + ^^Pz 
ix^Pu +a8i>«+3aip4. 



Hier brauchen wir nur die Glieder p^ wegzulasBen und was ubrig bleibt, 
bildet augenscheinlich eine Gruppe. Was von X librig bleibt, ist schon eine 
Gruppe von drei Parametern und wir konnen gleich EngePs Lehrsatz (§2) darauf 
anwenden. Und da die Glieder von X mit U vertauschbar sind, folgt daraus, 
dass dieselben Schlusse auf IX passen. 



Die Gruppen, welche den linearen Complex 

dz + xdy — ydx = 

invariant lassen, sind XI und XII. 



(7) 



XI 



XaV\ — x^Pz, XiP^+o^Pi, aJijPsi ^\Pi — ^%Pt^ ^Piy 
XsPi + x^Pif XiP^ — XiPif x^p^, XiPi, x^Pz — x^PiU 



und deren Untergruppe 
XII 



XiPi — x^Pz, aJ^B + ^iPsi ^iPt^ a^iFi — araft, Ojjpi, 
^Pi + ^Pi^ «8l>« — ari^4» OsJP** «iP2» «iPb — «4i>4- 



Wie bevor, miissen wir die Integrabilitat von XII erforschen und es lassen 
sich dieselben Folgerungen auf XI anwenden. 



UeberblicJc: Wenn wir uns kurz fassen, mussen wir in Betracht ziehen : 
jj I die Glieder 



XiPu 
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III die GUeder 
Yj [ die Glieder 



V 
VII 



I die Gli 



Glieder 



a!*/>»i 


«iPi — 


■x„Pt 


• 


^h 






XiPk 


— Xtp 










Z,ft — 


XkPu 


u 





VIII alle Glieder. 

IX ) 

^ > alle Glieder auaser^. 

xr^rj > alle Glieder. 

Diesen konnen wir noch die imprimitive Gruppe (TransformationBgruppen 
III, p. 214) 



XIII 



^aP\^ «4l>»» «4l>»> Sxajpi+x,^,, Xipi — argj^g, 



beifugen, welche den unendlich femen Kegelschnitt 

054=0, ariOg — ar|=0 
invariant lajsst. 

Bemerhung : Es wird fur spater von Nutzen fiir uns sein, wenn wir uns 
merken, dass die invarianten Configurationen der angefuhrten Gruppen entweder 
zweiten oder dritten Grades sind. 



%4:.— UebeT dreigliedrige Vntergruppen. 

Ueihoden zur Bestmmung der dreigliedrigen Vhtergruppen. Der nachste 
Scbritt wird sein, zu bestimmen, ob die Gruppen in §3 integrierbar sind oder 
nicht. Wenn die Gruppe integrierbar ist, so kann die Gleichung, welcher die 
Gruppe entspricht, mittels Quadraturen integriert werden, andern Falls ist die 
Gleichung nicht so einfach zu losen. Die allgemeine Methode (§2) besteht darin, 
die dreigliedrigen Untergruppen der gegebenen Gruppen zu bestimmen und 
nachzusehen, ob sie isomorph sind mit der dreigliedrigen projectiven Gruppe 
mit einer Yariabeln. Es gibt zwei Methoden fur die Bestimmung : 
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1) Man nimmt die projectiven Gruppen im dreidimensionalen Raum und 
ihre Untergruppen, wie sie Lie in den Transformationsgruppen (III; Abteilung 
III) gegeben hat, und geht, indem man die Uebergangsformeln von §3 anwendet, 
liber zu den linearen homogenen Gruppen und Untergruppen im vierdimensio- 
nalen Raum {B^). 

2) Man wendet die algebraische Methode an, wie sie Lie in den Transfor- 
mationsgruppen (I, pag. 208) gegeben hat 

Die letztere Methode ist gewohnlich so lang, dass man sie nur anwenden 
wird, wenn andere Methoden versagen. 

Methoden der derivierten Gruppen : Weil unser letztes Ziel ist, zu bestimmen, 
welche von den Gruppen in R^ nicht integrabel sind, und welche — wenn es uber- 
haupt solche giebt — integrabel sind, so konnen wir vom folgenden Lehrsatz 
Gebrauch machen : * 

Eine r-gliedrige Gruppe ist dann und nur dann integrabel, wenn ihre r^ 
derivierte Gruppe sich auf die Identitat reduciert. 

Der Vorteil dieser Methode liegt in der Thatsache dass, falls die Gruppe 

integrabel ist, die erste derivierte entweder X^Xf^ X^^i ist, oder in ihr 

enthalten ist. Diese Bedingung ist notwendig, aber nicht hinreichend. Daher 
konnen wir ohne weiteres sagen, dass, wenn alle Glieder JTi . . . . X,. wieder 
erscheinen, die Gruppe nicht integrabel ist. Oder wenn notig, so konnen wir 
das Verfahren wiederholen und finden, dass, obgleich in der ersten derivierten 
Gruppe ein Glied z. B. X,. fehlt, die zweite derivierte Gruppe alle Glieder enthalt, 
welche die erste derivierte Gruppe schon enthielt, und dass daher die r*® deri- 
vierte Gruppe sich nicht auf die Identitat reduzieren kann. Der Grund hiefur 
ist, dass die zweite derivierte Gruppe zwei Glieder weniger enthalten muss, als 
die gegebene Gruppe. Es wird kaum notig sein, zu erwahnen, dass die Bezeich- 

nung Xi Xr keine feste ist, sondern dass irgend eine der infinitesimalen 

Transformationen mit irgend einem X, bezeichnet werden kann, und wenn die 
successiven derivierten Gruppen gebildet sind, so konnen wir jederzeit die infini- 
tesimalen Transformationen anders benennen. 

AUgemeiner konnen wir sagen : 

Wenn die (r — k)^ derivierte Gruppe {Jc < r) alle Glieder der {r—k+ 1)^ 
derivierten enthdU, so ist die gegebene Gruppe nicht integrahel. 



• Vergl. Lie-SchefPers.— Contin. Gr., pag. 648. 
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Wenn r gross ist, so wird diese Methode langwierig, besonders wenn fc ]> 1 
ist, und die Methode mit Hulfe der dreigliedrigen Untergruppen ist dann ele- 
ganter. 

Komhinierte Methode: Im besonderen finden wir mittelst dieser kombinierten 
Methode einen ausgezeichneten Ersatz fiir die Normalisierung der dreigliedrigen 
Untergruppen, wo man nachsieht, ob sie die Struktur der dreigliedrigen projec- 
tiven Gruppe mit einer Variabeln haben. Mit Riicksicht auf die obige Bemerk- 
ung ist r = 3 and A: < 3 ; daher brauchen wir nur die erste derivierte Gruppe 
der betreffenden dreigliedrigen Untergruppe zu bestimmen ; wenn alle drei 
Glieder XjXgXg wieder erscheinen, ist die Gruppe sicher nicht integrabel. Um 
behaupten zu konnen, dass die Gruppe integrabel sei, miissen wir diese Methode 
auf alle dreigliedrigen Untergruppen der gegebenen Gruppe anwenden und 
zeigen, dass Tceine von ihnen perfekt ist. 

§5. — Ueher die Integrabilitdt der Qruppen, 

Wir woUen nun die Gruppen betrachten, die wir am Schlusse des §3 zusam- 
mengestellt haben. 

1) Greifen wir die spezielle lineare Gruppe heraus 



^iPky ^iPi—^kPk 



(1) 



und betrachten nur die glieder 

80 konnen wir leicht mit Hiilfe des Jacobi'schen Klammerausdruckes verifizieren, 
dass sie eine Untergruppe der gegebenen Gruppe bilden, und dass diese ihre 
eigene erste derivierte Gruppe ist, woraus dann der Satz folgt : 

Die spezielle lineare Tumiogene Gruppe in E^ ist eine nicht integrabele Ghruppe. 

Wie wir bereits gezeigt haben, schliesst dieser Satz den Fall der allgemeinen 
linearen homogenen Gruppe in sich und entspricht der Bedingung am Ende des 
§4, wo bewiesen wurde, dass eine Gruppe sicher nicht integrabel ist, wenn sie 
eine nicht integrable Untergruppe enthalt. 

2) Weil 

XiPk—^kPi (2) 
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eine Untergruppe von 

(3) 



Xipjt — Xj,pi, xipi + x^pfi + xspn + x^p^ 



ist, so folgt durch dieselbe Eette von SchluBsen, dass (5) nicht integrabel ist 
vorausgesetzty dass (3) es nicbt ist 
Wahlen wir die Glieder : 

^i = XiPi — X2Pu ^% = XiP4 — x^p^, ^$ = X2Pi — X^Pfi (4) 

so haben wir eine dreigliedrige Untergruppe, und 

(X,X,)=-Z„ (X,X3)=X„ (X,X,) = X, (5) 

d. h. ihre dritte derivierte Gruppe kann sich nicht auf die Identitat reducieren, 
und daher ist diese dreigliedrige Untergruppe perfect, woraus folgt : 

Die betrachteten primitiven Gruppen in R^, wdche eine FMche zweHer Ordnung 
invariant laseen, sind nicht integrabel. 



Unter den dreigliedrigen Untergruppen von VITI, §3 ist eine 

■^1 = X^Pi + X^ps, Xjj = Xypi — X^Pi + aJg^s— ^iPi^ ^3 = «8i>« + ^Pi^ (6) 

Ihre Zusammensetzung ist : 

{X,X,) = X,, (X,X,) = — X,, {X,X,)=2X, (7) 

und daher kann ihre derivierte Gruppe sich nicht auf die Identitat reducieren, 
woraus folgt : 

Die imprimitive Gruppe VIII^ wehhe die OberJUiche oc^x^ — XiX^ = invariani 
Idsstf ist nicht integrabel. 

3) Genau dieselben Schliisse, wie oben, zeigen dass, wenn X nicht integrabel 
ist, es auch IV nicht ist, 
Bezeichnen wir 

— 2Za= xipi— x^p^+Zix^p^—x^p^), 

Xi= x^p^ + 2xip^ + 3 x^p^, } (8) 

X,= 2xii>i+ «,!>«+ 3 SC1JP4, 

so folgt: (XiX,) = X,, {X^X,)=2X,, {X,Xs) = X, (9) 



I 
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welche wiederum die Structur der Projectiven Gruppe der Qeraden ist. Daher 
der Satz : 

Die Gruppen IX und X, todohe die Baumcurve dritter Ordnwng 

aj,aj4 — a^ = 0, sc,a5 — icj=0 

invariant lassen, sind nicht integrahel. 

4) Die Untergruppen der Gruppen XI und XII, welche den linearen Com- 
plex dz + xdy — ydx = invariant lassen, eind vollstandig behandelt worden 
von Knothe.* Dreigliedrige Untergruppen existieren nur, wenn kein Punkt 
invariant bleibt (siehe auch Lie-Engel, III, pag. 295). 

Wenn keine gerade Linie invariant bleibt, bo bleibt eine Raumcurve dritter 
Ordnung invariant. Aber wir haben bereits (in No. 3) gesehen, dass in diesem 
Falle die Gruppe nicht integrabel ist. 

Wenn eine gerade Linie invariant bleibt, so ist sie eine Complexgerade oder 
eine Nichtcomplexgerade. 

Wenn sie eine Nichtcomplexgerade ist, so ist die grosste zugehorige Unter- 
gruppe von XI und XTI : 



^\P%^ ^lPl — ^P2> ^Pl^ ^iPsf ^PZ ^iPii ^dPi' 



(10) 



Ibre Untergruppe 

Zi = xtPi, X, = x,p, — XtPi, Xj = x^pi 

hat die Zusammensetzung 

(XiJQ)=2Xi. (XiJr,) = -X„ (2X,X,) = 2X, 



(11) 



(12) 



und ist daher nicht integrabel. 

Wenn die gerade Linie eine Complexgerade ist, haben wir den Pall der 
Euklidischen Bewegungen und Aenlichkeitstransformationen, welche wir schon 
(in No. 2) betrachtet haben. 

Wir schliessen daraus : 



* E. Enothe, Arohiv for Mathematik og Naturvidenskab, Bd. 16, 1892. 
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Die Gruj^pen X/, X//, tvelche den Knearen Gomphx 

dz + xdy — ydx = (13) 

invariant hssen sind nicht integrabel. 

5) Es bleibt noch die Gruppe XIII welche den unendlich fernen Kegel- 
schnitt 0:4 = 0, jciOg — a^ = invariant lasst. 

Unter anderen enthalt sie die dreigliedrige Untergruppe 

Xi = 2x^p^ + 0,^3, X, = Xip^ — x^pt, — Xs = 2xsp^ + aJijps (14) 
von der man sofort erkennt, dass sie, wie folgt zusammengesetzt ist : 
(X,X,)=Xi, (X,X,)=2X„ (X,X,) = X, 

und, wie oben, folgt dann : 

Uie Gruppe XIII, welche den unendlich femen Kegelachnitt 

«4=0, flCjajji — a^ = 

invariant Idaat, iat nicht integrabel. 

AUes zusammengefasst haben wir also :] 

Alle Grruppen in der ZwammensteUung in §3 sind nicht integrahel. 



Es ist vielleicht von Interesse, einen Ausnahmsfall zu den obigen Gruppen 
auszufiihren, namlich eine integrabele Gruppe. 
Betrachten wir die Gruppe : 



XIV 



X3 = a:4^, + 3xii>8, X^^Xipi + x^Pi + x^Pt + x^p^^ 



welche die Cayley'sche Oberflache 

3xiac8»4 — «i»4 — 2a:f = (16) 

invariant lasst. 

Die Gruppe X^X^X, X4 enthalt XjX, X, als eine invariante Untergruppe, 

und diese Gruppe ihrerseits die invariante Untergruppe X^ X, und daher gilt : 
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Die Gruppe, welche die Gayhy^sche OherflSch^ dritter Ordnung 

Sxioc^x^ — x^ai— 20^ = (17) 

invariant lasat, ist integrabel. 

§6. — Beioeis doss die Gruppen algehraisch aind: 

Erate Methods: Nach dem, was wir in §2 angefuhrt haben, haben wir una 
nur auf algebraische Gruppen zu beschranken. 

Die Gruppen in §3 sind homogen, aber weil wir uns ausschliesslich nur mit 
infinitesimalen Transformationen beschaftigt haben, so miissen wir uns uber- 
zeugen, dass sie wirklich algebraische Gruppen darstellen. 

Es ist unnotig, diese Untersuchung fur alle Gruppen des §3 zu machen, und 
wir wollen andeuten, wie wir uns von dieser Thatsache iiberzeugen konnen. 

Nach den wohlbekannten Lie'schen Methoden (Continuierliche Gruppen, 
Kapitel 7) konnen wir die endlichen Gleichungen der Gruppen thatsachlich aus- 
rechnen, und uns uberzeugen dass sie algebraisch sind. 

Zweite Methods: In §1, Gl. (4) haben wir eine angegeben, um die endlichen 
Transformationen zu finden. Diese Methode konnen wir hier sehr gut anwenden, 
da wir ja in jedem Falle das invariante Gebilde kennen. 

Betrachten wir als Beispiel der Untergruppe von YIII, indem wir das Glied 
U weglassen. Sie stellt eine sechsgliedrige Gruppe vor, welche die Oberflache 
XfX^ — Xi sc^ = invariant lasst. 

Urn die endlichen Gleichungen dieser Gruppe zu bestimmen, schreiben wir : 

aizi — Xiajg = ar, x^ — xioc^, (l) 

d. h. ausfiihrlich : 

(«8i«i + a»as + «88«8 + a»4a^4)(«4iai + «4»a?« + «4»«8 + (^u^i) 

— («uai+ ai3»i+ (^is^+ <^iiX4){<hi^+ ««ar2+ anXt+ auX^) = x^x^'-x^x^. (2) 

Dies giebt uns zebn Gleichungen zwischen den sechszehn Grossen a, und 
wir konnen daher zehn von ihnen als Funktionen von den sechs iibrigen als 
unabhangigen Variabeln bestimmen, was beweist dass unsere Gruppe sechs 
unabhangige Parameter enthalt. 

Es ist aber begreiflich, dass Falle vorkommen konnen, wo es unmoglich ist, 
^ine gewisse Anzahl der Parameter, sagen wir r, als Funktionen der iibrigen 
16 — r darzustellen ; aber diese Unmoglichkeit kann hier nicht vorkommen, wie 
die andere Methode zeigt. 
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Daraus folgt : 

Wir kdnnen die endlichen Oleichungen unserer Ghruppen hestimmen^ indent voir 
simuUane algebraiscTie Oleichungen aufldaen. 

§7. — Tnvariante Untergruppen. 

Gemass unserer allgemeinen Theorie reduciert die Adjungierung der Inte- 
grale einer Hiilfsgleichung die Transformationsgruppe zu einer invarianten Unter- 
gruppe (siehe §1). Die Kenntniss der invarianten Untergruppen ist daher not- 
wendig zu vollstandigem Verstandniss der Natur der auszufuhrenden Reductionen. 

Unter einer iw-gliedrigen Untergruppe der r-gliedrigen Gruppe -Tj . . . . X^ 

verstehen wir, dass 

[X4-Srj=Xg, i,Jc,8=l m. (1) 



Die Untergruppe ist invariant, wenn 



(2) 



Die allgemeine lineare Gruppe enthalt als invariante Untergruppe die spe- 
cielle lineare Gruppe, die letztere keine invariante Untergruppe. 

V hat IV zur invarianten Untergruppe, wahrend die letztere keine inva- 
riante Untergruppe hat. Wenn die Anzahl der Parameter klein ist, wie meist 
in diesen Fallen, so konnen wir, in Ermangelung anderer Methoden, alle mo- 
glichen linearen Combinationen der Transformationen bilden (in diesem Falle 
alle mSglichen linearen Combinationen von 6, 4, 3, 2 Gliedern), dann nachsehen 
ob sie, gemass (1), Untergruppen bilden ; und, wenn dies der Fall, so zeigt (2), 
wie man findet, ob sie invariante Untergruppen sind. 

VIII hat als invariante Untergruppen : 



^iPi + ^iPs, ^lPl—^P%+^P9 — XiPi, ^Pf + ^lPi 



und 



^iPi+^iPzf —XiPi + XiP%+ ^zPs — XiPi, ^zPi+^Pi 



(3) 



(4) 



Diese Tatsache ist auch leicht zu verificieren, da ja YIII dieselbe Structur 
hat, wie die projective Gruppe : 



p, xp, a^p, q, yq, j^q 



(6) 



«*JP1. 


\pt^ 


'Kipi, 


2aJ8l>i+»j!P«. 


aiPi— 


a^i^a. 


2a5,ft+»2iJ3 






««P1. 


«4P». 


«4Ps. «i;>i + 


aijPs + a?,^ 


■\-«iPi 










a5«i'i. ««i>8. 


«4P8 
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Die Gruppe IX hat X als invariante Untergruppe, und X hat keine inva- 
riante Untergruppe, well sie genau dreigliedrig iat, und wir gesehen haben, dass 
sie nicht integrabel ist. 

XIII hat als invariante Untergruppen : 

' (6) 

(7) 

^ (8) 

XI hat XII als invariante Untergruppe. 

Endlich enthalt XIV, weil sie integrabel ist, eine dreigliedrige invariante 
Untergruppe, und die letztere eine zweigliedrige invariante Untergruppe. 

ni. KAPITEL. 

Anwendungen. 

Einleitung. Wir miissen nun gemass §1 voraussetzen, dass jede Gruppe der 
Reihe nach die Transformationsgruppe unserer Differentialgleichung ist und jetzt 
sehen wir mit Hulfe unserer gruppen-theoretischen Untersuchungen, dass wir 
drei Arten von Problemen vor uns haben, welche wir folgendermassen formu- 
lieren konnen : 

1) Die Reduction zu untersuchen, die aus der Existenz der speciellen line- 
aren Gruppe als eine invariante Untergruppe der allgemeinen linearen Gruppe 
folgen. 

2) Die Eigenschaften unserer Differentialgleichung zu untersuchen, wenn 
eine cubische Relation zwischen den Integralen invariant bleibt. 

3) Die Eigenschaften unserer Differentialgleichung zu untersuchen, wenn 
eine quadratische Relation zwischen den Integralen invariant bleibt. 

§8. — Erete RediM^Hon, die sick aua der Existenz der spezidlen linearen Gruppe 

ergiehU 

Statt mit Hiilfe der vorigen Methode den Satz zu beweisen : " Eine lineare 
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Differentialgleichung 4. Ordnung kann mit Hiilfe einer Quadratur auf eine nicht- 
lineare Differentialgleichung 3. Ordnung reduciert werden," wollen wir gleich 
den allgemeinen Satz: ''Bine lineare Differentialgleichung n^' Ordnung kann 
mit Hiilfe einer Quadratur auf eine nicht lineare Differentialgleichung (n — 1)^ 
Ordnung reduciert werden," beweisen. 

Die Differentialgleichung rt^ Ordnung : Betrachten wir die allgemeine lineare 
Differentialgleichung n*®' Ordnung : 

Ihre Transformationsgruppe ist die allgemeine homogene lineare Gruppe mit 
n Variabeln und n^ Parametern. Diese Gruppe enthalt eine invariante Unter- 
gruppe mit n* — 1 Parametern, die spezielle lineare Gruppe. Diese letztere ist 
einfach. 

Aus der obigen allgemeinen Theorie folgt, dass diese Differentialgleichung 
mittelst einer Quadratur auf eine nicht lineare Differentialgleichung (n — 1)^' 
Ordnung reduciert werden kann. 

Die Invariante der speciellen linearen Gruppe ist : 

2>=|yiyr.--y!r-"| (2) 

welche IX + n/t| Z> = 

gentigt. Die gegebene Gleichung (1) soUte sich auf eine nicht lineare Differen 
tialgleichung {n — 1)**' Ordnung reducieren. Sei 

«=ii (4) 

80 konnen wir ohne weiteres aufschreiben : 

y'l = viyi + ^yi. 



yj"' wird m'"~*' und niedrigere Ableitungen von «, «" und y^ enthalten, und wenn 
wir diese Werte in (1) einsetzen, so erhalten wir eine Gleiuhung yon der Gestalt 

«<— »> +i)it«<— « +....+/,, = (6) 

wo ^ j3| ^« bekannte Funktionen der X und u sind. 
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Integrieren wir (3), so erhalten wir 

und integrieren wir jetzt (6) so ist hiemit die Gleichung (1) integriert. 

Fuhren wir dies genauer aus. Nehmen wir an, es seien t«i, tijB, 
ti, n + 1 Integrate der Gleichung (6). Setzen wir femer : 

yi y« Vn 
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(30 



w« 



so ist 



^ = yL±yi±. 



+ yL 



yi + y« + • ■ • + y» 

und daher 

und wenn man letztere Gleichung differentiert, folgt : 

[wi — ui + tii(t4 — Wi)]yi+ + [t*' — < + W|.(u — w^)]y^=0. 

Wenn wir im Ganzen n — 2 mal diiferentieren, und jedes mal t/i durch Utj/i 
ersetzen, so erhalten wir im Ganzen n — 1 homogene Gleichungen, und wir kon- 
nen daher schreiben : 

WO ^1 . . • ^n bekannte Funktionen von Ui , t^n > ti und ihren Ableitungen 

sind. Wir haben daher : 



Z? = 



y» » «iy,, (ni + ii5) yi , • • • • (w?"^^ + nut4"-» + . . . .)y« 

• • • 

• • • 

y», ««y». K + «l)y». • • • • «*"" + nuu^*-^ + • • • .)y» 

folglich D^y^yt y.n 

wo )7 eine bekannte Funktion der u und ihrer ersten n — 1 Ableitungen ist. 
Folglich ist: 

und daher endlich : 

y\ = pfi. y« = p?i, • • y» = p?., p = -D" Ui • • • • ^.j?)"*. 
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Das Auftreten der Wurzel riihrt davon her, dass die Integration von (2) 
und (6) die endliche Trans formationsgruppe der Gleichung auf die grosste gemein- 

schaftliche Untergruppe von D und i*^ . . . • -^ reduciert, d. h. auf die nicht 

yi yn 

continuierliche Gruppe, die durch die n Transformationen 

yi = fyi) y2 = m^ — Vn^^yn 

yro ^ — 1 = bestimmt ist. 

Soil die Transformationsgruppe von (1) die spezielle lineare Gruppe sein, so ist 
D rational bekannt ohne Quadratur, d. h. n\ oder ^^ selbst ist die logarithmische 

Ableitung einer rationalen Funktion (da e""/^***' rational ist) und wir brauchen 
bloss (6) zu integrieren. 

Wenn in der Gleichung bereits das zweite Glied , ^J^ fehlt, so konnen wir 
schreiben 

yi, yi» .•^- yi~"'^ 

D = 



yn, y'ny '-' y^i'^^ 



= 1, 



Die Differentialgleichung 4^ Ordnung: Speciell fiir die Differentialgleichung 
4*®' Ordnung, wo die constanten Factoren der CoeflBcienten die BinomialcoeflS- 
cienten sind, wird die Gleichung (5) : 

ti"' +S{u + 4Xi) tt" + 6 (ti« + 2^^u + X^)uf + 3w'" 

+ u^ + 4AX + 6X^u^ + AX^u + 3I4 = 0. (50 

Wenn wir diese letztere Gleichung in die zwei folgenden Gleichungen 
spalten 

u^'f + 3(w + 4X1) tt'' -h 6 (ti? + 2;iiU + a,) w' + 3w'* = 0, (6) 

u* + 4Xy + 6Xy + 4?^u + A,4 =0 (60 

so wird im allgemeinen ein Integral v^ von (6') nicht zugleich (6) uiid (6') 
befriedigen ; aber umgekehrt wird wenn t^ ein Integral von (6) und eine Losung 
von (6') ist, Ui auch (5') geniigen, und folglich wird 

ein Integral der gegebenen Diflferentialgleichung (1) sein. 
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Also gilt der Satz : 

Wenn erne Wurzel der algehraischen OJeichung (6') zugleich ein Integral der 
nicht Unearen Differeritialgleichung 3*^ Ordnung (6) w<, so iat sie die logarithmische 
Ableitimg einea Integralea der aUgemeiruen Unearen IHjfferenlialgleichwrig (1). 

So haben z. B. die nicht lineare Diflferentialgleichung 3*®' Ordnung, 
u'lf + 3 (tt— 2x) t*"+ 6 [u^ — xu — \)u' + 3w'" = 8 

und die algebraische Gleichung 4^*^ Grades 

tt* — 2xu^ — 3ti? + 4-5: (w — a?) + a* + 3a« = 

(wo Xeine beliebige Punktion von x ist), die gemeinsame Losung ?/i = x, und 
daher hat die Diiferentialgleichuug 

yj = ce^ zu einem Integral, wie sich leicht verificieren lasst. 

Allgemeiner: wenn zwei Integrale Ui und xi^ von (6) bekannt sind, so die- 
nen sie dazu, Xi und \^ in (6) und weiterhin Xg und ^4 in (6') zu bestimmen. 

Daher ist die lineare DifFerentialgleichung, von welcher y^ = e^"^^ undy^ =^'^ 
zwei Integrale sind, bestimmt. Die Trennung von (6') in (6) und (6') ist daher 
gleichbedeutend mit der Aufstellung zweier Bedingungen. 
So wird z. B. die Differentialgleichung 

befriedigt durch Uj = x und ti^ = 2x ; diese beiden Werte sind aber auch Wur- 
zeln der Gleichung 

^4_6a^ + l ^ ^ l2iB»i^»— (9a:» — 7x)w + 2x* — 6a;« = 

X 

und daher sind, wie man leicht verificiert, y^ = Cye^ und y, = 0^^ zwei Inte- 
grale von 

yiv _ 6^ + 1 y/// ^ i2aj«y// _ (9aa» _ 7a.) j/ + (2a;* — 6a^) y = 0. (1") 

Man woUe hiebei beachten, dass die coeflScienten in der gegeben Diflferen- 
tialgleichung (1) und in der algebraischen Gleichung (6') genau dieselben sind. 
20 
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Die Gleichung (5') kann auch zerlegt werden in eine lineare Differential- 
gleichung 3*®' Ordnung : 

u'" + 12;iiti" + eX^u' + 4XsU — (7) 

und in eine nicht lineare DiflFerentialgleichung 2*®' Ordnung : 

3mm" 4 6 (m + 2Xi) mm' + 3m'' + m* + 4A,iM^ + %X^u^ + X4 = 0. (8) 

Wenn v^ gleichzeitig ein Integral von (7) und (8) ist, bo ist e^"* ein Inte- 
gral von (1). 

Also gilt der Satz : 

Wenn die hgarithmische Ahleitung dee aUgemeinsten Integrals der Knearen 
Differentialgleichung 4*^ Ordnung (1) der nicht Knearen Differentialgleichung 

3mm'' + 6 (m + 2X1) uuf + 3m'* + m* + 4A,iM« + eXjM* + ;i4 = (8) 

genilgt, so genUgt sie auch der linearen Differentialgleichtmg S^ Ordnung : 

m'" + 1 2Xim" + 6X^u' + 4X^u = , (7) 

und wenn die hgarithmische Ahleitung dues Integrals von (1) der Gleichung (7) 
geniigt, so genugt sie auch der Gleichung (8) . 

§9. — ZweUe Reduction — Kubische Relation zvrischen den Inlegralen. 

Wir werden nun an Stelle von x in §3 setzen y, und annehmen, dass die 
Transformationsgruppe unserer linearen Differentialgleichung 4^' Ordnung den 
Typus IX hat. Die Invariante 3*®'' Ordnung ist gegeben als Schnitt der zwei 
Oberflachen : 

(1) y^,-y{ = Oder als (3) y^i-y'i = ^^ 

(2) yay!-y5 = o yJ-yJy4 = o. 

Das Problem kann jetzt, wie folgt, formuliert werden : 

Eine lineare Differentialgleichung 4^**** Ordnung zu integrieren, wenn man weiss, 
dass eine kubische Relation von der Form [3] zwischen ihren Integralen existiert, d, 
h. dass die Gruppe unserer Gleichung die Gruppe IX ist 

Da die fragliche Gruppe nicht integrabel ist, so ist es unmoglich, die Gleich- 
ung durch Quadraturen zu integrieren. 
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Da die Gruppe IX die Untergruppe X mit einem Parameter weniger enthalt, 
80 folgt auB der allgemeinen Theorie, dass die Integration unserer Gleichung von 
der einer Differentialgleichung 1*®' Ordnung abhangt. In der Tat werden wir 
sehen, dass es eine Riccati'sche Gleichung ist ; aber wir woUen zuerst die Differ- 
entialgleichung 2*®' Ordnung betrachten, deren Resolvente sie ist. 

Die Curve (3) kann mit Hulfe zweier Parameter, wie folgt, dargestellt wer- 
den : 

yi = ujti„ y8 = ttit4, ys — < y4 = «^, (4) 

da ja (1) und (2) geschrieben werden konnen : 

y% Vx^ y% ^' 

Nehmen Wit an, dass die Differentialgleichung 2^' Ordnung, fiir welche Ui 
und tig zwei unabhangige Integrale sind, die folgende sei : 

u" + Ku=.Q. (6) 

Urn die Differentialgleichung zu bilden, von welcher y^ y^ abhangen, 

setzen wir : 

y-v^ (6) 

und notigen Falls y* = t«J (t = 1 .... 4). 

Differenzieren wir (6) vier mal, indem wir mit Hiilfe von (6) die Ableit- 
ungen von u eliminieren, die hoher als die efste sind, so erhalten wir : 

yciv) = _ eoJSTW — 30^'tiV + (2iir« — sz") ti«, 

3^" = — 2lJSrwV — SiTw* + 6tt'', 

y' = 3wV 

y = ^' 

woraus dann folgt : 

y<iv> + lOKyf' + lOK'yf + 3 {ZK^ — SK")y = 0. 

Und nian sieht leicht, dass i4uf und u^t^ ebenso zwei Integrale von (7) sind, wie 
tif und t^. 

Nun konnen wir statt der Gleichung (i), zufolge der Substitution z = yer * 
screiben : 
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wo ^ = x, — ;ii — a?, 1 

p, = x,— 3aia, + 2;\^-xi', \ (8) 

p, = ^4 — 4^1^, + 6;ifx, — 3xt — 6x,ai + 6xfa{ + saf — a{", J 

adjungieren wir also er^^ unserem Rationalitatsbereich, so kann man die Differ- 
entialgleichung (a) als die allgemeine lineare Differentialgleichung 4*"' Ordnung 
ansehen. 

Vergleichen wir nun die Gleichung (a) mit (7), bo sehen wir, dass : 

K=ip^, K> = ip„ S{ZSy-K") = p^ (9) 

und wenn wir K eliminieren, so erhalten wir 

3;>* = 2p„ Pt- 2>i-{iypi = o (10) 

oder, durch die Coefficienten der gegebenen Gleichung ausgedruckt : 

xa — 2XiXi — 4a! + eXiX, + sx^— 2a, = o 



und 

^4 — 4XiXs + eafA, — 3X} — 6a,ai + 6^xi + sa]' — ai" 



(11) 



Wenn die zwei Relationen (11) zwischen den CoefScienten der gegebenen 
Gleichung, oder die zwei Relationen (10) zwischen den zwei CoeflScienten der 
Gleichung, in welcher das zweite Glied fehlt, existieren, so konnen vier Integrale 
geschrieben werden : 

yi = M5t^, y» = tAit4, ^8 = ^, y4 = wii (4) 

wo til und t^ Integrale der linearen Differentialgleichung 2^' Ordnung und 
ti" + ku= sind, und wo k sich aus einer der drei folgenden Gleichungen 
bostimmt : 

Diese letzten drei Gleichungen miissen zugleich bestehen konnen. 
Die von unserer Theorie geforderte Differentialgleichung 1*®' Ordnung ist die 
entsprechende Riccati'sche Gleichung. 

v^ + v^ + k = 0. (12) 

Die Relationen (11) ateUen die Bedingungen da/ur dar, does die Differential' 
gleichung {l)die Ghruppe IX ah ihre Tranaformationagruppe hahe (§1, 11). 
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§10. — Dritte Reduction — Eine qvadraiiache BelcOion zwischen den IntegrdUn. 

Die quadratische Relation y{ — y%y^=-O^Bi offenbar ein Specialfall von 

yiy» — ^3^4 = 0. (1) 

Um die Reduction der Difierentialgleichung welche sich daraus ergibt zu 
untersuchen, Bchreiben wir : 

(2) 
(3) 



t*" = au, 



y =«z. 



(4) 



Differenzieren wir (4) 4 mal UDd eliminieren wir mittelst der ersten zwei 
GleichuDgen die Ableitungen von hdberer Ordnung als der zweiten, so erhalten 
wir: 



y —w, 

yfi = (a + |8) «2 + 2t/a^, 

i/ii = (a' + fi<) ««+ (a + 3/3) u'z + (3a + /?) W, 

y^ = (a" + /3" + a*+6a^ + ^)uz + (2a' + 4/3') vfz 

+ (4a'+ 2/3')«2' + 4 (a +/3)ttV. J 



(6) 



Nachdem man — 1, U2, u'«, W, wV eliminiert, ergibt sich folgende Differen- 
tialgleichung 4^' Ordnung 

Beim Vergleichen mit der Gleichtmg (1, §1) erh&It man : 



-4X,= 



4X,= 



X,= 



a — /? 



, -3A,= (a+i3), 
(a + 3/3) -2 (a' + 



a — /3 



(7) 
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Gliicklicherweise lasst sich a leicht eliminieren und es entsteht : 

^'+ 4^1)3 = 3A^+ 6^,1^8— 2;i8. J ^^ 

Wenn wir ^ aus diesen zwei Gleichungen eliminieren, finden wir die Beding- 
ung, welche zwischen den Coefficienten unserer Differentialgleichung bestehen 
muss, wenn yiy, — yst/i^^O wird, mit andem Worten : wir finden so die Be- 
dingung, dass die Gruppe unserer Gleichung, die Gruppe VIII sein soil. 

Wenn Wi, tig, «i, z^ die Integrale von (2) und (3) eind dann werden die Inte- 
grale tmserer JDifferentiaJgleichung 4^ Ordnung sein : 

yi = tii2i, y2 = 'UAf y$ — y^f yi = 'fh^^ 

welche offenhar der verlangten Beziehung y^ y, — ysyi^^O genUgen. 



SCHLUSSBBMERKUNG 



Lie hat gezeigt, dass seine Theorie auf alle damals bekannten Methoden, 
Differentialgleichungen zu integrieren, eiii Licht wirft, indem sie alle diese ver- 
schiedenen aussehenden Methoden'unter einen Gesichtspunkt bringt. Aber wie 
wir bereits bemerkt haben, ist seine Theorie fiir die Diflferentialgleichung nicht 
so vollstandig, wie die entsprechende Theorie fur die algebraischen Gleichungen, 

Unsere Methode besteht kurz darin, moglichst viele der Gruppen in R^ zu 
bestimmen, und die resultierenden Reductionen zu untersuchen, indem man 
annimmt, dass jede Gruppe der Reihe nach die Gruppe unserer DiflFerential- 
gleiohung ist. Das Problem kommt daher natiirlicher Weise darauf hinaus, alle 
Gruppen in B^ zu bestimmen. 

Wir haben aus einer gewissen Anzahl dieser Gruppen, und zwar mebtens 
primitiven, die linearen homogenen Gleider berausgegriffen. Aber dies genugt 
keineswegs. Es ist namlich begreiflich, dass einige der weggelassenen Glieder 
in die linear homogene Form transformiert werden konnen ; und diese mussen 
daher, um unser Problem vollstandig zu losen, auch noch untersucht werden. 
Die linearen homogenen Glieder, welche wir betrachtet haben, bilden wieder 
eine Gruppe fiir sich. 

Um zu entscheiden ob die Gruppen integrabel sind oder nicht, haben wir 
EngeFs Theorieen (§2) und die Methode der derivierten Gruppen angewandt. 
Wir sahen, dass von den 14 betrachteten Gruppen, nur diejenige, welche die 
Cayley'sche Oberflache SoiiCgaj^ — a,a^ — 2a^ = invariant lasst, integrabel ist^ 

Unsere Ergebnisse scheinen daher anzudeuten, dass, wenn auch einige der 
Gruppen integrabel sind, bei den moisten dies noch nicht zutreffen durfte, und 
dass daher die entsprechenden Reductionen nur teilweise nicht voUstandige sind. 
Dies zeigt, dass wir im allgemeinen unsere Differentialgleichung nicht losen kon- 
nen durch Integration einer Anzahl linearen Differentialgleichungen 1*®' Ordnung, 
aber wir konnen das Problem der Integration reducieren auf die Integration 
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einer oder mehrer DifferentialgleichungeQ, die von niedrigerer Ordnung, als der 
4*^ Bind. 

Wie zu erwarten war, zeigte sich, dass alle Gruppen algebraisch sind, und 
wir sahen (§1, I ; §2), dass dies die einzige Art ist, mit der wir uns zu beschaf- 
tigen haben. 

Da die Gruppen in §3 entweder eine kubische oder eine quadratische Rela- 
tion zwischen den Integralen invariant lassen, so ergibt sich die Aufgabe, die 
entsprechenden Reductionen zu bestimmen. In §9 haben wir ein Beispiel einer 
kubischen und in §10 zwei Beispiele einer quadratischen Relation zwischen den 
Integralen. 

Es bleibt endlich noch die schwierigste Aufgabe (§1, IV) zu losen, namlich : 
'' die Oruppe einer gegebenen Differeatialgleichung zu bestimmen." Aber diese 
Aufgabe liegt zu weit asserhalb des Rahmens der vorliegenden Arbeit, und 
muss einer spateren Oelegenheit uberlassen worden."^ 



Ich ergreife die Gelegenheit gerne, Herrn Professor Burkhardt meinen 
besondern Dank auszusprechen fiir seine Liebenswiirdigkeit und seine anre- 
genden Ratschlage. 

ZtteOH, Aug., 1901. 

* Siehe dio Textnote, Seite 180. 
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The Logic of Relations, Logical Substitution Groups, 
and Cardinal Numbers. 

By a. N. Whitehead, 
Fellow of Trinity College^ Cambridge^ England. 



Preface. 



In Section I, the theory of logical equations is generalized ; any definite 
logical equation is proved to correspond to a definite class of relations [cf. *1*1 
and :A^1*2], and to each relation of the class corresponds a solution of the equa- 
tion. But from the relational point of view the theory is equally simple, whether 
the number of variables in the corresponding logical equation is finite or infinite. 
Accordingly, we obtain a theory of logical equations when the cardinal number 
of the variables has any infinite value. The solution of this general type of equa- 
tion is found [cf. •3*32 and •4*04]. This is efiected by the help of some 
important definitions [cf. •2*0, and •2*05, and •2*22, and •3*10, and 
• 3*20]. In •S, the application to equations with a finite number of variables 
is considered. 

In Section II, Cantor's theory of cardinals as developed in my paper 
on *• Cardinal Numbers " in Vol. XXIV, p. 367 of this Journal, is applied ; 
and after determining the cardinal numbers of various classes of relations in 
*10, in *11 the number of solutions of any logical equation is determined 
[cf. •11*13 and • 11 •25]. In •12, these results are considered for the special 
case of a finite number of variables [cf. •12^01, and • 12*02, and •12*2], and 
some examples for one and two variables are appended. In ^13, the following 
problem is considered : { is a given class, a and b are given classes contained in 
i, required the number of classes x contained in i such that the cardinal number 
of the class {a rs x) ^ {b rsx), where x is the part of i not a, is some given 
number a. This number is determined [cf. • 13*20 to •13*24]. Thence 



158 Whitehead : The Logic of Relations, 

[cf. ^13*30], with the same suppositions, the sum of the following series is 
determined : 

x)i 

These two sections are written out in the notations of Peano and Russell, 
explained in the memoir on ''Cardinal Numbers'* (loc. cit.). 

Section III considers the orders of the Logical Substitution Groups, consid- 
ered in my memoir on ** Symbolic Logic," in Vol. XXIII, p. 297, of this Journal ; 
the order of the complete group is 24*** (cf. *20*1) ; the order of the identical 
group of a function with invariants e^, s^, a^, s^ is 

24'' A^ '4) X Qi^i Ci^'ii^^iH^'i) y x4!^ i'i'^h)^ 

Also the orders of other groups are determined. 

Section IV deals with some properties of a certain simple type of substi- 
tutions. 

My memoir on ** Symbolic Logic" in this Journal, Part I in Vol. XXIII, 
p. 140, and Part II, Vol. XXIII, p. 297, is always cited as Symb. Log., Part I 
or Symb. Log., Part II ; the memoir " On Cardinal Numbers " in Vol. XXIV of 
his Journal is cited as Card. Numb. 

Seotiok I. 

• 1 i, Af els, P^rel. n)i.^3 A.)**- 

•1 equ (i, A, P) = rel rs 22^ [p = i. ^D A. fiP) 0*]. Df. 

Note : 5 PD 0\ = . jBPD 0* [cf. Card. Numb., Section II, 2-13] . 
Here **equ " is contracted from ** equation." The connection between 
this definition and the ordinary theory of logical equations is most 
easily seen from the next proposition, 

•2 equ(i, h, P) = rel r\ R3[p = i .p^hikeh.^ik^nk r\pk = A], 
[•l*l. = .Prop.] 

Note : To establish the connection between these propositions and 
the theory of logical equations, consider h as the class of indices not 
necessary finite or denumerable in number : i is the class called the 
universe, and all the classes appearing in the equation as factors or as 
summands are contained in i ; P is the relation determining the known 
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coefficients of the various terms, thus tJc may be written a^^ where a^ is 
a known class contained in i and corresponding to the index k ; since 
7C 3 A and is not necessarily equal to A, it may happen that a^^ = A ; R 
is the relation determining the unknowns of the equation, thus : let 
fk be written Xu, where xjc is a class contained in { and corresponding 
to the index k: then •I'l and the general hypothesis assert that for 
every product of the type ak rs x^ we have 

a* ^ a^jk = A , 

and that the logical sum of all classes of the type Xj, is equal to i. For 
example, if the number of indices is two, so that (ih =2 and these indices 
are 1 and 2, then 

ai n Xi Vi*^ ag rs a, = A , Xx^ X2 = i. 

In logical equations, as ordinarily considered, we should also have 

X| n ajg = A , so that x^ = Si (putting x^ for i '^ Xi), and the equation 

becomes 

aj n aji Vi*^ Og n Xi = A. 

This further specialization of the general idea will be considered later ; 
but meanwhile we shall prove a series of propositions which belong 
equally to the more general conception here defined. 

• 2 t, Afcls. P^rel .n^i.Ti) Ao**« 

•0 b:)h.:).{b, diYP) = i r\x3{vix = h^b). Df. 

•01 ft^A.a^A'- J~7iO*(*, divP) = A, 

[Hp .^.^S[irsx3{h^b = vix).^. Prop]. * 
•02 n = h.^. {A, div P) = xB{vix = h). 
•03 7i -- = A . D • (A, div P) = A, 

[Hp .'y.^S[irsx3{vix = h).^. Prop] . 
•04 {h, div P)=i^n, 

[{h, div P) = i nx 3 (vix = A).'). Prop] . 
•05 {Nc, div P)=y3[ScWhrsb3{yz=(b,divP)\]. Df. 

Note: ** div "as contracted from ** divisional": the importance of 
a similar conception in relation to logical equations containing a finite 
number of variables was exemplified by W. E. Johnson in a paper read 
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before the International Congress of Philosophy, Paris, 1900, in the 
section dealing with " Logique et Histoire des Sciences " (published by 
Armand Colin, Paris). The definitions, -k 2*0 and -k 2*06, have essen- 
tial reference to i,h which are given in the general hypothesis; in 
other connections it might be necessary to express these classes and to 
write (6, divj P) for (6, div P) and {Nc, divl P) for {Nc, div P). 

•10 /*;?=» rel n Pi9(»ii = t:a;«».xPiy O -y = '«»)• Df 

*11 TCi:)c\8'h'^ 'n^ssiTi. 

*12 P^Nc-*l. 

•13 b:}h.:),{b, div P) = 7ti{h~b). 

*20 {Nc, div P)e clt^ excl, 

[P;e ^c-» 1 . D : a; P;y . aj' P^y. yoV. D . a;o' a:' : 3 . Prop] . 
•21 y^'{Nc, divP) = t, 

[xen.C.:b = h'^^x.:).xe{b, div P) :) . X6*(^c, div P), (1) 

• 2*04OJa:«»~«O.««(^. div P) . ) • x^{Nc, div P), (2) 
(1). (2). 3. Prop]. 

Note : The importance of the class {No, div P) depends upon 

• 2*20 and •2*21. 

•22 ^ s Nc. :}. {fi, div P) = X3 [3: c\B'hr>b3\be^,x = {b, div P)\}. Df. 
• 3 i,heclB.Peie\.n^i,7i^h.S equ(*, h, P).Be equ(t, A, P)0«*« 
•01 6)^.ac(6, divP).0jBA!O.*e&. 

[Hp .):oe».A~6 = 7ioOJ«*^~^0«««P*. (1) 

{l).xeh'^b,aBk.BP:)o\:).xo'k, (2) 

Hp.(2).3.PropJ. 
•02 (A, div P)=A, 

[ • 3^01 . p = t O : 6 D A . a^ (6 , div P) O . S" 6 : 3 . Prop] . 
•10 b:)h,S[{b, divP)0.(6,relP) = relr>^3[<T = (6, div P). 5)6]. Df. 

Note : {b, rel P), like (6, div P), refers essentially to « and h 
which are given in the general hypothesis. If it were necessary to 
render these classes explicit in the notation, we could write {b , reU P) 
for {b, rel P). 

•11 ^ s Nc. :). {fi, rel P) =xa [3 c\B'hnb3\be^.x={b, rel P)}]. Df. 
•12 (iVb, relP) = x3[a^cl8*An5a]x = (6, relP)}]. . Df. 
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•13 S^{Nc, relP). = .^erel.a'cl8*An6a[<T = (6, div P).or36]. 
•14 S,S'^{Nc, TelP).So'S',:)'.a rsa' = A.\j.a = a', 

[•2*20. •3^130.Prop]. 
•20 \ rel (Nc, rel P)x \ = rel Sa [ST {Nc. rel P^ rsM3{S=yj 'M)] . Df. 

Note : For an explanation of this use of the symbol X , cf. Card. 
Numb. •6^0. 

•21 Sc {rel {Nc , rel P)x } O • ff = W '{Nc, div P) = i. 
•22 Se \rel{Nc, rel P)^\,b:yh. a: (6, divP).)- 

Si = i{b, relP) n T3[xeb.:):xTy.=:.xSy']. Df 

•23 Hp •3^22 0.<T» = (J. divP).df06. 

•24 /Se{rel(JVc, rel P)xf .6)A. J'^A.io'fe'O.o^i r^<r^,, = A. 

•25 Se\ rel (Vc, rel P)>< ^ . ) • ^ ) *• 

•26 /S'eirel(JVc, relP)x}0.'S'PDo*, 

[xeS.:),S[ els' hr\b3\xsb.S[{b, diy P)\, (1) 

(I).a;^i80.i86(*, divP), (2) 

ze{b,diyP),zPy.:),yeh'^b, (3) 

(l).(2).(3)0:«'5i'y0.^cl8'An 63{a;«6.yeA~6} O.Prop]. 

•30 { rel {Nc, rel P)^ } D equ (*, A, P) , 

[•3^21. •3^25. •3^26 O.Prop]. 

•31 equ {i, A, P) ) {rel {Nc. r 1 P)x}, 
[J2eequ(i, h, P) . 3 •*• 

• 2^20. •2^21.a6t0.cl8*A rs b3{a6{b, divP)}el, (1) 

(l).*3^01.ae».6f 7c1b*A n 63 \as{b, div P)\ .aRk.:) .ksb, (2) 

(2) . 6) A .a" (J, div P) O . -Bi,9 [p» = {b, div P) . ^j ) * ••• 

as{b, div P),:)„:aRk. =.aB»&]6l r\cls*(6, relP), (3) 
p = » . • 2^21 . (4) O • -B « {rel {No, rel P)><f . ) .Prop]. 
•32 equ (», h, P) = {rel {Nc, rel P)xf , 
[•3'30. •3^310.Prop]. 

Note: 'A' 3^32 gives the general solution for the class of relations 
indicated by equ(i, h, P), in the sense that {rel(iVc, relP)'<f, which 
has been proved to be the same class, is defined by indicating a method 
for the construction of any member of the class, whereas the definition 
of equ {i, h, P) simply indicates the general property of any member 



162 Whitehead : The Logic of Relations, 

of the class : we have here an example of two different class-concepts 
with the same extension. 

We now proceed to specialize these ideas in the direction of ordi- 
nary logical equations. 

• 4 t , A 6 els . P 6 rel . 7t 3 i . Tt 3 A . 3^ equ (i, h, P) O •'• 

•0 Nc^l rs equ(i, A, P) = iVb->l rs Rb {p^i. p:)h . R P:)o*\. 
•01 b:)h.!I {b, divP)0.(6,iVb-^l, P) = Nc-^l rs (6, relP). Df. 

•02 {Nc,Nc^l, P)=ix3[3: cWhrsbB\x = {b, Nc^l, P)\}. Df. 

•03 \Te\{Nc,Nc-^l,P)x\ 

= Te\ nSB[S[ {Nc, Nc^l, P)^rsM3 \S=: rs'M\']. Df. 
•04 Nc^l r\eq\i{i, h, P) = jrel (iVc, iVb->l, P)^}, 
[•3^32 0.Prop]. 

Note: With the notation of the note on •1*2, we have, if 
ReNc-^1 n equ(t, A, P), 

^k rN Xfc = A, 

and the logical sum of all the classes of the type Xu is equal to i, and 
the logical product of any two different classes of the type x*, say Xjc 
and ajjfc/, where k is different from Jef, is nu 1, that is, 

ky Keh •ko*Jcf.'). Xjc ^Xjcf=: A. 

Thus the class of classes of the type Xj^ is exhaustive of i and the classes 
are mutually exclusive. For instance, if the number of indices is 2, 
so that he2j and if Xi is put for i^Xi, then Xj Vi*; X2=i and Xj rNX8=A ; 
hence x = i^ , and the equation becomes 

ainxiWa,rs5i = A. 

The general relation of the above theorems to logical equations with 
a finite number of unknowns is considered in the next set of propo- 
sitions *6^0 to •S^ll ; and equations with a finite number of variables 
are again considered in set if 12 

We shall use the following notation wherever the symbol i repre- 
sents a class 

x')i*'ygmX=^i^ X. 

• 5 i f els : X ) i . 3a. . 5 = i '^ X : r 6 iVc fin . 7* = -^c rs /3 5 (o < /3< v) : 

Psre\.n^i.vi^h.3^ equ(i, h, P)\ ^ bIi.'^ .a^=np I 
jB 8 equ ft, A, P).fi€h.^.Xp=:pP:^.\ 
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•0 a6iVc.0<A,<r .6 = tl VJ t2vj t3 VJ tXO* 

(6, div P) = tti n a| n n ttx rs a^+i ^ «A+a <^ ^ «,. 

[•2*0 •Prop]. 

•01 (A, div P) = ai n Og n n a^ = A , 

[• 2*0 . • 3-02 . Hp O • Prop]. 

.02 (A , div P) = tti n a, n n a^. 

•03 i£feA.il = Z3[a^An;i3(Z=ax)]. 

Note : /Si, /Sg, . . . aS^ are the symmetric functions of ai, a,, . . . , a. 
as defined in " Symb. Logic," Part I, §2 ; thus, /Si = aj vj erg vj ... vj a^ 
and S^^=^ ai r\ a^ C\ • • • ^a^. 

•04 S^—i. Df. 

Note : This definition is convenient to preserve the generality of 
certain formulae. 

•05 ^ 6 Nc.^<v.:).^\P, div P) = S,_f,r\S,^p^^, 

[• 2-22. • 5-0. • 5^03 O. Prop]. 
•06 aS', = A, [•5^01. = .Prop]. 
•10 E € equ (i. A, P) O • K ^ »i) ^ («i ^ ««) ^ ^ (a„ n a^) = A . 

arj^ar, VJ vj x^ = t, 

[Hp(*5)O.Prop]. 
•11 i26JVc->l nequ(t, A,P)0-*- •S^lOU, VeA. 

Xo*>l' • ) • Xx ^ ajv = A. 

Note : Comparing this with the ordinary type of logical equation, 
for instance, in two variables, 

{a r\ X r\ y) ^ {b r\ X r\ y) ^ {c r\ X rs y) ^ {d r\x r\ y) = A , 

we see that aji = a n y, Xg = a n y, a^s = ^ ^ y i x^^^x r\y. Thus 
x = a^vjcB|, y:=zxi^x^. Also for the comparison to hold, v must be 
a number of the type 2^ and then 6 is the number of unknowns in the 
ordinary logical equation. But whatever v may be, the equation 

(oj r» Xi) W (a, n a,) W U (a^ n a^) = A, 

where a:i i^ Og ^ ^ x^ = i and a^x r» sca' = A, (Xo* ^') can always 

be modified into an equation of the required type. 
22 
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For, lei S<v< 2*, and let a^+i, a^+a, a^ he each equal to i, 

so that 

then 1^ <[ ^ ^ 2* . jc/ ) i . a;^ /^ jba = A • ) • cca = A . 

Hence by adding on to Oi, a„ the (2* — v) terms a^+i, Og* (all 

equal to t), and to ajj, . . . . a?^ the (2* — v) terms a;^+i, ay (all 

equal to A) , we obtain 

(a^nxi)^ (a^nxt)^ VJ (a,« r» »,«) = A, 

where ari vj a^ vj w Xgi = i and aj^ n x^ = A , (Xo* V) , and 

»!, Xg, x^ can be any set of terms satisfying the unmodified equa- 
tion and can be no other set. Hence there is no loss of generality in 
supposing that v is always of the form 2^ The next set of propositions 
(^6) will deal with the generalization of this reasoning for the case 
when V may be infinite. 

• 6 i, he cIb.vs Nc.hev .ReNc-^l •p = t* p)AO •*• 

•10 3:Nc r^83{S<v<2^). 

•2 Pf rel • TO i . Tt 3 A . 5r equ (i, A, P) . 5 f iVb • 5 < 1/ < 2*. 
h'6cla.hnK = A.h^h' = 2'. 

P = irel ^ Pf3[7t!f:)i.n^f;)h^K.\Z6h.':):xFz. = .xPz.\ 
zbK.xbx. X, .xFzl . D : equ (t, h ^ hi, P) = equ (i, h, P). 

Note : This proposition, of which the proof is easy, shows that 
there is no loss of generality in always assuming, when convenient, v 
to be of the form 2*. 

Section II. 

The Cardinal Numbers of Various Classes. 

• 10 w, i; f els . ti rs I? = A O ••• 

.01 Oti, relOt?) = rel n223(p)w.p3t;). Df. 

•11 (u, rel, )(;) = rel r» 123(p = w.pDt?). Df. 

•12 Ow, rel,t?) = rel ni23(pDw.p = t?). Df. 

•13 (w, rel, v) = rel r\ R 3 {p = u . p = v). Df. 

•2 {u ;v) = (x, y) 3 {x 6 u . y B v) . Df. 
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•30 (iiu]v) = iiux (IV, [cf. Card. Numb. • 7*21] . 

•31 nOu, rel, D ») = (tt els' («;«)= 2''»x "•, [cf. Card. Numb. • 1 6^0] . 
•32 (I (w, rel, ) v) = (2"" — 1)"-, 

{xsu»').kg = l3 \l')ix^ ch'v^ I A. X si » I r\ cls'rel} .•. 
k=^p3 jS'tt r\ X 3 {^p =z k,)\ i") . k e (i u . k^ (I cls'r ~iA, (1) 

mek^.') ,:xeu.1),,m r\k,el:m'yu\J els' t>~tA.tt3m::). 

(ik^=(i{u,re\,-yv), (2) 

(Card. Numb. • 12^1) . (l) . (2) O • Prop]. 
•33 (lU + (iveNc infln .^«>-l.|ai7>-10« 

H (m, rel, D t>) = 2''"X'"' = (« () w , rel, v). 
•40 iVb -» 1 n (w , rel, ) t?) = t>", [cf. Card. Numb. • 14'0] . 

•41 II \Nc->l n («, rel, D «) } = /wr"", [cf. Card. Numb. • 14*1] . 

•51 (tt ^ iVo -> in 0«, rel, 3 tjf = (l +/*©)"", 

[mj6C7;0.^1-^c*1 n («, rel, D©)} =(i[t»)^ (1) 

(l)0./« {iVc->l n (Dw,rel,D»)} =2 (?;"xOtr/, (2) 

(Card. Numb. • 17^4) . (2) O • Prop] . 

.52 /* j 1 *JVc n ( D «, rel, ) ©)} = (1 + /* w)"". 

•61 /t«>l.^t7>10:(2'"'-*— 1)""-^ </<(», rel, «)< (2""— 1)"". 
(2"— 1 — i)"'-! < |M (w , rel, r) < (2''» — !)"», 
[a5fiM.ye©.^c(M~ta;, rel, ) » ~ t y) . JB' e rel . p' = t a . 

^' = ©~p(M~ta)O.^^O.i2^ ■8'e(M, rel. »). (1) 
(1) . jc e tt . y e « O • i« («, rel, ©) > /a (w ~ i a, rel, ) » ~ t y), (2) 

(2) . • 10^32 . (tt, rel, v) 3 («, rel, D r) . ) • Prop] . 
•62 ^tt>l.|Ki7>l.|«w+/Mre^c infin .) •/«(». rel. ») = 2''*^'", 
[• 10^6 lO. Prop]. 
• 11 », A e els . Pe rel . rt ) i . Tt 3 ^ . Sr equ (t, A, P) O •*• 
•0 /< equ (», A, P) = /ix { rel {No, rel P)^ } = /* |iVc, rel P\\ 
[•3^32. • 3*20 O. Prop]. 

•01 n equ (», A, P) = Jl/£ (/3 rel P)^ 

[(Card. Numb. •10*22). •ll^O. •3^11. •3^12.3 . Prop]. 
•11 b:}h.:).(i{b, rel P) = (2"" - i)M*.divP)^ 

[• 3^10 . • 10*32 . ) . Prop]. 
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•12 /? 6 iVc O • /^ (/?, rel P)x = (2^ — l)**- •o.diy p)^ 

[•3-11. •2-22. •11-11. (Card. Numb.* 10-22. •13*1)0. Prop]. 

-13 (I equ (i, A, P) = n (2^—1)'*^ ^'^'^'*\ 
[•11-01 .•11-12.). Prop]. 

Note : This is the general formula for the number of relations 
belonging to the class equ (i, A, P) , and thus also for the number of 
solutions of the corresponding logical equation. 

-21 ii\Nc^\nQ(\yi{i,h,P)]=iL\Te\{Nc,Nc^hP)^\-iL\Nc,Nc 
[•4-03 . • 4-04 . 3 . Prop]. 

•22 ii\Nc^\ nequ(i,A,P)} = IJ^(^,iVb^l, P)^ 

[(Card. Numb. • 10-22) . ) . Prop]. 
•23 6^A.^•|[^(6,^c->l, P) = (^6)'*<^<"^'>, 

[•4-01 . •3-10 .• 10-41 . ) . Prop]. 
•24 fi€Nc.:).ii {(3, Nc^h P)^ = /?->«»• divp,^ 

[•3-11 .•2-22 . (Card. Numb. •10^22 •13^1) . 3 • Prop]. 

•25 fi\Nc^l nequ(i,A,P)}= JI/i?''-:'(^'«^'>, 
[• 11^22 . • 11^24 . ) . Prop]. 

Note : This is the general formula for the number of relations 
belonging to the class JVb->l nequ(i, A,P), and thus also for the 
number of solutions of the corresponding logical equation. M. Poret- 
sky has given the number of solutions of a logical equation in one 
variable (viz., ar\x\jbrsx=:A) in the Revue de Math6matiques, 
Turin, Tome VI, 1896, in his paper, **La Loi des racines en Logique.". 
The solution given now holds for any finite or infinite number of 
variables. We proceed to state the propositions •I 1^1 3 and •11^26 
in forms convenient for the case where the number of variables in the 
logical equations is finite ; this case has already been partially con- 
sidered in • 6. 

• 12 Hp(^5).).^. 

•01 (iequ{i, A, P) = jj(2^ — l)'*<^--^-i5.-^ + D, 

P>v 

[•5-05.*ll'13.3.Prop]. 
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•02 /£|iVc^l nequ(i, A, P)} =:lJ|3''<^-^ ^i^-^+i), 

[ • 5*05 . • 1 1*25 . D . Prop]. 

Note: * 12*01 and •12*02 give the number of solutions of the 
two types of logical equation when the number of variables is finite ; 
• 12*02 is of fundamental importance, especially in the theory of 
Logical Substitution Groups, developed in Section III. It can be veri- 
fied (the number of variables being finite) by another method. 

•03 /tx^,«i€iVbinfinO-aequ(i, A, P)=/i ]iVc-^mequ(t, A, P)} = 2''^«-i 
[ttg, .... a„ eiVc . Oi + • • • • + a^sNc infin . ) • 

JJ (2^ — l)'P = jj /?«^ = 2^^ (i) 

/3>1 /3>1 

l<i3<rO-^.-^vj(/S'.^3n5_^+i) 

= S^^p sj S^-p^i = ^.-^+1. (2) 

+ i^(^on5i) = fx^_„ (4) 
Hp • (1) • (4) .•12*01 .• 12*02. 3 . Prop] . 

Note: This proposition is a great simplification of •I 2*01 and 
of • 12*02 in the most important case. 

•1 fieq\i{i, h, P)€Nc&n.(i {Nc-^l r\ equ (i, A, P)f fiVc fin : vj : 
(I S^^i 6 Nc infin, 
[Demonst (•12*03) . ) . Prop]. 

Note: It follows from •12*03 and •12*1 that the number of 
solutions of a logical equation is either finite or is a number not less 
than that of the continuum. 

• 2 2'**''-l<|[^ {iVb->l r\ equ(i, h, P)\<v^^--\ 

[• 1 2*02 . (demonstration of • 12*03) • ) . Prop]. 
Examples. (A) of • 12*02, 

{a r\x)\j {b n 5) = A. 
Here r=2, Si^= a\j b, ^, = an6 = A; hence the number of solu- 
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tions is 2***= 2'*^"'^^\ This example is the case given by Poretsky. 

(B) of •12-02, 

Here v=4, Si = aKJ b ^ c^ d, , S^ = ar\bf^crsd=Ai 

hence the number of its solutions is 

and iffiS^ is infinite, it follows from •12*03 that the number of solu- 
tions can be written in the simplified form 2'**», where 

/S3 == (a n 6) vj (a n c) vj (a n 5) 1^ (6 n c) vj (6 n 5) vj (c n 5). 

(C) of •12-01, 

{a r\ Xi) ^ {b r^ X2) = Ay xi^ X2 = i. 

Here r=2, 5i = avj6, S^=ia r\b^=A'j and the number of solu- 
tions is (2« — l)*** = 3'*^*-"*>. 

(D) of •12-01, 

(a n Oi) U (6 r» xt) ^ {c rsxs)\u{d rsx^)=:Aj Xi^x^ ^ x^ ^a= A** 

Here v= 4, Si = a\jb^ c^ d, , S^ = arsbrscrsd = A'y the 

number of solutions is 

(22 — 1)'*<««'^*»)X(2' — l)**^^* *^X(2*— 1)'**^ 

Since, in •12-02, the coeflBcients of the equation only enter into 
the answer through the invariants /Si, S,/it follows that all equa- 
tions whose left-hand sides are members of the same congruent family 
(cf. Symb. Log., Part II, §6), have the same number of solutions ; for 
instance, considering an equation with two unknowns, such as that in 
example (B) above, for the family of secondary linear primes (cf. 
Symb. Log., Part I, §3), Si=i, S^ = i, S^ = iy S^ — Aj hence the 
number of solutions is 1, as is otherwise known (cf. Symb. Log., Part I, 
§3). For the family of secondary separable primes, 5i = i, /^ = A, 
iS'8 = A, 8^-== A] hence the number of solutions is 3"*. This can be 
verified by considering the equation sc rs y = A . For the family of 
deficiency two and of supplemental deficiency two, /Si = t, iSj = »,. 
A88 = A,/y4=A; and hence the number of solutions is 2'*** This is 
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immediately obvious from considering the equation (in two variables), 
sc n (^ vj ^) = A , that is, X := A , and y can be any class subordinate 
to i. 

* 13 i 6 els : a? ) i Oa. . 5 = t '^ X O ••• 

•01 a, b€cWi.u = zB[3[cWir\x3\z=^{a r» a) vj (6n 5)}] O • 

[jiu = fi els* (a r» 6) . (Card. Numb. •15*0) . ) • Prop]. 
•11 a 6 oh* i . ^ s Nc . ^ <fia .u = cW i r\ x3 (x r\ a €0^) . "^ . (lu = 0^X2^"^ 

[p=iC^ ^ L els* a O • w = a;3 [S[p^ nwi a (a; = vj •^)] • ) . Prop]. 
•20 a, be els* i.a r^b:=A.aeNc.a<(i{a\Jb). 

u = oWiriX3[{ar^x)u {br^x)eG^ .-y.fiu= (7;<«^»>x 2'*''<*'^>. 

Note : p{a,b) = {ar\b)^ {aUb).p {a,b) = {a r\b)\j {d r\b) 
(cf. Symb. Log., Part I, §3). The proof is as follows : 

[HypO-w = y^[3"JVbn (^, >7)3|| + >7= a.Sr(xi,aa, u)B{xieGf. 

x^€ C7,\w)i.y = a^ w 5iVjiir>2^(a, 6))f]/ (1) 

(l).(Card. Numb. • 7^21)0«i^ti =:2 O'f X (7,'**X 2** '(«-*>, (2) 

(2) . (Card. Numb. • 16^1) . 3 . Prop] . 
•21 a, 6 6 els* t • a f JVc fin vj JVbto . fi{a r\bXa<fi{a^ b) . 

u=ch*ir^x3[{anx)^ {b nx)sG^ .-;) .(iu = 0:L^X'L^)X2''^^^'\ 
[(ana?)vj (6na)6(7i. = . (ani n x)^ {d r\b r\x) sGt^^^a^h)^ (l) 
(!)• • 13^20 O. Prop]. 

For the definition of iVcio, cf. Card. Numb. •30^0. The point of 
the limitation to No fin or to Na^ is that then a — (i{anb) is a 
definite number. 

•22 a^be cW i.ae Nol^. ii{a n J)< a<//(a vj 6). 
u = els* t n a? 3 [(a n jc) vj (6 n sE) £ Of) o • 

fiu^z a^ ^"' ^^ X 2*^^ ^**'^^ 

[a — II {a r\b) = a. • 13.21 . ) . Prop] . 
•23 a , 6 6 els* I • a € iVc fin « j[£ (a n 6) = a . 

tt=: cls*i n a;3 [(a n a) v-/ (6 n 5) e (7;] O •it^w= 2'^*'(*'*^ 
[•12^02,u = cls*» rNa5[(ar»6 r»a) W (a r»6ni)=A] . D-Prop]. 
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•24 afb€cWi.aeNaQ.[i{a 6) = a . 

u = els' i r\x3l{a r\x) r\ (6 u x) f (7;] o • 

v< a 

[v<a.'y.a + v = a.'^.u=zcWi r\xB [S[ Nc r\vB \v<a. 
{a r^ b r\ x) ^ {a n b r\ x) 6 Gt}], (l) 

• 13-20.(1)0 •Prop]. 

•30 a, be c\ai . a n 6 = A O -2 2^^^^ -'^^''^'^^ = 2'*^(^'^>X3'^'^^«'^>, 
[•13-20 . ) .y* 2"^ ia^x)^{b^ X) ^= V QM^-b) y^ 2'*'^^*'^ X 2^ 

|</i(awl>) 

(1) . (Card. Numb. • 17*4) . a vj 6 =j9 (a, &)0 • Prop] . 
•31 ajftecls'tO^y^"^^'*^"^^^*'^''^^ = 2''^«'^*^+'*p<*"*>X3''^^*'^ 

p{a rib.d r\b) =p{a, b).p\a n 6, (a n b)\ =p{a, 6), (2) 

• 13-30 • (1) . (2) O . Prop] . 

Section III. 

Orders of Various Logical Substitution Groups. 

The properties of these groups have been investigated (cf. Symb. 
Log., Part II) for the case of functions of two variables. In the pres- 
ent section the orders of the various groups, discussed in the memoir 
referred to, will be determined. In the reference the theory of substi- 
tution groups is not investigated by symbolic methods, accordingly, 
these methods will be largely abandoned in the present section. A 
group is a class of operations and the order of the group is the cardinal 
number of the class. The class i will be assumed to contain the 
classes denoted by the two variables x and ^, and also the classes 
denoted by the coeflScients of any function of one or both of these 
variables. Also as before, 

2 3 i O, . « = i '^ a. 
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The statement that ^^' ^»' ^»' ^4 are the coefficients of a substi- 
*7i» >78i >73> >74J 
tution T, means that 

Tx = (^^nxrsy)^ (^, n .m ^) w (^3 n 5 n y) w (1^ rs 5 rs y), 
Ty=Jyii r\ xr\ y)^ (vz r\x ny) ^ {vsr\x r\y)^ (>74^ x ^ y)» 

where J^' " \ } satisfy the equation (cf. Symb. Log., Part II, §2, 

equation (12)).^ 

(p,g=l, 2, 3, 4), 
which can also be written in the form 

•02 2^fe,|,)n^(>7p, >7«) = A, (/>,?= 1, 2, 3,4), 

and also in the form 
•03 n(|,vj^,)vjn(|,vj>7,)v-/n(|,vj^,)vjn(|,vj>7,) = A.(r==l,2,3,4), 

and also in the form 
•04 n](|, r^nr)y it r^Vr)^{triVr)l^ n\{t r^^r)^ {trsiir)^{t r^Vr)\ 

V-/ n|(^, n >7,) VJ (^, n Vr) ^ (Ir n Vr)\ = A- 

Any one of these forms will be called the equation of condition for the 
coefficients of a substitution. When this equation of condition is fully 

developed in terms of its eight unknowns |i li* >7i >74> it has 

2* terms; the coefficients of these various terms are either t or A. Con- 
sidering the form it 20^04, it is easily seen that the first product (i. e., 
n{(^r /^ Vr) ^ (Ir f^ ^r) ^ (Ir ^ Vr)\) givBs 3* tcrms with coefficicnt i; 
the second product gives (3* — 2*) other [terms with coefficient f , the 
third product gives (3* — 2* — 2* + 1) other terms with coefficient i, 
the fourth product gives (3* — 2* — 2* — 2^+3) other terms with 
coefficient i. Hence, there are 232 terms with coefficient i and 24 with 
with coefficient A. 

Thus, calculating the invariants /%, S^* of this equation from 

So to S^B^zii they are each equal to », and from S^»^2s to /Si. they are 
each equal to A. Hence from •12*02 we deduce 
•1 The order of the complete logical substitution group for functions of 
two variables is 24'**. Thus, if the order is infinite, it is equal to the 
power of the continuum at least. 
23 
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The identical group of ^(a;, y) is simply isomorphic with that of 
the canonical function of the congruent family (cf. Symb. Log., Part II, 
§7) to which ^ (x, y) belongs. Hence, in order to determine the order 
of the identical group of ^ (a;, y), we have only to determine it for the 
congruent family. Let «i, «2» «s, ^4 be the invariants of this family, so 
that «4 3^3 3^2 3^1. Then the coefiBcients of a substitution of the 
identical group of the canonical function, in addition to satisfying the 
equation of condition (* 20*04) must satisfy (cf. Symb. Log., Part II, 
§7, equ. (37)), the four equations 

(*i n 5, n|i n ^0 vj («i n 5, n |i n vi) ^ («i n 84 n li n ^1) = A, ] 
(«i n 5, n I2 n y/^) ^ («, rs 5, ^ I2 ^ >?«) ^ K rss^n^f^ ^,) = a, I . 
(«i n 5, n I, n yj^) vj («, r» 5, ^ L ^ Vs) v-' (^s <^ ^4 n Is ^ ^3) = A , j 
(«i n 84 n I4 ^ Vi) ^ («8 n 84 n I4 n ^4) vj (^3 n 84 n I4 n 774) = A. J 

The equations can be combined with the equation of condition into 
one single equation of condition with 2* terms when fully developed. 
By noticing the symmetry of equations (1) and that of * 20*04, and 
reducing by the relations between ^i, «j, ^8» ^4 » w® fi^cl that the values 
of the 2' coefficients are given by the following table, the values of the 
coefficients being on the upper line and the corresponding number on 
the lower line being the number of coefficients with that value : 

i A «i r^ 84 «i r^ Sg «2 n 84 S2 n Sj e^n 84 81 r\ s^ {si n 82) w (83 \j 84) 

232' 1'13'3'3'1'1'1' 1 

Hence the values of the invariants of the equation /%, ^1, .... S^, can 
be calculated. After some reduction we find that from /? = to 
^ = 2*— 24 inclusive, Sf, = i] and that from /8 = 2« — 23 to /3 = 2»— 6, 
inclusive, /SJ^ = 81 n 84 ; and that for /? = 2^ — 5 and /? = 2® — 4 , 
Sp = s^r\8i; and that from /? = 2* — 3 to j3 = 2^ inclusive, aS^ = A. 
Hence, from * 12*02, we deduce: 
•2 The order of the identical group of any member of the congruent 
family {e^ , 82, 83, 84), where 84 ) 83 ) 8, ) Si is 

which can also be written 
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And from • 12*03, or from • 20*2, we deduce 

^20*21 If i is an infinite class, the order of the identical group of any 

function is 2"*. 

Examples, The order of the identical group of a linear secondary 
prime [of congruent family (i, i, i, A)] is 6"* ; 'this is also the order for 
a separable secondary prime [of congruent family (i, A , A» A)]. 

The order of the identical group of a function of deficiency two 
and of supplemental deficiency two [of congruent family (i, i, A i A)] 
is 4'*'. 

If ^ (a, y) and '^{x,y) be any two functions of x and y , we shall 
always denote by 0(^, i//) a certain important function of their coefii- 
cients, defined as follows : 

Let 

^{x, y) = (ai r\ X n y) ^ {(h r\ X ny) ^ {a^ ri X r\ y) sj {a^ r\z r\ y), 

and 

'^{^^ y) = {bi r\ X rs y) ^ {h r\ X rs y) ^ {b^ n X ri y) u {b^ rsx r\ y), 
then ©(4>»4) = 2;^(a^,a,; ft^,6J, (r,«=:l, 2, 3, 4). 

Thus e(4>, ^)=0(i//, <^). 

Also (^, if/) is the same as the left-hand side of ^ 20*02, after substi- 
tuting a for ^ and & for 97 ; hence, after the same substitution, @(^, if/) 
can be written in the form of the left hand side of * 20*01, or of 
• 20*03, or of •20*04. Also 0(<^, if/)=:A is the condition that 
^{x, y) and '^{x,y) should be a pair of director-functions (cf. Symb. 
Log., Part II, §1) of some substitution. 

We shall now prove the following theorem : 

*22 If ^ (x, y) and '^{x, y) are two functions of x and y, such that 

1^0 (^, '4') is infinite, the order of the common subgroup of the identi- 
cal groups of ^ (x, y) and of if/ (x, y) is 2''*^*'*^ ; and otherwise the order 
of the subgroup is finite. 

For (cf. Symb. Log., Part IT, §8, equ. (37)) the coeflBcients 

fen &a» fesf fe* l^ of any substitution of the common subgroup, satisfy in 
>7ii >72> >78> >74) 
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addition to if 20*04, the four equations 

^ \p («4i oi ; 64, 61) n li n ^1} = A, 

v-/ 12> («4i «2 ; 64. 6f) n I2 n ^2} = A, 

il> («1, <h ; *«» 63) ^ Is ^ >78} ^ \P {OZf GTs ; *2» ^s) ^ Is ^ ^s} 

VJ|p(a4,a,; 64,63) n Is n ^g} = A, 

{P(«l»«4; K W) ^l4^>74}^il>(«S.«4; 6s» ^) ^l4^^4} 

vj 1^ (a„ 04; 63, 64) n I4 n >74f = A. 

Thus the complete condition, satisfied by the coefficients, is an equa- 
tion in eight variables |i I4, >7i Vi with 2* terms, of which 

2« — 24 are i, one is A, and the remaining 23 are equal either to 
single coefficients of the four equations above, or to sums of these 

coefficients. Now itdi, d^ d^ are these remaining coefficients and 

Sq, Sii Sf» are the invariants of the equation, it is easy to see that 

/&,._! = 5i vj 5g vj vj Sa, 

and hence 

ASg._i = p(ai, a,; 6i, 62) vj ^(ai, a,; 6i, h)y p{a^,a^] b^.b;) 

vj p(a,, a,; 6^, 63) W p(a„ 04; 6^, 64) vj jp(a„ 04; 63, 64) = 0(6, i//). 

Accordingly, the required proposition follows from •12*03. 

Note : I have not succeeded in shortening the labor of calculating 

the 266 invariants Sq, Si, /^. of the complete equation satisfied by 

the coefficients of any substitution of the common subgroup of the 
identical groups of two functions. Accordingly, I have not deduced 
the order, when finite, of this common subgroup. But from •I 2*2, 
we deduce: 
• 20*3 The order of the common subgroup of the identical groups of and 

two functions ^(x, y) and '^{xtt/) is not less than 2''*^*'*^ and not 
greater than 2«X'**<*'*». 

From this we deduce, as a corollary, that if the order of this com- 
mon subgroup is unity, the functions ^ (x, y) and '4'{xj y) are a pair of 
director-functions of some substitution, a proposition already known 
(cf. Symb. Log., Part II, §8). 
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*21*1 The cyclical group generated by any substitution Tib, in general, 

of the 12*^ order. 
For, let 

. Tx={ai r\z r\y)^ {a^nxr^y)yj {a^nx r^y)^ {a^nx rs y), 
Ty = {b^ n X r\ y) ^ {b^ n X r\ y) ^ {b^ nx n y) ^ {b^ r\x ri y). 

Since (cf. Symb. Log., Part II, §2), 

ap ni aq rs ar =^ A =^ dp r\ dq rs Or, (jp, qt r unequal), 

and ap rsaq=^ar na^y (/>» S', ^ i « unequal), 

it follows that in the complete development of i in terms of a^, a, , a^, 04 
(2* terms), the only terms not vanishing can be written in the form 
dp n a^' Similarly for 61, tj, ij, 64. 

Let Apq = apn aj, Bpq = bp r\ 6^, (/?, 5 = 1, 2, 3, 4). 
Then, from the condition for a substitution, 

Apq r\ Bpg = A I Apq r\ B„ =: a • 

where, as in the sequel, different subscripts are unequal. Also 
Oi = ilia vj ^18 ^ -^14. bi = B^\j B^ U 5i4, 

ai = Jm ^ -^84 ^ -^48. 61 = ^28 ^ ^84 ^ ^48» 

with similar equations for other subscripts. 

Also put Xi for X r\y, Xg for a; n y , Xg for x ny, X^ for x r\y. 
Then 

Xpr^Xq = A. 

Hence Tx = XAp^r\ {Xp vj X^), {p^q = h % 3, 4), 

Ty = i;Bpqrs{XpUXq), 

Tx-'Z Apq n iXr U XJ, {p,q,r,s = 1, 2, 3, 4), 
ry = 25^n(X,wX.), 

and TX^=Txr\Ty = :ZAp^nBp,r\Xp, ** 
TX^=TxnTy = XApqrsBprnXq, " 
2!Z3= T^n yy = 2ilpqrN5^nX„ " 
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Thus T{A^ r, B^ n X^\- A^^ rs B^ n X^, {p.q,r,8=l, 2, 3, 4), 
T\A^ n B^ n X,\ = A^ ri B^r rs X^, 
T\A^nB^rnX,\=A^rsB^riXr, 
T\A^ f^ B^ n X,} = A^ rs B^, f^ X,, 

Hence if P is one of the terms 

A^nBgrr^X^.oT Aj^nB^nXg, or Aj^r\B^nXr, or A^r^B^nX,, 
we can easily verify that, either TP = P, or TP = P, or T^P = P, 
or T*P = P ; for instance, 

T'{A^nAur^X,\ = T' \A,, n A^ rs Z,} 

= T\Agi n A^n X^\ =A^ r\A^r\Xi^ 
T'\A^nA^nX^\='P\A^nA^r^ X,\ 

= T^\A^ rs ^4 rs Xi\ = T\A^s ^ ^h ^ X^\ = A^ r\ A^ rs X^- 

Hence the smallest number n for which the equation T*P = P holds 
for every term P of the type defined above is 12. 

But remembering the conditions satisfied by 01,02,03,04 
^i> ^11 ^3> i^4> ^6 866 that we can write 

where p, g^, r= 1, 2, 3, 4, gr is any coeflScient and X is any one of 
Xi, X^, X„ X4. Hence the proposition follows. 

Section IV, 

TJie Oroup of Primary Prime SubstittUions. 

Consider a substitution 7" such that Tx and Ty are each functions 
of one variable only, not the same for both ; for instance, we will sup- 
pose that 7!c is a function of x only, and Ty is a function of y only. 

Then, if ^^* ^*' fs > C4 1 ^^ ^^e coefficients of T, we must have 

*7ii Vti >78> >74 ) 

f 1 =^ f«t fs = f 4 ; >7i = >78 » *78 = VA9 

and hence from * 20*01, Is = fi, >72 = ^1. 

Thus, Tx = {t rsx)^(lnx)=p{t^)^ Ty=p (>/, y), 

is the general form for such a substitution ; both Tx and 7^ are pri- 
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mary primes. Let such a substitution be called a primary prime sub- 
stitution. 

• 22*0 Substitutions of ^tbe type Tic =jp (^, xj , Ty=:p{yj, y) form an 

abelian group, in which every substitution is of the second order. 

For if T' be the substitution, Tx =p{^\ x), Ty = p{ri', y), then 

TTx= |^(!, f) n x\yj\pC^. I') n 5}, 

Hence 7'Tis a substitution of the same form. 
Further, these equations show that 

where Tq is the identical substitution. Hence the group is abelian, and 
every primary prime substitution is of order two. 

* 22*J The order of the complete group of primary prime substitutions 

is 4'**. 

For whatever classes contained in i, | and ri may be Tic = p (|, x) 
Ty =^p{y!y y) belongs to the group. 
•2 The class of congruent families («i , fi|, «3, ^4) such that if ^(x, y) 

and iKcB, y) are members of the same family of the class, a primary 
prime substitution T can be found such that T^ {x, y) = '^{x^ y), is 
the class of congruent families for which s^ =^3. 

For if ai , a|, as, a^ are the coeflBcients of ^ (a, y) and 6] , 6g, ftg, 64 
ofi//(a;, y)y and |, >7 are the parameters of the required substitution, 
then (cf. Symb. Log., Part II, §6, equ (31)) the condition for these 
two functions is 

[.{p K. 61) v^ P (^2» h) ^ P («8» h) ^ p{c^i^h)\ rs'^rsyj]^ 
{\p{ciz^ *i) v^ P («!' \) "^Pif^i^ h) v^ p («8» 64)} r^ ^ n ^] u 
[\P («3, 61) v^ P K» h) ^ P {^u h) ^ P (%i *4)f n I n >7] v-/ 
[\P K» *i) ^ P («8. *2) ^p{<^2> h) ^ P (^1. ^i)\ n I n ^] = A. 
Now we know that the functions must be congruent, hence all we 

have to do is to seek the condition that any function ^ (a? , y) can be so 

transformed into the canonical function of its family ; hence we may 

put 

^1 "~ *i f bf ^ s^f 63 n: ^3 , 64 = ^4 ) 

where Si, «,, «3, s^ are the invariants of the family and ^4 D ^3 D fig D «i. 
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Then the resultant of the above equation, i. e., the condition for its 
possibility reduces to 

(ai rN Og rN a, rN a*) vj («2 rN a, rN ai rN a^ 

^ {a^rsa^rs(krsaz)^ (ag rs a^ rs «! rs a,) = A . 

Hence, remembering that functions of the same family exist with 
^i> ^o ^> ^4 interchanged, we find ^^ ^ ^s = A» that is, ^sD^s- But 
^s 3 ^8f hence 8% = 9g. 

We notice that the families (i, i, i. A) and (i,A, A,A) both 
belong to this class of families. 
if 22*3 The class of congruent families (^x, 8^, 8^^ 8^, such that «, = ^,, is 

such that if ^(x, y) and '^{x. y) be any two members of the same 
family, a substitution T can be found such that 

T^(x,y) = '^{x,y) and T'-J/ (a, y) = ^.(x, y). 

This follows from •22-0 and •22*2. 
•4 The identical group of any function of the family («i, ^g, «8i ^4) con- 

tains a primary prime subgroup of order 

For in the demonstration of ^ 22*2 make ^ (x, y) and '^{x,y) identical 
by putting ai, a,, a,, ai for ^n &g« &si ^4* ^^^^ ^h® parameters, | and 97, 
of the required primary prime substitution must satisfy 

Up («i» a«)^2>(«3. <3r4)} rslni?] V-; {\p (a^, as) v-;^ (oj, a,)\ nf n 17] ^ 

[|2> (ai, a4) ^ 2> («f , «»)[ rN ^ rN i?] = A. 
This equation is always possible, and if Si, S^, S^, S^ are its invariants, 
we find 

/% rN /S'l = ^, rN 83, /Si rN /S', = A I /Si = 5i Vi-^ ^4 . 

Hence from ifr 12*02 the proposition follows. 

July 4, 1901. 



On Differential Eqtiations Belonging to a Ternary 

Idnearoid Group. 

By F. E. Ross. 



It is the object of the present paper to investigate systems of differential 
equations which belong to a ternary linearoid group. The investigation is con- 
fined to those cases which are essentially distinct. The last paragraph is devoted 
to algebraic theorems on characteristic equations. Particular cases of these 
theorems were first noticed in attempting to treat two-parameter groups in their 
unreduced form. The results thus obtained have been generalized. 

Differential equations belonging to linearoid groups have been studied by 
B. J. Wilczynski. He has proved the existence theorem* and obtained the differ- 
ential equations belopging to a binary group.f 

A group of linearoid transformations is defined by the system of equations 

»7i = ^a («; «i • • • • ^r) yi + ^(2 (» ; «i • • • • cjr) yt + • • • • • • • • 

+ 1>in(xi ai a,)y„, (♦=1, 2 n), (1) 

in which ^j« are uniform functions of x and of a^ a^, and the r parameters a. 

are essential. The corresponding differential equations are such that if ^i • • • ^n 
form a fundamental system of particular solutions, the general solutions are 
given by (1), Therefore, these solutions undergo substitutions contained in (1) 
when X makes circuits around the singular points of the differential equations. 
The study of such systems having three fundamental solutions is taken up in the 

*E. J. Wilczynski, '' On Linearoid . Differential Equations,*' American Journal of Mathematics, 
Vol. XXI, No. 4. 

t E. J. WilosynsM, " On Continuous Binary Linearoid Groups and the Corresponding Differential 
Equations and A Functions," American Journal of Mathematics, Vol. XXII, No. 8. 
24 
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present paper. The resultB obtained sufficiently indicate what is to be expected 
in general* 

§1. — One-Parameter Oroufpe. 

The infinitesimal transformation of a one-parameter ternary linearoid group 
can be written 

where '^Ui is a uniform function of a;. The finite equations are obtained bj inte- 
grating the linear system 

-^='^ii»7i + ^«»7» + i|'a»7». (»=1 3), 

with the initial conditions Vi^=^yi for < = 0. The solutions are of the form 
fj,= A^d^^' + A^^ + A^^, (< = 1 . . . . 8), 

where p^ . « « • p^ are the roots, supposed. distinct, of the cubic . . 



4m — p 4tt ^11 



= 0. 



(2) 



This equation will be called the characttrisHc eguaHon of the infinitesimal trans- 
formation (1). 

Determining Au from the systems 






(» = 1 3), (3) 
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and putting )7, =y( for I = 0, the finite equations of the group become 

»7» = -^ [[>i 0*. — f«i) e^' + f*» 0«« — Ml) «^ + /^ 0*1 — f^) «^] yi 

+ Oi ( V«— V«) «^+ f*« ( Vi— Vs) «^ + i«f (V» — Vi) «^ y»] . 
'». = ^[[0«.-f*i)«^+0«.-f*i)<^ + 0'i-f*.X|yi 
+ [(Jt8-^)e^' + (Jt,-Ji»)«^ + (^-Jti)«^Jy. 
+ [(v.— Vt)«^' + (Vi- ^i/^t)*^ + (V«- Vi)e^]yi] . 

where %< = -3^ and /t(< = ^ can be determined from (3), and where 
Af Aft 

A = 



^ 


X, a. 


f«l 


f*» Wl 


1 


1 1 



It 18 necessary and sufficient that the characteristic equation be reducible to a 
product of linear factors in order that (4) may generate a linearoid group, for 
then the coefficients of (4) are uniform functions of x. 

Equations (4) no longer bold when A vanishes. This happens when the 
characteristic equation has a pair of equal roots. The question arises^ can A 
vanish in any other case ? This is best answered by considering (1) in its 
canonical form, namely : 

a form to which it may always be reduced by a linearoid transformation. Such 
a transformation leaves unaltered the characteristic equation. Since it is 
apparent that ^u, ^^ and ^3 are the roots of the characteristic equation cor- 
responding to the canonical form, we have 



p< — 9u» 



(<=I, 2, 3). 
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Inserting the values of X^ and iii, equations (3) become in this case 

^ti^ + {^n - p<) f^i = 0, V (3a) 

Supposing the roots distinct, (3a) shows that ;i3 = ^3= 0, and therefore 

A — ^iiiit — li^). 

Now Xi cannot vanish, for then ^ii would vanish by (3a), which leads to the 
equality 4»s8 = 4^U' & result contrary to hypothesis. It can be shown by similar 
reasoning that ^i^ — fi^^Q. We therefore conclude that A vanishes only if the 
characteristic equation has at least one pair of equal roots. 

The invariants of the group (4) are easily obtained. It is apparent from 
the form of the infinitesimal transformation that three relative linear invariants 
exist. Forming the expression liq^ + w?>7, + n>7, from (4) and applying the condi- 
tions for a relative invariant, we obtain 

(f^ — f^8)>7i+ (^ — ^)^8 + (Vs^ V«) ^8 

= ^* [(f^— i^») Vi + (^i— ^)y3 + (Vs — VOys], 

(f^8 — i^l) ^1 + (^1 — ^3) % + ( Vl — Vs) *78 

= ^' [(i^8— f^i)yi + (^1 — 5^)^3 + (Vi— ^3)^3]. 
= ^ [(f^i — f^)yi+ (^— ^i)y8 + (V«— Vi)y3] , 

which may be written in the form 

J3i=e^'Fi, n^ = (f*Y^, H^ = €^7^. (6) 

From these relative invariants can be formed the two absolute invariants 



The three differential invariants of the first order may be obtained from (5). 
They are 

("i-logr,), (i=l, 2, 3). 



dx 
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We therefore have the following system of differential equations belonging to (1)^ 

A 
dx 

where, of course, the functions /i(a;) are not independent but satisfy the relations 



iogr.-i-iogr.^=/,W,| j,j 






The integration of (6) will introduce one arbitrary constant. The behavior of its 
solutions when the independent variable makes circuits around the singular 
points of the system will now be found. 

Assume /i{x) (i= 1 5) to be uniform functions of x. Equations (6) 

give on integration 

l°«^'=^h + P?X"^^]' (• = 1.2,3), (7) 



r,^ 



where pi is the value of pi for x=Xq. If c2t« denote the residual of ^^^-^ at the 

singular point a« (x = 1 m), equations (7) show that log F^ increases by 

27tipidu when x makes a circuit around the singular point a«. F< therefore 

changes into 

Hi = ^'^^uTi. (8) 

The last two equations in (6) give, since /^ and/^ are uniform, 
H{»Hr''=T{^Tf'^, and H{*Hf^=T{*Tr^*, 

which leads to the conditions 

therefore, if pipt and pip, are not constants, 

^ic = ^« = ^> 

i. e., ^ , r^ , ^ must have (hose singular points in common at which the resid- 

Pi P8 P» 
vols do not vanish, and the residuals at such common points must he equal. Sup- 
pose on the contrary pi p, to be a constant The first equation in (6a) becomes 
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Introducing yi (a) se''^*^ and requiring F{x) to be a uniform function, we get, 
on integration, 

A- A' 



^W=f(^/(f-t)*'' 



from which it follows as before that d^ = (2|.. Other special cases can be treated 
similarly. If pi is zero, equations (6) break down. In this case the invariant 
system can be formed anew from (6). In all cases (8) can be made to agree 
with (6), provided we put 2nidi^ = t. 

The cases which arise when the characteristic equation has one pair of equal 
roots, or all of its roots equal, require separate treatment. The investigation is 
carried on most easily from the canonical form of the infinitesimal transforraa- 
tion. The various cases have been thus treated. No results essentially different 
from the above were obtained. In all cases there exists a system of functicms 
Vit Vti Vb ^^^h arbitrarily assigned branch-points a., undergoing an arbitrarily 
assigned linearoid substitutiou A^ contained in the one-parameter group, when x 
describes a closed path around a.. 

§2. — Two-Parameter Groups. 

Two-parameter groups may be treated in a variety of ways. Direct attack 
leads to some interesting relations which will be noticed in another place. The 
only practical solution is obtained by using Lie's types of linear groups. Nine- 
teen such types of two-parameter linear homogeneous ternary groups exist (Lie* 
" Continuierliche Gruppen," p. 522). If functions of x are substituted for the 
constants appearing in these types, all types of linearoid groups will be obtained, 
For, suppose there were a two-parameter linearoid group which could not by a 
linearoid transformation be reduced to one of tibese linearoid types. Putting 
a: = a, the group becomes linear. The result is a linear group which cannot by 
a linear transformation be reduced to a linear type, which is impossible. Treat- 
ment of one of these types will be sufficient. The following has been selected : 

where we have put U = j/i^i + ^,^3 + ysQ^^ The general infinitesimal trans- 
formation becomes 

[(ci + c^^)yi + c^ya] qi + [<^Vi + (ci + <H^)y% + ciya] ft + [(^1 + <Hl>)y9l qz^ (1) 



Bdongmg to a Ternary Limamid Group. 
The fixate equati<«B are obtained bj integrating the system 

<%»7i + (ci + Ct^)rit + Ci»7». 
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*?3 



(2) 



The roots of the characteristic equation being equal, the solution has the form 
ni = ^{L,^M,t+N,f), (t=l, 2,3). 



Determination of the constants in the usual way gives, after putting < = 1 , 
the system of equations 

,7, = ^+^*[ciy, + y, + (ci + i4)y,],V (3) 



Putting in these equations C| = 0, we easily obtain the following invariants of 
the subgroup generated by CT^: 






w 



In order to obtain the invariants of group (3), it will be necessary to operate 
upon ^i with U^. Making use of the once extended operator 

d; W =(w. + v.) f , + (». + *y.) f . + ♦». f. 

+ (Wi +♦'». + yi) ^ + (yi + wi + ♦'».) ^ + (♦*;+ *w ^^ . 

we obtain after reducing 
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An absolute invariant must be a function of ^ and ^. Denote it by J^(S^^), 
Applying the condition for in variance, we get 

?7,(^)= tr,(^) H + ?7,(^,)^ =0. 
Making use of (5), this becomes 

^ + (S, + V-*)s.^=o, 

the integral of which is found to be 

J^ = 4^i-^^-log(^i^,). 
The absolute invariant of (3) becomes therefore 

»=i(a)'-*|L_&+logs,.. 

Differential invariants are found by making use of equations (5). We 
obtain immediately the transformation group 

Si = ai + <, ^4=^4 + 4^'^ S5 = ^5 + ^i«. 

The invariants of this one-parameter group are easily found. They are 
^1) ^'^1 — ^4f c^d d^^4 — ^'^5, which are the required differential invariants 
of (3). The differential equations sought for are therefore 






A. 

dx 
d 



(«) 



This system is at once seen to be of the second order. The behavior of its solu- 
tions will not be investigated in detail, but is clear in general. They will be 
functions uniform everywhere except in the vicinity of certain singular points, 
and will undergo a linearoid substitution of the two-parameter group when x 
describes a closed path around one of these singular points. It can be shown 
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that the singular points and the corresponding substitutions may be chosen arbi- 
trarily as in the case of a one-parameter group. 



§3. — Three- Parameter Ghroupa. 

The only groups with which we shall be concerned in this and the following 
paragraphs will be non-integrable groups. All those occurring so far have 
been integrable. The results obtained may be taken as characteristic of such 
groups, the differential equations arising being simple combinations of linear 
differential equations. 

A non-integrable three-parameter group can always be supposed to have 
the composition 

A non-integrable three-parameter linearoid group reduces to a non-integrable 
three-parameter linear group when x is put equal to a. Let Z7i, CTg, U^ generate 
a non-integrable three-parameter linearoid group. The substitution x=^a re- 
duces it to a non-integrable group which is the linear transform of one or the 
other of the groups 

1- ^i = M»» ^» = — iMi + iM2» ^8 = — Mn 

2. Wi=2ya^ + y^^, TT, = yi^i — y,?,, TTj = — ^2— 2y2?8. 

since these are the only types of non-integrable ternary linear groups. ZTi, ?7, 
and U^ must therefore be the linearoid transform of either 1 or 2. These 
groups can therefore be considered instead of the linearoid group Ui, ?7|, U^. 
7h/pe 1. — ^The finite equations of this group are known to be 

nz=cyi + dy^ 

in which ad — 6c =1. There is one absolute invariant y,. The differential 
invariants are 

^=yiyi—y%yi h = yiy%'—y^yi', h^^yiyS — yiyi^ 

In place of these, the system 



h^r 



(1) 



24* 



:i/ _ yiy%—y%yi ^i _ yiyt—y%yi 
yiyt—Ptyi yiy%—y»yi 
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may be taken. Patting S^ = — /i(«), ^=/s(«), *im1 y8=/i(»)f the system 
of invariant differential equations readily reduces to the following simple form: 









In this case, therefore, the linearoid system of invariant differential equa- 
tions is merely the linearoid transform of a linear system. In order that its 
transformation group may be the special linear group, the further condition muat 
be imposed that ^ be invariant under the transformations of this group. 

Type 2. — ^The finite equations are 

•72=acyi+ (ad + Jc)y3 + Wy,,V (3) 

>78 = c*yi + 2(%, +dfyi,f 



where ad — 5c = 1 . There is ooie absolute invariant yj — Vxyt* * On account of 
(3)) ^19 yt and y^ must be solutions of a homogeneous linear differential equation 
of the third order. Our system becomes therefore 



0+/.w^'+/.wi 






(4) 

-yiy8=/4(a)'^ 

(i=l, 2, 3). 

The corresponding linearoid system is the traasfonn of (4) under the ^neral 
linearoid substitution. 

§4. — Non-Integrdble r-Parameter Oroupa whose Simple S-Parameter Subgroup 

is an Invariant Subgroup. 

By a general theorem of EngePs,'*' every non-integrable group of continuous 
transformations contains a non-integrable 3-parameter subgroup. Suppose that 
this is an invariant subgroup. Then the general form of all non-integrable 
r-parameter ternary linearoid groups containing an invariant 3-parameter simple 
subgroup can be obtained. As shown by Wilczynski, we can take as the non- 

* lie, '^ TranflformatLonBgnippeo,'' Vol. m, p. 767. 
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integrable S-parameter subgroup any type of non-integrable S-jnarameter finear 
group. There are two cases therefore ta be couaidered, corresponding to the 
two types of the last paragraph. 

Ga6e 1. — The invariant simple S-parameter subgroup is 

The remaining infinitesimal transformations have the form 

Since the group (1) is an invariant subgroup, we have 

{UiU:i = c^Ui + Cu3,U^ + c^U^, (i = l, 2, 3; * = 4 ....r). 

This becomes, making use of (1), 

{UiU^ = {cu^yi + ^uiyi)qi + (Ciayi — c«iy«)ft— (2c<^yi + Ci^yz)q%^ (4) 

Equating coefficients in (4) with those obtained by direct calculation^ gives the 
following equations of condition : 



Cb.= -2^? 


2cx,.= 2(f^>-^') 


0=<-2^ 1 


c». = 


2cbu = - ^S^ 


= — 2^i|> 


<^ = -*S 


2c,i.= -^i8' 




c^ = -^> 


0= 2^i'?-4»S> 


c,i. = ^>-^i5» 


c»= <t^' 


0= 4*>-24»S> 


Czu = —¥^ 


c^= 4>iV-4»S' 




%«= ^i? 


0= ^fg 


-2c„.= 2^?^ 


-2cu.= ^a 


= 24^>-^Jj» 


-2ca.= ^fc> 


— 2cia. = 




-2c».= Hit^-^S) 


— 2cbfc = 2^> 



(6) 



From this system we deduce 

£7]. therefore assumes the form 

Omitting terms of the form Cj 27i + c, ZT]^ + <^ ^> this becomes 

C. = *.(yig'i + 3*?8 + »i?8>. (*=4 »). (6) 
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The finite equations of this group are found to be 

tji = e* (a«yi + 2a6y« + ^s). 



0,] 



0) 



»78 = e* (acyj + {ad + hc)ya+ hdi/i 

where we have put 4> = C4 ^4 + + c, 4>, and aJb — 6c = 1 . Group (7) pos- 
sesses the relative invariant yi — yiya> ^^^ transformation equation being 

Differential invariants are obtained as follows : The minors of y"', j/', y' 
and y in the determinant 



y"' 


yi" 


yi" 


yi" 


y" 


y'l' 


y'J 


y'i 


y 


y'l 


yi 


yi 


y 


Vi 


y* 


y* 



are invariants of ^i, £7^ and TJ^. Denote them by p, 9, r and 9 respectively. An 
attempt will now be made to find functions of jp, q, r and s which permit all the 
transformations of (7). Forming [with this in view the three times extended 
operator 

C7i"(/)=^S^2^«^+ (^.y;+ ^:yO ^, + i<^Ai'i +2^:y*+^:'yO^, 

+ (^. y/" + 3^i y'i + 3^: y[ + ^i" yO ^,] , 

and operating upon p,q,r and «, we finally obtain 
Z7.(»)= 34>.«, 
^«(l')= 3^:« + 34>.i), 
^. (2) = — 3^> + 24.:!) + S^,q, 
U, (r) = ^:"« — ^>Jp + ^'^q+^, r. 



(8) 



Integration of (8) gives the following quaternary (r — 3)-parameter linearoid 

group to *which p, q, r and e are subject under the transformations of the 
group (7) : 

q=^lz(<P'* — <i>")8 + S^p + q}, 



(9) 
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From these can be obtained the relations 

(f)=f+»*'- 

\ o X 8 8 

(L) =JL + 4y±. + (<^—ml.^ (^^(pm —3*'*", 

\ 8 / 8 8 8 

and from (7a), 

log(>7i — >7i^8) = log(yi — yiy3)+2*. 

From (10) we form the invariants 

»-=-?-Kf)'+^(f)' 
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(10) 



(lOa) 



(11) 



The first equation in (10) requires that ^ satisfy a non-homogeneous linear dif- 
ferential equation of order r — 3, the corresponding homogeneous equation hay- 
ing ^4 ^r fts the members of a fundamental system. The differential equa- 
tions sought for become 

^(f)+^w^(-f)+-- 

+s',-.W^(f)+»-.(x)-£-=/i(x), 

^(f)-Kf)'+f=/.w- 



(J3) 



This system determines -^ , -^ and — . We now determine yi, y. and y, from 

•^ 8 8 8 

the equation 

0-f ^+ll^-f»=«' (") 
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of which they are fundamental Bolutiona. The additional equation 

^log(s^-yiy.)-l^=/4(«>. (13a) 

obtained from (10) and (10a), must also be satisfied, which condition reduces the 
group of equation (13) to a 3-parameter group. 

It now remains to verify that the solutions of (16) belong to the 
r-parameter group (7), and that the constants available can be chosen so as to 
make these solutions undergo arbitrary substitutions of (7) when the indepen- 
dent variable x makes circuits around a finite number of arbitrarily assigned sin- 
gular points. Let ^i • . . • ^r-s ^ & fundamental system of solutions of the 
homogeneous equation corresponding to 

According to the theory of linear differential equations, its general solution can 
be written 

where ^ is a particular solution. If x makes circuits around arbitrarily assigned 

branch-points corresponding to the singular points of /x(x)» supposed uniform 
these solutions will undergo substitutions belonging to (14). From the third 
equation in (12) we obtain 

a)=/.c«i+ia)'-/„a)= 

making use of (14), the substitution for -^ becomes, supposing /8(x) uniform 

(l)=/.(x)+i (i.)_^(i.)=i + 2*'.^+s(*^_*o. (»») 

Substituting (14) and (15) in the second equation of (12), supposing^ (a;) to be 
uniform, we obtain finally 

^1^^ = (-TL) + {<^ — <J^f)^ +<I/i +<!/• + ^ff — s^^f. (16) 
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It is clear, therefore, that the solutions of (12) undergo substitutions of the group 
(9) when x makes circuits around the branch-points of the system. It remains 
to show that the solutions of (13) in that case undergo substitutions contained 

in (7). Equation (13) becomes, after making the transformation yz=i^ • 97, 

^< is given by (11). The coefficients being invariant, the solutions of (17) are 
subject to linear substitutions with constant coefficients, 

*7< = ^ *7i + ^>7t + ^«»78, (» = 1, 2, 3) , (18) 

and, therefore, after a circuit around the branch-points, 

which becomes, after change of variable, 

y,=e*[^ayi + Jt|,y,+^«y,]. <19) 

The %'s in this system are not independent. For, since y^, y^ and y, must satisfy 

(13a), the transformation (18) must be such as to leave yi — y\yt invariant. 
This additional condition reduces the nine-parameter group (18) to the three- 
parameter subgroup (7). The verification is therefore complete. For to prove 
that the substitutions of the subgroup (7) may be arbitrarily assigned is a prob- 
lem in the theory of linear differential equations. 



The second type will now be discussed. The non-integrable subgroup ^Q 
for this case is 

Ui = yiqu Ci = i(— yift + y8ft)i £^s = — yift- (20) 

By a process similar to that used in the case of the first type, the following gen- 
eral form for this group was obtained : 

U^=^.{^){yiqi + y8ft)+^.(a)ys2s + ««y8ft, (x = 4 • • • . r). (21) 

Forming the general transformation and putting 
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we obtain finally the finite equations of the group 

»7« = e*yi 
where p^ are roots of the equation 

p* — ap — iac,— i<^ 4-Ci<', = 0, 
and where Xt is given by 

The invariants of G, can be taken as 

Operating upon these with the twice-extended operator U!!{/), we obtain 
Z7. (t») = (2^. + a.) t«, Z7. H = _ ^'« + ^'t, + (2^. + a.) w, 1 

the integration of which gives the group induced by (22) on u, o, to and a, 
« = <!»♦+".« ib = fi»»+»[(<I>'' — <D")m 4- *'» + »], 1 

and, therefore, 

(-^) = -|-+2<l>', log8 = log» + 'P, 

leading to the absolute invariant 

d 



^=*^(t)-K^) + ^- 



(22) 



(23) 
(24) 

(26) 
(26) 

(27) 



According to (26), — satisfies a non-homogeneous linear differential equation of 



u 



order r — 3. The system of differential equations belonging to (22) becomes 
therefore 



*^(v)-*a)'+^=/.w-j 



(28) 
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Since log y^ undergoes the same substitutions as — , it is determined by an 
equation of the form 

logy. = ^(x) + A,(x)^ + A,(x)^ ^+....+A,_,(a,)^(-^) (29) 

in which hi A^^g are uniform functions, determined by the system of equa- 
tions 

Ai^P> + A,< +....+ K^^<pr^ = 'J',, (t = 4 . . . . r), (29a) 

and where h^ is an arbitrary uniform function. — and — having been found 
from (28), yi and y^ are determined from 



The behavior of the functions yj, y^ and y^y as defined by (28), (29) and (30), is 
obtained as in the first case. The results are essentially the same, and will 
therefore not be given. 

§5. — Non-Integrable r-Parameter Groups whose Simple Three- Parameter Subgroup 

is not an Invariant Subgroup. 

4'Parameter Groups. — There are no 4-parameter groups of this class. For 
we have (Lie, Tr. Gr., Ill, p. 723) for all non-integrable 4-parameter groups 
the one typical composition (17, Z74) = 0, where Z7|(i= 1, 2, 3) are the infini- 
tesimal transformations of the simple 3-parameter subgroup. 

^'Parameter Groups. — All groups of this kind have the same composition as 
(Tr. Gr., Ill, p. 736) 

Ui = xq, U^ — xp — yq, TJ^ — yp, U^=p, U^ = q. (1) 

Assuming G^ to be of the first form or 

^i = yift, Cr,=:yiji — ysjjj, TI^=y^qi, 

we obtain the following linearoid types, having the same composition as (1): 

A. Gg. ^4 = ^(a)y8g'i» TJ^ = q>{x)y^q^.) ,^. 

B. (?8, Cr4 = ^(a;)y2ft, Uf,= q^{x)y^q^^ 
25 
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The finite equations of group A are, as may be easily verified, 

m = cyi + dy^ +/^ys, V (3) 



where a, b, c,d, e, /are constants subject to the condition 

ad — 6c = 1 , 

which, moreover, we may suppress, thus obtaining a 6-parameter group. Put 

Then Ti and Fg are transformed by the general linear group 

H, = aT,+ bY,+e,l ^^^ 



H,= cY,+dY,+/, 

so that ¥[, Ts are transformed by the general linear homogeneous group. !FJ, PJ 
therefore constitute a fundamental system of solutions of a linear homogeneous 
differential equation of the second order, and Fi, Fg themselves are integrals of 
such functions, while y^ is itself a uniform function of a;. 
The finite equation of group B may be written : 

n%=cyi +dy2^ \ (6) 

vz = eq^yi+fyyt + yz^^ 



Therefore, yj, y^ form a fundamental system of a linear differential equation of 
the second order, say 

y'+i>y' + ?y = o, (7) 

while — ^3 is a solution of the non-homogeneous linear differential equation 

y^+py' + qy — T, (8) 

whose left member is identical with the left member of (7). For if F denotes any 
solution of (8), its general solution is 

jy=F+6yi+/yg. 

where e and / are two arbitrary constants. 
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If G^ is assumed to be of the second form 

it will be fomid that there are no 5-parameter groups of this class. By making 
use of Lie's types of 6*parameter non-integrable groups, the same was found to 
be true of 6-parameter groups also. 

The results obtained for 5-parameter groups of this class sufQciently indi- 
cate what is to be expected in general. The study of r-parameter groups belong- 
ing to this class will therefore not be followed out any further. 

From the preceding investigation, it appears that finite linearoid groups do 
not succeed in defining any essentially new functions. It has been shown by 
Wilczjmski* that higher transcendental functions exist, whose multiformity 
is qualitatively of the same kind as that of the functions occurring in this paper 
Their group, however, is not contained in any finite continuous linearoid group. 
It is very doubtful if they satisfy any algebraic differential equations. 

§6. — On the Characteristic Equation belonging to Certain Linear and Linearoid 

Oroupa. 

The following theorems about characteristic equations, although most easily 
stated in terms of group theory, are of a purely algebraic nature. Consider a 
two-parameter group with the composition 

{U^U,) = aU„ (1) 

where a^O, and may, moreover, without loss of generality, be taken equal to 
unity. Writing 

^5 = (^nyi + ^i2y») qi + (^21^1 + ^a y*) ft » ^ 

we derive from (l) 

A = 4^l'4'l» — ^12 '^'21 = ^lli 

4i = 4)l2'4'U ^11 '^'12 + ^22 '^'12 — ^12'4'22 = ^U> 

-4, = ^11 4^21 — 4>«1 '^'U + <?>21 4'«2 — ^22 '^'21 = 4^21 » 
^4 = *12 '4'21 — <?>21 ^12 = ^22 ' 



(3) 



* American Journal of Mathematics, Vol. XXI, No. 8. 
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where Ai stands for the left members of these equations. The following identi- 
ties are easily verified : 

A,+A,= 0, 



^21 A +^12 A + (^11 — ^22) A = 0, V 



from which we derive 

^n + ^22 = 0» (4>u — ^22) <^u + 2(^12 <^2i = • 
The coefficients of the characteristic equation belonging to Ui , 

p' — (<^ii + ^22) P + ^u ^22 — ^12 ^21 = 

are therefore zero. Both of its roots are therefore zero.* 

In the ternary case the system corresponding to (3) becomes 

Ai = 4)ai '^'12 — ^12 '4'2i + ^81 '^'is — ^18 ^ai = ^11 , 

4j = ^12 lj/n — ^n -4/18 + ^,2 '^12 <?>12 '4'22 + ^82 '^'18 " ^18 '4'82 = 4^12 » 

-^3 = ^18 '4'n ^n'4'lS + ^23'4'12 ^12 "4^28 + 4^88 '4'l8 ^ ^18 '^'38 = 4>18 » 

^4 = 4>ll'4'21 — 4>2l'4'll +4>2l4'22 4^22 '^'21 + 4>31 '4'28 " 4>28 '4^81 = ^ > 

A = 1>1Z'4^1 4>2l'^12 + 4>32'4'28 4>28'4'82 = 4^22 i 

-4.« = 4>i8'^2l — 4>2l'^18 + 1>%3'^n — 4>28'4'28 + 4>8S'^28 4>28'^88 = 4>28, 

A^ = ^11 1^31 — ^31 l/zil + 4>21 '4'82 — 4>82'4'21 + 4>3l '4'88 " 4>88 '^'31 = ^SV 

-48 = 4^12 '^'Sl — 4^31 '4'12 + 4>22'4'82 4>32'4'22 + 4>82'4'83 4>33'4'82 = 4>82i 

A^ = ^13'^Sl — 4>«1'4'18 + 4>28'4'82 — 4>82'4'22 = 4>88> J 

from which we obtain the identities 

^1 + ^ + ^=0, 

^21^ + 4>12 A + ^31 ^8 + 4>18 A+ 4>82^« + 4^28^8 

+ (4)n — 4>38) ^1+ (4>22 — 4)83) A = » 
(4>22 4>88 4>28 4^32) -^1 + (4>28 4>81 " 4>21 4^88) ^2 + (4^21 4^82 4>22 4>3l) -^8 

+ (4^18 4>82 — 4>i2 4^33) ^1 + (4>u 4>88 — 4>i3 4>3i) Ai + (4>i2 4^31 — 4^11 4^82) -^8 

+ (4^12 4>23 — 4>22 4>i8) A^ + (4)i8 4>gi — 4>n 4)23) A + (4>u 4^22 — 4>i2 4^21) A = 1 - 



(4) 



(6) 



(6) 



and two others, difiering from these only in having '4' in place of 4>. Making 
use of (5), we find 



* This result was deriTed by Wilczynski (American Journal, Vol. XXU, No. 8, p. 208), who alio 
noticed there that the roots of the characteristic equation of Uiif) differ by unity. 
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(^11 — ^ss) ^11 + (4^22 — ^as) 1>t2 + 2 (^is ^n + ^is 4>8i + ^w ^82) = , > (7) 

^n^a^88 + ^1^88^18 + ^81^28^12 ^184^22^81 ^28^82 4^11 — 4^12 4>M 4^88 = . ) 

Combining the first equation with the second, the left members, it will be noticed, 
agree with the coeflBcients of the characteristic equation belonging to J7i, 
namely, 

P^ (♦uH" 4^22+ ^8s) p'+ (4>n 4^88+ ^28 4*83+ 4>n 4>2|— ^18 ^31— 4^82 ^M" 4^12 ^Zl) 9 

^n ^22 4^88 + 4^21 4^88 4^18 + 4*81 4*28 4^12 — 4^18 4^22 4^81 4^28 4^82 4>n " 4^12 4^21 4*88 = ^ , 

from which the theorem follows for this case also. The general case will now 
be considered. 

A group of composition (1) is integrable. Ui and C^ can therefore be 
transformed simultaneously by a linearoid transformation into the canonical 
form 

Z7i=4)iiyift + (4>2iyi + 4)28y,)?2+(4>8iyi+4>82y2 + 4>88y8)?8+ ••••1 /g) 

C^8 = '4'iiyi qi + (4'2iyi + ^22^2) ?2+ (^8iyi + '4^82 ^2 + 4'88y8)28 + . . . • J 

Such a transformation does not alter the characteristic equation or the composi- 
tion of the group. 

Making use of equation (1), we obtain 

{'^iiqi + ^21 92 + + '4'Mjn) 4>uyi 



+ ('4'n-l,«-l9«-l+4'n,n-ig'n)(4>n-l.iyi+4>n-1.2y2 + + 4>n-l. « -1 ^11-1) 

+ '^nnqn {^nlVl + + ^nnVn) 

— [same expression with ^ and '^ interchanged] 

= 4^yi?i + (4>8iyi + 4>22y2)+ •••• +(4>niyi+ •••• +4>««y«)?«- W 

Equating coefficients ofy^q^ gives 

♦.«=0, (;c=l....n), (10) 

and equating coefficients of y^.^^., 

^«_i,«_i'4'«,ic-i+^it, k-i'4'k* — 4>«,«-i'4'«-i.«-i — 4>«ic'4'it, «-i = 4>ic,ic-i» 
which becomes, making use of (10), 

and therefore 

'4'«c — '4'«-i.«-i=l if 4>.,«-i=^0- (11) 
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Noticing that ^^ and '^^ (x = 1 n) are respectively the roots of the 

characteristic equations belonging to Ui and U^^y (10) and (11) give the following 
theorem : 

1/ Ui and U2 generate a tivo-parameter linear or linearoid group having the 
composition {Ui U^) = Ui, the characteristic equation belonging to Ui wUl have aU 
of its roots zero, while the roots of the characteristic equation belonging to U% wHl 
farm an arithmetical progression unth the common difference unity^ provided that 
none of the coefficients of form ^,,,-1 are ahsent. 

Unless all of the quantities ^ie,ie-i ^^^ zero, there is at least one pair of roots 
differing by unity. If, on the contrary, these quantities are all zero, we obtain 
by equating coefficients of y««j,^, 

♦«,«-! ^it -l.ir-2 — ^« •J'ir, it-2 = ^«,«-«' 

According to the hypothesis, all the terms in the left member vanish except two. 
Therefore, 

which proves, as before, that there is at least one pair of roots differing by unity 
unless all of the coefficients ^<c,ic-2 ^^o vanish. Suppose more generally that all 
of the quantities <^it,it, ^it,«-i> 4>«,«-«i • • • • ^«,«-f vanish. Equating coefficients 
of y^_,«i q^ in (9), we obtain 

Taking into account the assumption made, this reduces to 

Unless, therefore, every ^,,«-, (ac = l n; « = 0....x — 1) vanishes, 

there will be at least one pair of roots differing by unity. All of the ^^ ,_g's 
cannot vanish, for this means that the infinitesimal transformation Uj vanishes. 
Hence we conclude 

TJie characteristic equation belonging to U% always has at least one pair of roots 
differing by unity. 
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The theorem that the characteristic equation belonging to Ui (/) has only 
vanishing roots, is not to be confounded with a theorem proved by Killing which, 
on the surface, appears to be the same.* The characteristic equation employed 
by Killing is quite different from the one considered here. 

The second part of the theorem can be read as a property of the discrimi- 
nant of the characteristic equation belonging to U^, namely : If Ui and U2 gen- 
erate a two-parameter group of composition (Z7i Z72) = aJ7i, the discriminant of 
the characteristic equation belonging to U^ has in the general case the numerical 

value Jr. ' ' — » ^n— jj ^»(n-i)^ More generally, all of the invariants 
[2'3M* (n — 1)**"^]* ® "^ 

of this equation are numerical, since they are functions of the differences of the 

roots. 

§7, — General Theorem. 

The theorem, proved in the last paragraph, can be inmiediately extended 
to r-parameter integrable groups. The infinitesimal transformations of an inte- 
grable linear or linearoid group can be chosen to satisfy the equation (Lie, ** Con- 
tinuierliche Gruppen," p. 537), 

(U, 17;+.) =^c,,,^^.U„ (*Zi; 2 .'.'.'.r-t) • ^^^ 

1 

The infinitesimal transformations can be put into the form 

i^. = ¥i'yiqi + {l>^iyi + 1>Syt)q^+ •••• +{l>ilyi+ .••• +^Syn)9.. (2) 

If we assume 

{U,U,) = Ci,,U, + c,^U,+ .... +c^Ur, (3) 

we obtain, by equating coeflBcients of yf^q,,, the system of equations 

Ci.i^?i + c^^2?+ ... +c,,,^12 = 0, (t.x,;i = l .... r). 4) 

Putting t = X = 1 , equations (1) become 

For this case equations (4) become 

Ci,i^S = 0, (;i=l....r), (6) 

* Lie, ^^ Tranaformatioiisgnippeii," YoL III, p. 772. 
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hence, \^c^%i'=t^ 0, all of the roots of the characteristic equation belonging to Ui 
are zero. We also have from (1) 



Equations (4) become 



{ U^ Us) = c,8i Ui + c^U^.) 



Cm1>^^ + 0m1>^ = 



= 0,1 

= 0,) 



from which it follows that ^^? = , if we assume the roots of Ui all zero, and c,a8 
and 028, i^ot both zero. The general theorem is clear, and may be stated as 
follows : 

2/ all of the roots of the characteristic equations belonging to the infinitesimal 
transformations Ui . . . Z7, vanish^ where these are the x infinitesimal transformations 
of a X'parameter invariant subgroup of an integrabU group having the composition 
{l) , the same is true of the characteristic equation belonging to Z/.+i, provided that 
not all of the composition constants 

are equal to zero. 

If these conditions are not fulfilled, we proceed as follows: Suppose the 

roots of the characteristic equation belonging to C], have been found by the 

method outlined above to be zero. Strike out the f£*^ term in system (4) for each 

value oi II. If there is left any equation containing only a single term Cj^^S, 

we conclude that the roots of the characteristic equation belonging to U^ are zero. 

We would then drop the t*^ term from the equations, and repeat the process 

until we obtained a system of equations each one of which consists of two or 

moie terms. In this way we find all of the infinitesimal transformations whose 

characteristic equations have zero roots. 

The second part of the theorem contained in the last paragraph can also be 
extended. It can be stated as follows : 

If the characteristic equations belonging to the infinitesimal transformations of a 
p-parameter invariant subgroup of an r'parameter integrabU linear or linearoid 
group have all their roots zero, and the roots of the characteristic equation belonging 
to Up^x are not zero, then the differences between its roots are constants depending 
only upon the composition of the group, and no more than p of these differences are 
distinct, provided that not all the terms in Ui .... Up of (he form ^J^^-i^a-iJa 
(^ =1 .... n)x =1 . . • • ^) vanish. If aU of these terms for (i distinct values 
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of X vanish^ the theorem is still true for those differences which carreapond to vcduea 
of ^ different from these. And in any case there mil be ai least one pair of roots 
differing hy a constant. 

The proof of this theorem is similar to that employed in the last paragraph 
for the special case there considered. Writing 

C''p+i=^iiyi?i + (^wyi + '4^12^2) ft + •••• + (^«iyi + — +^nny«)g'»,J 

(i = 1 p), 

with the conditions 

^S=0, '4'AA=^0, (i = l ....;>; ;i=l ....n), (7) 

equations (3) and (6) lead to the following : 

+ (^'Mft + ^«?8 + • • • • + ^n, ?n)(^ayi + ^gy«) 
+ 

— [same expression with ^ and 4^ interchanged] 

(i=: 1 p). 

Equating coeflBcients ofy^^iq^, we get 

Equations (7) and (9) give the following system of equations : 
[^,1^+1,1- (^'^c -'4'«-i,.-i)] 4>2Ui + ci,p + i,,^i%_i+ .... 

+ ^P,P+i.p - ('4'.« - ^.-i,.-i)] ^l!Ui = 0, 

(x = 2 n). 

Unless all of the ^'s in (10) are zero, the determinant of the coefficients van- 
ishes, leading to an equation of degree jp for the determination of '4'^^ — i/.^_i^^_i. 
Since i^^ and '^'.-i, «-! are any consecutive roots, we conclude that the root dif- 
ferences are constants, and not more than p of these diflTerences are distinct, 
26 
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since they are all roots of the same equation of degree p whose coeflBcients more- 
over depend merely upon the composition of the group. This result is inter- 
esting with regard to the determinateness of the transformation C/^ + i, if this is 

to be so determined as to generate with Ui Up ^ p+ 1 -parameter group of 

given composition. Since the difference between two consecutive roots, con- 
sidered as arranged in a certain order, must, according to the theorem, assume 
one of ^ constant values, which are fixed beforehand, it follows that after one 
root pi has been arbitrarily chosen, only a finite number of values are possible 
for the other roots. 

As in the special case of the last paragraph, this theorem breaks down if 
the quantities ^J,a_i are all zero. Suppose, therefore, that all terms of the form 
^Ic?ic-«y«-f ^it {s = 8; x = l n; i=l p) vanish. Equating co- 
efficients of y^_,_i2«, we get 

+ c,^p^l,t¥'^-s^l+ •••• +c,^p+i,p^^i^.^i. (11) 

All except the two middle terms in the left member of this equation vanish. 
The following system is therefore obtained : 

+ ^,P+i.P^?U..i = 0, \ (12) 

+ [cp,p+i,i» — ('J'*- — '»^«--.~i, «-*-i)] ^?x-.*-i = Q'.J. 

This system in ^^,^_,_i is identical with (10). Unless, therefore, all of the 
quantities ^,,,_,_i are zero, we conclude, as before, that the differences 
'^'m — -^^-,-1,,-.,-! are the roots of an equation of degree jp, whose coefficients 
are functions of the composition constants. Since s may assume all values from 
1 to f£ — 2, we conclude that there is at least one pair of roots of the character- 
istic equation belonging to C^+i whose difference is a constant, otherwise all of 
the infinitesimal transformations of the ^-parameter subgroup would vanish 
identically. 
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From the results obtained above follows the additional theorem: If 
Z7i . . . . Z7^ generate an r-parameter integrahle linear or linearoid group which have 
been put in the form demanded by (1), the characteristic equations belonging to 
Til . . . . £71._i have all their roots equal to zero, provided that for each value of x from 
1 to r not all the composition constants c<^«, ,-1 (i = 1 . . . . x — l) vanish. Under 
these same conditions the differences between the roots of the characteristic equation 
belonging to Ur are constants, no more than r of these differences being distinct, pro- 
vided not all the coefficients in Z7i . . . . Z7,..i of the form ^1* a-i (>L = 1 w ; 

X = 1 . . . . r — 1) vanish. And in any case, provided the first condition holds, 
there is alv)ays one pair of roots whose differenjce is a constant. 

Umiybrsity of California, AprU 28, 1901. 



On a Certain Group of Isomorphisms. 

By John Wesley Young. 



Let O denote the non-abelian group of order p"^ {p an odd prime) which 
contains operators of order ^"*"*^ It is the object of the present paper to discuss 
the properties and ultimately (§7) to determine the defining relations of the 
group of isomorphisms of O. The writer wishes to express his indebtedness to 
Professor G. A. Miller for helpful suggestions offered during its preparation. 

§1. — Combinatory Laws and Subgroups of G. 
The defining relations of G are* 

If we denote any operator P*Q^ of G by [a, ^] , the product of any two opera- 
tors [a, /?] and [y, S] is given by 

[a,^][y.«] = [a + y-^yp-"«, ^ + «] ; (I) 

by repetition we obtain 

[a,i3]»= [wa — in(n-l)ai3p---*, n^]. (II) 

In these formulas, the first number in the brackets is to be taken modp"^"^, the 
second mod p. 

All the subgroups in G are abelian. Moreover, G contains just ^ + 1 sub- 
groups of every order p\ of which p are cyclic (generated by [i^^'^'S x], 
a; = 0, 1, 2, yp — 1) and one is abelian of type {a — 1, 1), except when 



* Burnside, " Theory of Groups of Finite Order " (1897), p. 76. 



Young : On a Certain Oroup of Isomorphisms. 207 

«=1.* Since, by (II), we have [a,|3]'=[ap, 0], the cyclic subgroup of 
order jp", generated by [/>"*" '-\ 0] («< w — 1), is contained in all the subgroups 
of order p*+^; it is therefore characteristic. The non-cyclic subgroups are evi- 
dently characteristic. Hence, G contains a characteristic cyclic subgroup of every 
order p*, wJien 1 < « < m — 1 ; and a characteristic non-cyclic subgroup of everg 
order p^^ when 1 < ^ < m. 

^2.— Defining Correspondence of any Hdomorphism of O. 
Let the correspondence 

Q^prp-"Q\ [a*Omodp,^,y,a<i)], 

define an holomorphismf of G. Applying (I), (II) of §1, this assumption leads 
at once to the correspondence 

[a,h]^[aa + (by~ia{a — l)afi)pr^', a^ + bS}, 

where [a, 6] is any operator of 0. The product of the operators corresponding 
to any two, [a, &] and [0,(2], must be the operator corresponding to [a, i] [c, (2] 
=z[a + c — bcp"^"^^ 6 + ^ for all values of a, 6, c, cf. Calculating the expres- 
sions and equating the coefficients of a,b, c^ d, we find the necessary and suffi- 
cient condition for this equality to be 

i = l modp. 

Moreover, it is readily shown that the assumption leads to a one-to-one corre- 
spondence. Hence, the correspondence 

defines an hohmorphism for any set a, ^, y; and every holomorphism of G is 
given by C. 

Hence, since a may take p"^"^ {p — 1) non-congruent values mod p"^"^ and 
j3, y each p non-congruent values mod />, the order of the group of isomorphism 
lofGUp'^ip—l). 

* Bumside, loc. oit, p. 76. 

t The word " holomorphism '* is used in place of ^^ holoedrio isomorphiBm. " 
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\Z.— Analytic Expression for any Operator in L— Numbers a, j3, y giving rise 

to a Subgroup of I. 

Regarding / as a substitution group on the p^ operators of G, any operator 
Si of / is completely represented by the expression 

S, = I [aa, + {by, -ha{a- l)a,/?0 p~-», a/?, + 6] |. 

where the notation 

S=\IM,N}\ 

signifies that S replaces [a, 6] by [Jf, IT] . For every set (a<, /?,, y<), Si repre- 
sents an operator of /. For a properly chosen system of sets, S, may be made 
to represent the operators of any subgroup of /. 

Let Si in (aj, /3i, yj) and /Sg in (ag, /?2» /g) be any two operators of/. Then, 
if A^/S, is an operator of the same kind in ^ag, /?3, y,), by calculating the expres- 
sion for Si S2 in terms of (ai, /?i. yn ag, /?«i yg) and equating coefficients of a 
and 6, we find 

2a, + a,i33jp-*-«= 2aia, + (2^31 y, + a^ a«(A + A))l>"-' modjp— ^ (A,) 
/?3 = ^i + ai/?2 mod/?, (A,) 

y9 = y2+ a, yi mod 2). (A,) 

In order that a system of sets (ai, j3«, y<) may represent a subgroup of/, it 
is necessary and sufficient that, if from the system any two sets (a^, /?!« yi) and 
(a,, /?8, y,) be selected, the set (a„ /?8f yi) defined by (Aj), (A,), (A,) be in the 
system. 

§4, — Invariant Subgroups of Order p^ and p^ in I. 

The correspondence (7 (§2) shows that the characteristic cyclic subgroup of 
order jp"*~* (§1) may correspond to itself in p^''^{p — l) ways; i. e., /contains 
as a constituent the group of isomorphisms of this cyclic group. The group of 
isomorphisms of a cyclic group of order p"^^^ being cyclic, / contains as a con- 
stituent the cydic group of order p^~^ (p — 1) , and hence an invariant Subgroup of 
order p^. Let the latter be denoted by /T, . Since /T, leaves ]/*} unchanged, the 
operators of ff^ are obtained from the general operator S^ (§3) by restricting a< 
to values congruent to unity mod p"*~*. Putting a< = 1 + aii?*""*, any operator 
of ff^ is represented by 

^Si=\[a + {aai + byi-ia{a-l)^i)p^-^ a/?, + 6]|, 
[al<p, Pi<p, y.</>]- 
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(It may be noted that the system of sets (ai» ^^ y<) satisfies the conditions 
of §3.) 

Placing the coefficient of ^"'"^ in ^Si equal to Ai, we way write the n^ power 
of ^Si as follows : 

^Sr =\[a+ {nA, + in{n- l)a^,Y,)p-'\ nap, + b]\. 

Hence ^Sr= |[«, *]| =1; 

i. e., all the operators of H^ (except identity) are of order p. Moreover 5i is 
non-abelian. For we have 

8^i'8^= \[a + {A + Aj + aP,rj)p-''\ a{P, + Pj) + b]\, 

which shows that ^S, and ^Sj are not in general commutative. Hence, JETj is the 
non-abelian group of order p^, all of whose operators {except identity) are of 
order pj^ 

Hence also / is non-abelian. 

The characteristic non-cyclic subgroup of order p^"^ is made by (7 to corre- 
spQnd to itself in i>"*""*(p — 1) ways ; / therefore contains an invariant subgroup 
H^ of order p^ ; JETg being contained in H^ is abelian of type (1, 1) , 



§5. — Invariant Subgroup H^ of Order p^ in I. 

By Sylow's theorem, / contains a single subgroup of order p^ ; let it be 
denoted by ff^. To obtain a general operator ^/Si of ^JST^^, we must find a suit- 
able system of sets (a^ Ai yd satisfying (Ai), (A^) , {A^ of §3. 

Restrict a< to the jp"*""* values which are congruent to unity modp; 
(ill), (-^»)t (A) ar® th®^ equivalent to 

a, = tti ttg + Pi y, jp*"' mod ^"-\ 
^s = /?i + /?2 modp, 
ys = yi + y2 mod p. 

Evidently (as, ^s, ys) is in ihe system for any choice of (ai, jffj, yj) and (aj, /?2, y,). 
Hence the system gives rise to a subgroup of /; this subgroup is of order ^^ and 

* Bumside, ioc. cit, p. 82. 
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hence is H^ We have then 

^S,= \[aai' + (by,-ia{a~ l)p,)p^''\ a/?,+ 6]|, 
[ai' = l modjp, pi<p, yi<p. 

If j3i = y^ = 0, the resulting p*~* operators are invariant in jET^, as is read- 
ily shown by forming the product ^SJ ^Si , where ^S/ = | [aaj'y 6] | . Moreover, 
JETpj contains an invariant operator of order p*"*. For we have 

.^'- = I [oar, h] I 

and if aj' = 1 + kp (A;<|)),2>"*"* is the smallest value of n which will satisfy 
aj'*= 1 modp"*"'^ 

Further, ff^ contains no operator of order jp"*"^ For, we find 

^Sr=\[aar + (nby,-ina{a-l)p, + in{n-l)a^,Y,)p^'\ nafi, + b]\ 

and if n =p"*~*, ^SP = 1 for every set (a^', fit, yi). 

Hence, H^ is the non-ahelian group of order p^ which contains an invariant 
operator of order p^^^, and does not contain any operator of order p^"^ . Its defin- 
ing relations are i"^ 

It may be noted that ^SJ makes every operator of G correspond to its a/*^ 
power. In a previous paperf it has been shown that all such holomorphisms are 
invariant in the group of isomorphisms ; i. e., the operators ^SJ are invariant in 
7, which also follows readily analytically. By another theorem in the same 
paper, it follows at once that they form a cyclic subgroup fll»-i of order ^"*"* in 
/; this agrees with the result already obtained. 

^6.— The Quotient' Group IjH^-i. 

B^^2 leaves all the subgroups of G fixed. Regarding I/H^^2 of order 
jp^ (p — 1) as a substitution group on the subgroups of (7, it is clear that //fl^-j 
must contain a transitive constituent 7\ of degree p on the p cyclic subgroups of 
order ^,^_i . 7\ is doubly transitive ; for the correspondence 

p ^ P-, Q^ Q 

* Burnside, loc. cit, p. 78. 

t Transactions of the American Mathematical Society, Vol. Ill (1902), p. 189. 
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leaves \P\ fixed, while it transforms any of the other cyclic subgroups of order 
^m~i^ |PQ}, into \P*Q\. Non-congruent values of a mod p give different sub- 
groups ; by assigning to a any of its ^ — 1 non-congruent values mod />, { PQ\ 
may be transformed into any one of the remaining p — 1 subgroups. The order 
of Ti cannot be p^ {p — 1), since the order must be a divisor o{p ! ; it must then 
hep(p — 1), since there is no doubly transitive group of degree p and order 
less than p{p — 1). Hence 7\ is a metacyclic group of degree jp. 

Further, IjH^^^ must contain a transitive constituent T^ of degree p on the 
p non-characteristic subgroups of Q of order p. Reasoning similar to the above 
shows that TJ also is a metacyclic group of degree p . Moreover, it is possible to 
leave the subgroups of order p"^"^ fixed, and still pernmte the subgroups of order 
2> according to a group of order 2>. Hence, //J5r„_2 *-^ obtained by establishing 
a {p, p)-isomorphism between two metacyclic groups of degree p . 

§7. — The Defining Relations of I. 
If we take 

I,= \[a + ap,b]\, J=\la + bp^-\b]\, 

K=\[a + ^a{a — l)p^-^ -a + 6]|, 

then /, J, K satisfy the relations defining H^ (§6). For, we have 
K-^JK- I [a + (a + b)p^'\ 6] | = J^- 

and the other five relations may easily be verified. 

Corresponding to every operator of order p — 1 in IjE^^^, there is in / 
just one operator of order p — 1 . Let 

/,= |[aa,6]| 

be one of these, where a belongs to exponent p — 1 mod p" ~^. Then, we have 

/r W, = I [a + aii)"-«, 6] I = J\ 

AXso Ji'^KIi replaces \aa,h'] by [aa + ia(a — l)ap*~*, — a + 6]. This is 
effected by an operator 

aJ^, ^g being defined by the relations 

a/l?s — 1 = 0, 2aa8 + a — 1=0 mod p. 
27 
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We find readily 

Placing I^I^ = /|, since Ii is commutative with ^, J^.f , y^e may tm^ <Ae defining 
relations of I as follows : 

where x is any number behr^ging to exj^onent p — 1 modp"^"^, and where s, t are 
defined by the relations 

2xt + x—l=0') 
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Isothermal' Conjugate Systems of lAnes on Surfaces. 

By L. P. BiSENHART. 



Bianchi* has given the name isothermal-conjiigaie to a double system of 
lines, on a surface of positive curvature, which are such that when the surface 
is referred to them as parametric lines, the second fundamental quadratic form 
for the surface can be brought to the form 

We have extended the term so that it refers also to conjugate systems on sur- 
faces of negative curvature; in this case the lines must be such that the second 
fundamental form can be written 

^{du^ — d^), 

when the lines u = const., v = const, form an isothermal-conjugate system. It 
is in this broader sense that we shall treat of such systems. 

In the first section we show how these lines can be determined, and by 
methods similar to those used by Bianchif in his treatment of isothermal orthog- 
onal systems, we establish theorems similar to those which are well known in 
the theory of these latter systems. And for surfaces of negative curvature we 
establish results very similar to those which Bianchi j; has found for surfaces of 
positive curvature. A geometrical interpretation of these systems leads to the 
theorem that the surfaces, obtained by reciprocal radii vectores from surfaces 
whose lines of curvature are isothermal-conjugate, are of the same kind. 

In the second section, we begin the study of surfaces whose lines of curva- 
ture form an isothermal-conjugate system, and show that the general problem 
of determining these surfaces depends upon the integration of a differential 
equation of the fourth order, very similar to the equation found by Darboux in 



* Lezioni, p. 182. 



tlb.,p, 67. 



t Bianchi, p. 188. 
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his study of isothermic surfaces. After showing that the surfaces whose lines of 
curvature are at the same time isothermal and isothermal-conjugate have an 
isothermal spherical representation, we pass to the theorem that the sphere, 
certain surfaces of revolution and minimal surfaces are the only surfaces of con- 
stant mean curvature whose lines of curvature are isothermal-conjugate. 

By the direct calculation of the coefficients of their second fundamental 
forms, we show that quadric surfaces and surfaces of revolution have isothermal- 
conjugate lines of curvature. 

By means of a method similar to that used hy Willgrod,* we solve the prob- 
lem of finding all surfaces which, together with their parallels, have isothermal- 
conjugate lines of curvature We find that the sphere, plane, cyclides of 
Dupin and surfaces of revolution, are the only surfaces of this kind, and we note 
further that these surfaces are isothermic. 

In addition to the surfaces of constant total curvature and surfaces of revo- 
lution, the surfaces whose radii satisfy the conditions 

pipi fif>«(pi + pi) 

where /, U, V are bound by a certain relation, have isothermal-conjugate lines 
of curvature. 

The paper closes with a discussion of surfaces with plaiie lines of curvature 
in both systems and, at the same time, isothermal-conjugate. Solutions of this 
problem are furnished by surfaces of revolution, certain moulure surfaces, 
cyclides of Dupin, minimal surfaces of Bonnet and Enneper and other surfaces 
whose coordinates are given. 

I. 

Consider a surface (or region of a surface) of positive total curvature. The 
quadratic difierential form 

/= Ddv!" + iiydu dv + /y'M (1) 

which, when equated to zero, gives the imaginary asymptotic directions at the 
corresponding point, can be decomposed into two conjugate imaginary factors, 
thus: 



/= \yDdu H — — -^ dvjl^Ddu H -^^ — dvj . (2) 

* **• Ueber Fl&ohen, welche sich durch ihre Krummungsllnien in unendlich kleine Quadrate theilen 
laseen (DiBsertation, Qdfetingen, 1888). 
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From integral calculus we know that there is an infinity of integrating fac- 
tors of 

VjJd»+5^+^^^^^*i (3) 

let one of them be fx + ii/, and let ^ + i^^ be the function of which the product 
of f£ + ir and (3) is the exact differential, then 



(^ + iV)(v:^du + ^^A^^!^^^ (4) 



and / :\f rnji ,D' — WDDf — D'\ ,,^ .,x ,., 

(li — xv)\WDdu+ ^JD " ifo)=d(^ — 1^). (6) 

If, now, the surface is referred to the system of lines ^ = const., i|/ = const^i 
where ^ and o^ are the functions determined by equations (4) and (5), the form 
/ becomes 

f^-^i^^-^m- (6) 

Hence, the system of lines ^ = const, i^ = const, is isothermal-conjugate. We 
remark that its determination depends upon the integration of the differential 
equation 

Returning to the general coordinates u and o, we form the Beltrami differ- 
ential parameters with respect to the form (1) ; they are 

Ae —r j^jy,_jy* . (8) 

. / . AN 3© 9? \du dv dv du ) du 3a /_% 

A(^, e) DD" — D' • ^' 
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Let the surface be referred to the new system of Imes ^ = coast., i|/ = const. ; 
then 

/= A #• + 2/){ d^d^+ 2>i'^, (11) 

or, this may be written, 

where, in consequence of their invariant character, the differential parameters may 
be formed either with respect to the form (l)or(ll). Assuming that they are 
as given by (8), (9), (10), we remark that if the new variables ^ and '^ are chosen 
in such a way that 

A4> = Ai^, A(<^,i|/) = 0, (13) 

the curves ^ = const., ^ = const, will form an isothermal-conjugate system, and 
conversely. 

Let 4>(7^, v) be a particular solution of the partial differential equation 

A,e = 0, (14) 






that is, 

du 
In consequence of this we see that 



(15) 






is an exact differential. Denote the latter by ^, then 

34^ dv du ^ ^^ 8^ dv (yrr\ 

Solving for ^ , ^ , we have 
ou ov 

d^ _ dv 3w 3$ 3w 3v ^j«N 

at^ ^'DD^—D' 3v ~ ^/WD^—W ' 

From this it follows that the function i^, determined by quadratures from (16), 
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is also a solution of equation (14). Hence, when one solution of this equation is 
known, another is given by quadratures. Two such solutions will be called 
conjugate to one another. It follows at once from (16) and (17) that ^ and o^ 
satisfy the conditions 

Recalling the preceding results, we have that, if ^ and i^ are conjugate solutions 
of the equation 

the curves ^ = const, o^ = const form an isothermal-conjugate system. 

If the u and v lines form an isothermal-conjugate system, equations (17) 

reduce to 

d^ d^ d^ 3^ 

3u ~ 3r ' dv du' 

that is, ^ + W^ is a function o{u + iv. Since the form (6) is not changed when 
•4/ is replaced by — o^, we have the theorem : 

When an isothermal-conjugate system (4>, i|/) for a surface of positive cu/rvature 
is known, every other isothermdl-oonjugaie system (4>', i//) can he obtained by putting 

wJiere Fis an arbitrary function. 

Suppose that for a given conjugate system of lines u = const., v = const., we 
have 

where 27 is a function of t^ alone and F is a function oft; alone. Equation (18) 
can be replaced by 

where ^ is a function of w and v. We have now 

f=Ji{Udu^+ Vd^). (19) 

If we introduce new variables t^ and vi, defined by 

Ui=fvWdu, v^—f^/Tdv, (20) 

the above form becomes 

f-%{dv\^-dv\). (19') 
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Hence, the lines t^ = oonst., Vi = const form an isothermal-conjugate system. 
But, from (20), it follows that this is the same system as ii= const., r= const. 
Therefore, when the condition (18) is satisfied by a conjugate system of lines, 
the system is isothermal-coDJugate, and conversely. 

From the above it follows that if the curves ^ = const, and their conjugates 
form an isothermal-conjugate system, it is possible to find a function J^such that 
F{(p) is a particular solution of the equation 

Conversely, if F{(p) satisfies this equation, the curves ^ = const, and their con- 
jugate trajectories form an isothermal-conjugate system. 
From (10) we have that 

A, [Fi^)] =F'{q>)^q>+ F' (4>) Ai^ = 0, 
where accents denote difierentiation with respect to ^. Hence, 

M. = _^!i*) (21) 



Since the right-hand member is a function of ^ alone, the left-hand member is a 
ftmction of ^ alone, 
so determined that 



ftmction of ^ alone. Conversely, if ^^ is a function of ^ alone, F{(^) can be 



A,[^(4>)] = 0. 

We have then the following theorem : The necessary and sufficient condition that a 
family of lines ^ = const and their conj'ugaies form an isothermal-conjugate system^ 
is that the ratio of the second and first differential parameters^ formed with respect to 
the second fundamental qvadratic form of the surface^ is a function of^ alone. 

The conjugate trajectories of the curves ^ = const, are found by the quad- 
ratures 

where F>{<p) = e~^** - 

It follows from this that if the lines ^ = const, hdong to a double iaothermdl-cory'vi- 
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gate system, their conjugate trajectories are given by the differential equation 

^-^-^-^du ^ — 2^__i?! dv = o, 
^/DD^ — D^ s/DD' — W 

where c""*^ ^ ^ is an integrating factor. 

Suppose DOW that the family ^ = const, of a double isothermal-conjugate 
system of lines is given by a differential equation of the first order, 

Mdu + Ndv=0] 
then the other family of lines is given by 

DN—DM ^ . UN—D'^M ^ ^ 



From what precedes we know that these two equations have the same integrat- 
ing factor ; let it be denoted by ^i and for the sake of brevity write 

Then we find 

du ~ MN, — M,N — ' 

dv MNi — M,N — ' 

from which (i can be obtained by quadratures. Hence, we have the following 
theorem analogous to that due to Lie concerning isothermal systems : 

WTien one family of a double isothermal-conjugate system of lines on a surface 
of positive curvature is given by a differential equation of the first order, viz., 

Mdu + Ndv=0, 

the equation of the lines infinite terms can be obtained by quadratures. 

From equations (4) and (6) it follows that when ^ = const., '^ = const, 
form an isothermal-conjugate system, the asymptotic lines are given by 

^ -f i^" = const., ^ — iij/ = const. 
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Consider now surfaces whose total curvature is negative. The problem of 
finding an isothermal-conjugate system of lines on such a surface is the same as 
that of finding the asymptotic lines. For \iu^ v are the parameters referring to 
the asymptotic lines, the quadratic form /is simply 

f—L^dud/o. 

Let now ^ and 4^ be two functions of u and v defined by the equations 

<^=/,(u)+/,(t;), 4'=/i(t*)-/,(t;), (23) 

where /i and /, are arbitrary functions. When the surface is referred to the 
system of lines = const., '^ = const., we have 

where ^ is a function of ^ and *\t . Hence, if the lines u = const., v = const, are 
asymptotic lines, an isothermal-conjugate system of lines is given by 

f\ (w) +/» {v) = const., /i (w) — /, {v) = const. 

Conversely, if ^ =^ const, '*^= const, form an isothermal-conjugaie system, then the 
asymptotic lines are given by 

Fi (4) + -4/) = const., jPg (4) — 4/) = const. 

Let the surface be referred to an isothermal-conjugate system {u,v)] then 

D= — Df, D=zO. 

Let X, Y, Z denote the direction cosines of the normal to the surface, and write 

then da* = S du^ + 2<^dudv + 9 dv^ 

is the square of the linear element of the spherical representation of the surface. 

Denoting by yH the Christoffel symbols formed with respect to this quadratic 

form, and writing 

D^ —D^f 
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we have for the Codazzi equations, referring to the spherical representation of 
the surface,* 

and if {x,y, z) are the cartesian coordinates of a point on the surface, their 
derivatives with respect to u and v are given by 

dx p ^( Q ^^ X ^ 3^\ 

dx jp /-i dX 



^ 



>^^Q-<^~^ 



^^). 



(•26) 



and analogous expressions in y and 2. 

Prom (24) it follows that the necessary and sufficient condition that a system of 
w, V lifies on a sphere he the spherical representation of an isothermal-conjugate sys- 
tem of lines on a swrfo/ce of negative curvature is expressed by 



I ({vr-r.i') =!({?}'- ivr> 



If we put 



VpX=f, VpF=>7, ^/pZ=^, 
equations (26) may be replaced by 



dx 
du 



= + 



»7 . 


? 


dr, 


a? 


dv ' 


dv 



dx 



= + 



»7 . 


r 


dn 


d< 


a^' 


as 



(26) 
(27) 

(28) 



and analogous ones in y and z. It is readily shown that X, F, Z B,re particular 
solutions of the equation 

dw dv* du du dv dv ^ '^ 

Effecting the transformation 

we can bring this equation to the form 



* BiMichi, Lesioni, p. 181. 



29 
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from (27) it follows that ^, >?, ? are particular solutions of this equation. Con- 
versely, if we take any three particular solutions f , >7i ? of an equation of the 
form (29) where if is any function of u and v, the surface, whose cartesian coordi- 
nates are determined from these solutions by means of (28), will have the u, v 
lines for an isothermal-conjugate system. 

Recalling the expressions of Gauss for the second derivatives of the cartesian 
coordinates of a point on a surface,* we find that when the surface is one of neg- 
ative curvature and is referred to an isothermal-conjugate system of lines, these 
coordinates must be simultaneous solutions of the equations 



m _ fi2) ae . fi2i ae 
di^~ 11 i as^ 1 2 \^' 

, a*0, 



^+^=[ivw?}]§j+[jv(+ni]i^ 



(30) 



where the ChristoflFel symbols y^[ are formed with respect to the square of the 

linear element of the surface. 

Conversely, if «, y , z are three linearly independent solutions of a completely 
integrable system of the form 



a»0 -a^ + b-- 
dudv du dv ' 



(31) 



then sc, y, 2 are the cartesian coordinates of a point on a surface of negative cur- 
vature referred to an isothermal-conjugate system of lines. 

The results of the preceding sections are similar to those deduced by Bianchif 
for surfaces of positive curvature referred to an isothermal-conjugate system; 
the various equations and conditions differ at most in sign. 

It is readily seen that the plane is the only surface of zero curvature which 
admits isothermal-conjugate lines as defined. For, in this case, 

jOzy' — 2y* = o, 

and hence only when 

D = D' = iy' = 0, 

can the above condition and that for isothermal-conjugate lines be satisfied simul- 
taneously. 

* Bianohi, p. 88. fLezioni, pp. 188, 184. 
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If the distance from the point {u + du, v + dt;) on a surface to the tangent 
plane to the surface at the point (t^, v) be denoted by j>, it can be shown that 

where the unwritten terms are of a higher order than the second. Neglecting 
the latter, we find that the distance from {u'\'du, dv) to this plane is \Dd%f and 
from (ti, v + di?) is \D'di^. If, then, we take du=^d/Oj we find that when 
u and V refer to an isothermal-conjugate system, these distances are equal ; 
moreover, they are measured in the same direction at points of positive curva- 
ture and in opposite directions at points of negative curvature. 

Consider now, in connection with a surface Sy whose u and v lines form an 
isothermal-conjugate system, the surface S^ which corresponds to S by reciprocal 
radii vectores. Then, if Xi, yy, z^ denote the cartesian coordinates of a point on 
/Si, we have 

A + lA + ^' ^~A + ¥r + ~^i' x! + yf + ^- ^^^^ 

From the geometrical interpretation of isothermal-conjugate lines, as given 
above, and from the well-known fact that the transformation (32) changes a 
plane into a plane, a conjugate system of lines on S into a conjugate system on 
S^y preserves angles and the ratios of infinitely small lengths, it follows that on 
Si the system of t^ and v lines form an isothermal-conjugate system. And since 
Darboux has shown that the lines of curvature on Si correspond to the lines of 
curvature on S^ we have the theorem : 

The transforms by reciprocal radii vectores of surfaces whose lines of curvature 
form an isothermal-conjugate system are also surfaces of this kind. 

n. 

Consider a surface S referred to a general system of curvilinear coordinates 
(uyv); the square of its linear element takes the form 

d^ = Edu^ + 2Fdu dv + Gdi^. (1) 

The condition that the coordinate lines be the lines of curvature is 

j^=o, iy = o, 

and that these lines form an isothermal-conjugate system is, with proper choice 
of parameters, 

according as the surface is of positive or negative curvature. 
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Combining with the results found in the previous section with respect to 
surfaces of negative curvature, the similar results found by Bianchi for surfaces 
of positive curvature, we have that, in order that the lines of curvature of a sur- 
face may form an isothermal-conjugate system, it is necessary that the cartesian 
coordinates of its points satisfy simultaneously the two equations 



_a^_ajogv^ ae d\ogs/a ae 

dudv dv du du dv * 

^=c^-_l_/^?^-^-?-^^ ^^ /a^.a<9\ae I 

du' ^ dv' ~ 2E\du duJdiT^K^'^ dvj^' \ 



(2) 



where the upper sign holds for surfaces of positive curvature, and the lower for 
surfaces of negative curvature. Conversely, if two simultaneous equations of 
the form 



= a^ 1-6 



du dv du dv 

d'o ^ a*e _ de , r.dd , 
du^^d^~'^dii^^d^' J 



(3) 



constitute a completely integrable system, and x,y, z are linearly independent 
solutions, satisfying the conditions 

dx dx . dy dy t dz dz ^ 

du dv du dv du dv ' 

then the locus of the point (x, ^, 2) is a surface of positive or negative curvature 
(according to the signs in the second equation (3)), whose lines of curvature 
form an isothermal-conjugate system. 

It is evident that the problem of finding all the surfaces whose lines of cur- 
vature form an isothermal-conjugate system is a very diflBcult one, especially 
from the preceding point of view. We shall, however, by different methods find 
quite a number of such surfaces, but before proceeding to this, we will show that 
the solution of our problem depends upon the integration of a differential equa- 
tion of the fourth order, similar to that found by Darboux for isothermic surfaces. 

To this end we consider the surface referred to the system of tangential 
coordinates, imagined by Bonnet, for which the equation of the tangent plane 
takes the form 

{a + p)x + i{p — a)y + {ap-l)z + ^=0. (4) 
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Then the lines of curvature are given by 

Tda?—td^ = 0* (6) 

and the z coordinate of the point of contact has the expression 
where we write 

p-^' ^-^ '"a^' *~a^i^' ^~w ^^ 

The second fundamental form is 

f= {(l+a/3)(rda*+2«dad/3+<d/3«) + 2cfad^(^ — pa— j/3)}x, (8) 

where x is a fimction of a and ^ whose form is not essential. 
If the parameters of the lines of curvature are u^ Vy then 

dtt= ;i(\/rda— \/<(i/3), cfo = |[£(\/rda + s/td^), (9) 

where % and pt are such that the expressions on the right are exact differentials. 
If the lines of curvature of the surface inform an isothermal-conjugate system, 

/=D{du' + dt^), (10) 

where aS' is a surface of positive curvature, as we will assume it is for the present. 
Replace duj dv in (10) by their expressions (9) and compare with (8) ; this gives 

DVrt{fi^ — X^) = x^s{l+ap)+^—pa-q^] =x{l + ap){s + z)') ^ 

Since the first two of these conditions are the same, we have two equations in 
^* and (I* ; solving, we get 

2Z?A»=- ^+J-^^ (l+a/3)«. 2Z)/*« = l±l±^(l+a^)x. (12) 

^"* 2Z> = (*-+5^(l+a^)., (13) 

then .id _ 6 



{s + z+Vrty' ^ (« + 2 — VrO* 



* Darboux, Lemons, I, p. 346. 
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Hence B must be such that 

(« + 2 + \/rO* ' {8J^z—^/Tty 

are exact differentials. The condition of integrability of ihe first is 
, 91og6 , /^91og6 , ds/r , 3V / 9 i / i j / ^u 

— V< ^log(« + <' + 'V^r<)*= 0. 

The condition for the second is gotten from this by replacing Vt by — »i/t. 
From these two equations of condition we obtain the following : 



+ JjL 3 log ('JH+^da 
^^ t 33 "V. + j — Vrt/ 

+/i a log (i+i±Vrt)V 



Expressing the condition that the right-hand member is an exact differential, we 
find the following equation of the fourth order which ^ must satisfy in order 
that the lines of curvature of S may form an isothermal-conjugate system : 

When S is Sk surface of negative curvature, we find, by methods similar to the 
preceding, that for the lines of curvature to form an isothormal-conjugate system 
we must have 
Dt{X^-(^) = {1+ aP)r, Dt{X^ — fi') = {l + 0^)1, 

-D^rt{(i^ + X^) = {\+ afi){s + z) , 

from which, after making use of (13), we have 

Proceeding as before, we are led to the same equation (14). Hence, when the 
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function ^ for a surface of positive or negative curvature satisfies equation (14), 
the lines of curvature, which can be determined by quadratures by means of (9), 
form an isothermal-conjugate system. 

The expression ^ -f g + Vr < 

s + z — \/rt 

is the ratio of the two radii of principal curvature of the surface.* Hence, since 
for a minimal surface^f 

JL — t^) 

it follows that the above equation is satisfied by the function ^ corresponding to 
minimal surfaces. 

This result can be obtained also as follows : Denote by pi and p, the princi- 
pal radii of curvature at a point, and let the surface be referred to its lines of 
curvature; then 

J_ _ ^ ± = ^^ 
Pi ^ ' p« ^ ' 

If, now, S\B9k minimal surface, it is isothermic, and hence the parameters of the 
lines of curvature can be so chosen that E= G, and hence 

Z> = — D". 

In a similar manner consider a sphere. Since an orthogonal system upon a 
sphere is at the same time conjugate and since the two fundamental forms are in 
constant ratio, every isothermal system upon the sphere is an isothermal-conju- 
gate system and consequently the sphere can be looked upon in an infinity of 
ways as a surface with its lines of curvature forming an isothermal- conjugate 
system. Monge| has shown that the sphere is the only real surface whose 
principal radii of curvature are equal and of the same sign, hence minimal sur- 
faces and sphere are the only real surfaces to be investigated by this method. 

Recalling the notation of the previous section, we have the following rela- 
tions, when a surface is referred to its lines of curvature :§ 

* Darbouz, Lemons, I, p. 246. 

tib., p. 898. 

t '' Applioatioii de Panalyse d la g6om6trie," 5m« ed., pp. 196-811. 

§ Bianchi, Lesioni, p. 181. 
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From this it follows that when S is an isothermic surface and the spherical rep- 
resentation of its lines of curvature is also isothermal, then the lines of curvature 
of S form an isothermal-conjugate system. By means of this we shall be able to 
determine what surfaces of constant mean curvature have isothermal-conjugate 
lines of curvature. Bonnef^ was the first to show that such surfaces are iso- 
thermic. 

Willgrodf shows that for surfaces with constant mean curvature different 
from zero, the parameters of the lines of curvature can be so chosen that the 
following relations hold : 

pi — ps 

From this it follows that for the spherical representation of S to be isothermal 
we must have 

where CTis a function of u alone and F is a function of v alone. But pi and p 
also satisfy the condition 

where c is a constant. From these two equations we have 

^_ c{U+V) _ c{U+V) 
pi Y . p« ^ . 

When these expressions are substituted in the above equation, we get for 
S and & 

^=c*(CP_ F»)' ^-(^(^IP— F«)* 

From these forms it is seen that in this case the orthogonal system upon the 
sphere is such that by a suitable choice of parameters the linear element can be 
given the form 



'^=(dn^^'^+*^'- 



* ''M^moire ear la theorie des surf aces applioables sur une surface donii6e '^ (Journal de l'Jkx>le 
Polytechnique, XLII, Cahier, p. 77, 1867). 
t Diasertation p. 80. 
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In order to determine the form of the functions Ui and Fi, we note that the 
Gauss equation for the sphere referred to any isothermal orthogonal system, 
namely :* 

where ^ = g = ^ 

takes in this case the form 

where the accents denote differentiation with respect to % and Vi respectively. 
For the present we exclude the case where either Ui or F^ is a constant and we 
put 

and take Ui and F^ for the independent variables. If we make this substitution 
and denote now by accents differentiation with respect to these new variables, 
the above equation becomes ~ 

(?75+ F3-4)(Cri+ F,)- J7,- F, = 0. 

Differentiating this equation with respect to U^ and then with respect to Fj, we 
are brought to the equation 

From this it follows that TTi and VJ are constants differing only in sign. Hence 

where a, ]3,y, 6,c are constants. When these values are substituted in the 
above equation, it becomes 

Vi{2 + p — b) + V,{2 — p + b) + y + = 0. 

From the form of this equation, it follows that there cannot be a linear element 
of the form 

with neither Ui nor F^ constant. We shall consider now this exceptional case 
and assume that Fj is constant. In this case the curves on the sphere are great 
circles with a common diameter and their orthogonal trajectories. 

* Bianchi, Lezioni, p. 67. 
30 
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With respect to the corresponding surface, we have only to note that by 
retracing the steps which led to the linear element of the sphere in the above 
form, we find that when Fj is a constant, V also is a constant. Then both pi 
and p, are functions of u alone, and consequently the surfaces are surfaces of 
revolution. From the well-known theorem of Bonnet with regard to the rela- 
tion between surfaces of constant mean curvature and those with constant total 
curvature, one has that the surfaces of revolution of constant mean curvature are 
parallels of the surfaces of revolution with constant positive total curvature. 
Since the latter are known, the same is true of the former. Combining these 
results with those previously established with respect to the sphere and minimal 
surfaces, we have the theorem : 

The only surfaces of constant mean curvaiure whose lines of curvature are isO' 
thermal-conjugaie are the sphere^ minimal surfaces and the surfaces of revolution 
whose mean curvature is constant. 

We will deduce now the differential relation which exists between the prin- 
cipal radii of curvature of a surface whose lines of curvature are isothermal-con- 
jugate. To this end we consider the Codazzi equations and the equation of 
Gauss, which, when the surface is referred to its lines of curvature reduce to* 

Now E—^D, a=.^I>', 

hence, equations (16) may be written 

aiogVZ>_ p» + pi d log Vpi 

^ ^-^ ^ \ (17) 

8 log ^jy' _ p, + Pi d log Vp, 

9tt Pi — pi du 

Expressing the condition that the lines of curvature are isothermal-conjugate, 
that is, 

* Bianohi, p. 98. 
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we have the following condition which pi and p^ must satisfy : 

or, on developing, 

JL ^ + _L ^ _ p!+2piP2-& ' ^ 3ei 
pi diidt; ps du dv pj (pf — pj) ou dv 

which is the relation sought. If we put 

4)=J-, ^== ft-pi (19) 

Plp« Plp8(Pl + pl) ^ ^ 

then the above equation takes the simple form 

dudi; du ^ ^ du 
and the Codazzi equations become 






From these equations we find 



(21) 



Z>=|/^(^*-^'"). (22) 

Making use of equations (16) and putting 

D = e/y. 

where f is +1 or — 1, according as iS^ is a surface of positive or negative curva- 
ture, we can put equation (16) in the form 

+ #rV^ -^ I- log -11 = 0. (23) 
dv l^ pi pi — p» 9« Pi J 
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III. 
Consider the quadric surface whose equation is 

a b c 



(1) 



The cartesian coordinates have the following expressions in terms of parameters 
referring to the lines of curvature :* 



^ {a — h){a — c) ' 

,.-J b{b-u){b^^) 
^ ^ (6_a)(6-c) ' 

^ {c-a){c-b)' 



(2) 



Calculating the direction cosines of the tangent plane to the surface at the point 
{x, y, z) and the coe£Scients of the first and second fundamental forms, we get 



X = 4/^a/(?L+J*M+J0 Tr-y<»y (& + t«)(& + t> ) 

>ttt,^(a — 6)(a — c)' ^ut>^(6 — c)(6 — o) ' 



' W)^ (c — a){c — 6)' 



E = 



u{u — v) 



4 (a + u){b + «)(c + v) ' 



(? = 



p (■» — v) 



4 (a + »)(i + i;)(c + v) ' 



(3) 
(4) 



i)=-i/ 



t« 



tiiT (a + u){b + w)(c + u) ' 



zy' = _ j>y/^ 



u 



uv (a + v){b + v){c + v) 



(8) 



From (4) we remark that the surfaces of the second degree whose equation is of 
the form (1) are isothermic and the expressions (5) show that the lines of curva- 
ture of quadric surfaces are isothermal-conjugate. 

The surfaces of the second degree whose center is at an infinite distance can 
be looked upon as limiting cases of the preceding, and from this point of view 



* Darbouz, Lemons, 1. 1, p. 166. 
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we see that their lines of curvature are isothermal-conjugate. But we can prove 
it directly from the expressions for the cartesian coordinates of such surfaces. 
Thus, if the equation of the surface is 

we have for the coordinates,* 



y 



= oV 



h («6 + a)(t?& + a) ' 



•a 



a {vb + a){vh + a) ' 



_ c{a — 6) Vw) — c? d_ 

2a {ub + a){vb + a) 2c * J 



(6) 



Proceeding as in the former case, we find 

a'l^^Ll^, il^ij9-:Z^^^, ^/ab{ub + a){vb + a) 
X, Y, Z= ^— 



\^(6*« + a*)(6»» + a») 



(7) 



<*{a- b){u - «)(&» + ^-) <^{a - b)iu -v)(b^ + -^) 

* (w6 + a)* (vb + a) ' "" — * (^ + a){vb + a)* '^ ^ 



E 



{ab)* c{a — b){u — v) 1 

V(6»« + a^){b*v + a^biT^ a){bv + a) 'u{ub+af' 

(a6)*c(a — 6)(u — p) 1 



(») 



V(J»« + a*)(6*t> + a^bu + a)(i» + a) » {vb + a)» 

From these forms we see that the lines of curvaiitre of guadrics toith their centers 
at an in/inUe dietance are isothermal and isothermal-conjugate. 
Surfaces of revolution can he defined by the equations 

X = r cos 0, y = rsint7, z = ^ (r). 

Then the square of the linear element takes the form 

<i«« = [1 + 4,' {rf] dr* + r*dif, 
and it is readily found that the second fundamental form is 

._ iJ>{r)dr» — r<p'{r)dt? 
^ <^ \ -{■ <f»' (rf 



Willgrod, ib., p. 97. 
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Hence, sv/rfaoes of revoluHon have isothermai-conjugate lines of curvature, and, 
moreover, the ratio of D and 2)" is a function of r alone. 



IV. 

In this section we wish to determine those surfaces which, together with 
their parallels, have isothermal-conjugate lines of curvature. 
In solving this problem, we make use of the equation 

pi CUCV p, oucv pf(pi — pi) cu cv 

which, as we have seen, is the condition which the principal radii of curvature 
of a surface S must satisfy in order that its lines of curvature be isothermal-con- 
jugate. We have then that this equation must also be satisfied by pi + ^ ftnd 
p2 H- a (a = const.), for all values of a , in order that the lines of curvature on 
the parallels of 8 may form an isothermal system. Since this condition must 
be satisfied identically for values of a , it is only necessary to substitute pi + a. 
Pi + ^ for pi and p, respectively and equate to zero the coefficients of the difier- 
ent powers of a. This gives 

^±+^ ^(^ 1^-^ ^) = 0' 

ou CV ou cv Pi — p2 \du Cv Cu Cv / 

_ pi + iopip2 + pi (^p ?Pi_9pi ^_h\=.Q, 
Pi — Pi \ou dv du dv J 

p.(2p! + 6p.p» + ,4)^ + pi(,h«+5p.p. + 2^)g^^ 

-P?(pj+2p,p.-p?)^^|^]=0. 
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Combining the first two of the above equations, we find that either 



i^_ 



= 0, 



dudv dudv 
or pi — pj = 0. 

The latter simplj gives the case of the sphere, which is an evident solution of the 
problem. Taking the former and proceeding step by step with the above equa- 
tions, we are brought to the following equations of condition, which must be sat- 
isfied bj surfaces furnishing a solution of the problem : 

dudv ' ^dudv ~ ' 3a dv ' du ^ ' 

There are four possible solutions of this system of equations ; they are 

1». pi=/(u), pj = <^(»),- 
2«. pi = /(r), P, = ^(m), 
3». p, =/(«), p,= 4>(tt), 
4«. p, =/(»), pa = <^(w). 



I- (3) 



Since the last two cases are practically identical, we have only the first three to 
consider. We have found that for surfaces with isothermal-conjugate lines of 
curvature the following relation exists : 

^ + 9[VrK^i_^iogj-] 

vepipi ou\-^ p, p,_p, au ° p,J ^ 

+ i [V!^« _£i_ a log Jl] =0. (4) 

at; L' p, p,_pg at; » p,J 

i"- pi =/(«*). p« = 4'(f). 

From (4) it is seen that either 

Pi = Pt ^ const., 
or D = 0. 

Hence the sphere and the plane are solutions of the problem. 

T. p,=/(r), p, = 4>(")- 

Since, by definition, p^ is the radius of curvature of the normal section tangent 
to the curves v = const., we see that for this class of surfaces p^ is constant along 
such a curve. Hence, the normab to the surface along such a curve meet in a 
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point, and, consequently, form a cone, and the curve lies on the sphere whose 
center is at the vertex of the cone and of radius pi . It is evident, therefore, that 
the surface is the envelope of a family of spheres of radius p^ =/(t;). In a simi- 
lar way it can be shown that the surface is the envelope of a family of spheres 
of radius ^ (u). Hence, the surfaces of the case under discussion are cyclides of 
Dupin. The coefficients of the second fundamental form of any surface of this 
class can be found at once from (4), 

The surfaces corresponding to these expressions are evidently surfaces of rev- 
olution ; from (4) we find 

where a is + 1 or — 1 , according as S has positive or negative curvature. 

Hence, the only surfaces which, together with their parallels, have isothermal- 
conjugate lines of curvature, are the plane, sphere, cyclides ofBupin and surfaces of 
revolution. 



CombiDing (3) and 


E G 


we see that since D" ■= eD, 


E U 



hence all of these surfaces are isothermic. Conversely, from the results found 
by Willgrod in solving the similar problem for isothermic surfaces, we remark 
that all surfaces which, together with their parallels are isothermic, have isother- 
mal-conjugate lines of curvature and their parallels have the same property. 

V. 

We will determine the surfaces whose principal radii satisfy a relation and 
whose lines of curvature form an isothermal-conjugate system. 

In solving this problem, we make use of the following equation, which we 
have found must be satisfied in order that the lines of curvature of the corre- 
sponding surface be isothermal-conjugate : 



2^ --^i5?_ _^^. ^^_?$ ^z=o (1) 

dudv du dv dv du ' ^ 
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^^^'^ 4. = _L, ^= P^-P^ . , (2) 

If pi is a function of pi, then ^ will be a function of ^ except when the relation 
between the radii is 

— = const, or — P^. f^ — ^ = const. 
Pi pa PiP«(Pi + p») 

From (1) it is seen that the fbrmer of these exceptional cases gives a solution of 
our problem. In order that the second may give a solution, we must have 

where {7 is a function of u alone and F is a function of v alone. From (II, 22) 

it follows that 

1 n—r 
Z>= * e . 

The functions U and V must be of sach a character as to satisfy the transformed 
Gauss equation 

Vepap, awL' p, p« — pi 3w ps-l 

+ J-[VS?_£l_ |logA] = 0. 

wL'pjPi — p,a» piJ 

Proceed now to the general case where 4 is a function of ^ ; then 

Hence, equation (1) reduces to 

dudv d^ ^ Sv ' 
or /3^\ /a^\ 

If, now, we write 
31 



(3) 
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where CT is a function of u alone and F is a function of v alone, we have from the 
above equation 

whence Tr= C^ 

Hence ^ and i^ are functions of W) from (4) we see that these functions are 
such that 1^ is the derivative of ^ with respect to W. We can write therefore 

Pi P« Pi Pi (Pi + 9i) 

Prom (II, 22) we End 

D^J^L. (6) 

The functions/, U, 7 must be such as to verify equation (3), which, on replacing 
pi, p2) ^ hy their expressions from (5) and (6), becomes 

f ^duV 2 ^f+fK/ ^ f-f 7+7 f /J 

It is evident that surfaces of revolution correspond to the case when ^ and 
'^ are functions of only one of the parameters. 

Prom the theorem of Weingarten * we have that for surfaces whose princi- 
pal radii satisfy a relation, the parameters (t^, v) of the lines of curvature can he 
so chosen that the square of the linear element of the spherical representation of 
the surface takes the form 

where a is a function of ti, t?, and the character of the function 6 depends upon 
the relation between the radii ; this function 6 being such that 

(>i=e(a), p, = 0(a)-a0'(a). (9) 

From this it is seen that by changing a we get different members of a family of 
surfaces whose radii of curvature satisfy the same relation. We wish to find 

* ^' Ueber die Oberfl&ohen, ftlr welche einer der beiden HauptkrummuDgBhalbineBBer eineFucc- 
tion des andern isf GreUe, Vol. 63, pp. 160-178. 
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whether there are any such families, whose lines of curvature are isothermal- 
conjugate and in such a way that for the parameters, as ahove chosen, 

D = Biy*. 

Consider first the case D:=:i D^ \ it is readily shown that in consequence of 
this we have 

^pi = ^p». 

Replacing the quantities in this equation by their expressions as given by (8) 

and (9), we get 

e(a)_ e(a) — ay(a) 
a? ~ r{a) 

Hence, the solution of our problem reduces to the integration of this equation. 
It can readily be brought to Clairant's form, from which we get the general 
solution 

this gives 



p, = cv^l + -^, p,= >/l+^, 



c ' • c 

hence, by elimination, we find that the surfaces for which 

()ip8 = c^, 
furnish the solution. 

Proceeding in a similar manner for surfaces of negative curvature, we find 

c 

that is, pi Pi = — ^* 

Hence, the surfaces of constant curvature furnish the general solution of our problem. 



VI. 

Consider a surface whose lines of curvature are plane in both systems, and 
let the planes of these lines have for equations 
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where d^i, &i, o^, <2i are functions of u alone and <h^\^ <Hi^ ^^ functions of v 
alone — u^ v being parameters of the lines of curvature. 

Differentiating these equations with res^pect to t^, we have 



where accents denote differentiation with respect to ti ; in like manner, 



<2) 



dx 



dz 



"^ + ^^+"^ = 



(8) 



where the accents denote differentiation with respect to t;. Combining equa- 
tions (2) with 



and solving for ^ , ^ , ^ , we find 
ou ou ou 



dx _ _ (a«{ + y6(-f zci-di)(h^—CtT) 
aS" A ' 

3g _ _ (ga{ + y6( + zc{ - d^)(a,r— t^) 
du A 



(5) 



where A denotes the determinant of the sjstem of equations. From these 
expressions we find 

By treating equations (3) and 

Cv ov ov 
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in a similar manner, we find 

A L ^\ dv dv/ 

Hence the necessary and sufficient condition that the lines of curvature on such 
a surface form an isothermal-conjugate system is that the functions ai, a,, • • y d^ 
satisfy the relation 

where CTis a ftmction of w alone and Fis a function of v alone. 

We will recall that all surfaces with plane lines of curvature in both systems 
can be divided into three families :* 

V. Motdure surfaces and surfaces of revolution. The surfaces of this family 
may be defined as the envelopes of the plane 

uz — a; cos t? — ^ sin t; =^f{u) + ^ (t?) , (9) 

for difierent forms of the functions /and ^. It is manifest that the surfaces of 
revolution correspond to ^ (t;) = ; 

2^. Surfaces defined as the envelope of the plane 



ux — vy + {X\/l—u*—^^^^—lWl + ^)z = f{u)—^{v); (10) 

3"". Surfaces defined as the envelope of the plane 

2ux + ^y + {l—u^—v^z=f{u) + ^{v). (11) 

Geometrically, the three families are distinguished by their spherical repre- 
sentation.f Those of the first family have for spherical representation a system 
of great circles pivoting about a diameter and their orthogonal parallels. The 



' Darboaz, Lemons, 1. 1, p. 180. f Caronnet, Thesis, p. 10, 
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lines of curvature of the surfaces of the second family have for their spherical 
representation a double system of small circles whose respective planes meet in 
two reciprocal straight lines ; when these lines are tangent to the sphere, the 
spherical representation is that of the third family. For a method of point and 
tangential generation of all surfaces with plane lines of curvature in both systems 
the reader is referred to Darboux.*^ 

We will now discuss each of these families. 

Swrfaoes of the First Family. 

As previously remarked, these surfaces may be defined as the envelope of 

the plane 

vz — sc cos t? — y sin t; = /(u) + ^ {v). (9) 

On taking the derivatives of this equation with respect to u and t; respectively, 
we get the equations of the planes of the lines u = const, and v = const. ; 
they are 

a; sin t; — y cos i; = ^' (v) . J 
Comparing these equations with equations (1), we remark that for this case 

a8 = sinv, 68 = — cosv, ©8 = 0, d^^fp/{v)\S 
and from (9), 

jp. — cos t; -IT— __E5JL_ ^— !f 



When these expressions are substituted in the conditional equation (8), it is found 
that/(t4) and ^(t;) must be such that 

a COS t? H- y sin t; — ^" {v) V ' 
which, in consequence of equations (9) and (12), can be written 

1 -^-^« (14) 



where now U^ = ^.. , v • Iq order that this relation may be satisfied either 

* Le^onB, 1. 1, p. 182. 
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r. u/' (ti) — /{u) = Ci and ^ (v) has any form whatever ; or, 
V. q>" {v) + q>{v)= C2 and /(u) has any form, where Oi and (7j are con- 
stants. 

In the former case, we would have 

/{u) = G,u—0^. (15) 

However, in this case, 

z=f(u) = G,, 

that is, the surface would be a plane curve, and hence this case does not hold. 
In the second case, 

^ (r) = (cj + c^) cos v + i (ci — Cg) sin v + G^, (16) 

where o^ and Og are arbitrary constants. 

We have then for surfaces of the first family whose lines of curvature form 
an isothermal-conjugate system, surfaces of revolution and those moulure surfaces 
for which ^{v) has the form (16) and f{u) has any form with the exception 
of (15). 

Surfaces of the Second Family. 

These surfaces being the envelopes of the plane 



ux — vy^{^\/l—u^—>/^^— iVl +v*)z = /(w) — <^(t?), (10) 

the planes of their lines of curvature are 



Comparing these with equations (1), we have for this case 



(17) 



vl -\-tr 



(18) 



and from (10), 

X Y 7- tt, -V, XV1T=1? — Vg^.^/l + p» , 

' • («»(i-x') + x»^+sa»— i-java'-iVi— «».vi— »*)»• ^ -' 
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When these values are flubstituted in equation (8), the latter becomes 



V 



^'(«)-v;i'— 1 

Replacing z by its expression, as determined from (10) and (17), viz. 
a = [/(») - u/(»)] - r» (t;) -r»^ (v)] 



(19) 






we can put the equation in the form 



f'(u) / X _ VX'-1\ 
^/ « \Wl — M* Vl + »»/ 

^^~ -t./(u)-«/(u)-»(r) + t>»-(t>) _ U, , . 

x^n? — 1.( "^ ) ^^1 -«' ^1 + ^^ 

•Wi + W —/(«) + «/' (m) + 4>(»)- ^^'W 

where Ut and Fj are new functions of « and v respectively. 

But this equation, which determines the character of / and <p so that the 
lines of curvature on the corresponding surface forms an isothermaloonjugate 
system, is exactly the same equation which Garonnet* has found in seeking to 
determine what surfaces of the second family are isothermic. We have then only 
to recall his results in order to have an answer to our problem, at the same time 
referring the reader to the elegant method used by Caronnet for the solution of 
the above equation. They are as follows : 



/(it) = 7V 1 — «* + wi« -f n, I ,jv 

4> (») = r*/l+~^+ m'v -\-n'J 

where lm,n,7, tn'.n' are any constants whatever. The surface corresponding 
to these forms of / and ^ is the oyclide of Dupin of the fourth order. 

/,„)=v(,-|.ogl-i^),| ,„^ 

* These— ^^Becherohessur lee surfaces isothermiques etles surfaces dont les rayons de courbure 
sont fonotions Pan de I'aatre, p. 18. 
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_ J^'']-') tan- V^^H^^i+^T-l . 



where, in order to simplify the expressions, we have written 

2t 2t7 

and c is an arbitrary constant. When, in particular c= 0, the functions define 
the minimal surface of Bonnet. In determining the above forms for / and ^ , it 
was assumed that the product 

(;i»-c«)(x«-i-c>) 

is different from zero. In discussing this special case, there is need only of con- 
sidering that where ^^ — c^ = on account of symmetry. This gives 

./ x_._ 2t r_ T ] 



7i)T 



Finally 



i(^^^)tan-V^^it^^l 



[ (iir) 



/(„) ^ J („._;^y — -' *«. 






(IV) 



where 

and c, Ci are arbitrary constants 






Swrfaces of the Third Family. 

These are defined as the envelope of the plane 

2t^+ 2vy + {\ — V? — v^)z = f{u) + ^ (v) , 
32 



(H) 
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The planes of the lines of curvature are 

^-uz = ip, y-vz = f^. (21) 

Reasoning in a manner analogous to that used with respect to the other two 
families, we find that / and ^ must satisfy the identity 

which, after replacing z by its expression as found from (11) and (21), is 

h{i+^+ ^)r {^)+f{^) - uf {v) + » (t^) - ^ ^ {^) _ v_ . ,. 

i (1 + ^. + t,*) ,p/^(^) +/(t,) _ uf (u) + ^{v)-v^^ (t^) ~ F ' ^" ^ 

Again we remark that this is the same identity which Garonnet'*' has found 
in seeking for those surfaces of the third family which are isothermic. As before, 
we will simply recall his results ; they are 

f{y) = Jiu* + mu + n,) ,j. 

ip{v) = X'v^+m^v + n',) 

where 31, m, n, X', wi', n' are arbitrary constants. These surfaces are cycUdes of 
Dupin of the third order. 

/(ti) = -(3ti^ + u*),) ,jj. 

This is the minimal swrface of Enneper, whose rectangular cartesian coordinates 
have the following expressions : 

x = 3tA + Stit?* — w^ 
y ^ 3t; + 3vM* — t;*, 
z = 3ti*— Zrf. 



I 
J 



^ (v) = c~h tan"^ ^ + — , 



(III) 



» These, p. 32. 
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where c is a constant. 



/(«) = 









(IV) 



(V) 



where c and c^ are constants. 

It is of interest to remark that the condition (22) can be readily obtained 
from the general differential equation of the fourth order which ^ satisfies. For, 
on writing 

2t, = _(a+i3), 2v = -i{^ — a), ^=/(t*) +<^(t;), 

equation (11) takes the form 

(a + i3)x + t(i3-a)y + (ai3+ 1)2 + ^=0. 
We have at once 

hence ^ = ', « + r = i/^', « — r = i 4)". 

Substituting these expressions in the equation for ^, we find that /and ^ must 
satisfy the equation 

or, by returuing to variables u, v, 

_^ log qf" + ^ V- 

that is, i/' («) + z _ ^ 

*♦"(») + 2-~ V ' 

We have shown that when the lines of curvature of a surface are isothermal 
and isothermal-conjugate, their spherical representation forms an isothermal 
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system. Further, it is well known that the surface obtained from an isothermic 
surface by reciprocal radii vectores is isothermic. Hence, combining the results 
of the preceding sections with those known for isothermic surfaces, we have the 
result: 

Qvadrics, the sphere, minimal surfaces, sv/rfaxxs of revolviian, the cyclides of 
Dupvn, the members of the second and third families of surfaces with plane lines of 
curvature in both systems whose coordinates have been given, together with the surfaces 
obtained from the preceding by reciprocal radii vectores, have an isothermal spherical 
representaiion of thei/r lines of curvature. 

PsnvcKTOM Univbbsitt, April, 1901. 



Some Differential Equations Connected with 
Hypersurfaces. 

By G. 0. James. 



§1. Surfaces in ordinary space may be treated from two essentially different 
standpoints. Either we may suppose a surface given by an equation between 
the cartesian coordinates of a point on it and deduce its properties by the meth- 
ods of analytic geometry, or we may suppose the infinite system of which it is a 
member given by a binary differential quadratic form, the linear element, and 
deduce its properties by the methods of differential geometry. Similarly, curved 
spaces of any number of dimensions immersed in homaloidal space may be studied 
from either standpoint. To any algebraic equation connecting the cartesian coor- 
dinates of a point in three dimensional Euclidian space, there corresponds a sur- 
face, but in order that there may exist a system of surfaces admitting a binary 
differential quadratic form as linear element, the coefficients of this form must 
satisfy certain algebraic and differential relations, namely, the discriminant must 
be positive, i. e. the form itself must be definite, and the equations of Gauss and 
Codazzi must be satisfied. In the same way, in Euclidian space of any number 
of dimensions, a manifold of points may be separated from the space by an alge- 
braic equation satisfied by the coordinates of a point in this space, but given an 
n-ary differential quadratic form, its coefficients must satisfy certain relations in 
order that there may exist a corresponding manifold admitting this as linear 
element. 

These relations have been investigated from a purely algebraic standpoint 
by Ricci,* who solves the following problem : 

il 

* Ricci, '^ Principii di una teoria delle forme diflFerenziale quadratiche/' Annale di Mat., Serie II, |i 

Vol. 12. 
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To determine the conditions that the n-ary differential quadratic form 

n 

/=^ar,dxrdx, 

1 

shall be reducible, i. e. can be put identically in the form 

n-l 

1 

where Wi is a function of Xj . . . . x„ and bi^ is a function of Wi w«-.i. When 

/ is irreducible, Schlaefli* has shown that it can be deduced from 

1 

where Q^^^ n(n— 1) 

Ricci defines b as the class of / and investigates the conditions under which / 
shall be of a given class. Now, since the linear element of the curved space, or 
manifoldness of n dimensions, is irreducible and of the first class, the problem 
comes algebraically to the discussion of the conditions under which / shall be of 
the first class, and Ricci has completely solved this. The object of this paper 
is to treat the problem as a problem of differential geometry and not as a part of 
the theory of quadratic forms. For this I shall suppose the curved space given 
by an algebraic equation between the cartesian coordinates of a point on it and 
shall deduce the conditions which the coefficients of the first and second funda- 
mental forms must satisfy, and the differential equations on the integration of 
which the effective determination of the hypersurface depends. From these is 
derived the theorem of Beez, that a curved space of dimensions greater than two 
cannot be deformed so as to preserve its linear element, and hence is only 
capable of translation and rotation in hyperspace if inextermble. 

To render the analytic work more manageable, I shall confine myself to 
four dimensions, and shall adopt the nomenclature of Poincar6 in his memoir,f 
*'Sur les Residus des Integrales Doubles." Four dimensional homaloidal or 
Euclidian space will then be termed hyperspace, and a single relation between 
the coordinates of a point in hyperspace will define a hypersurface. 

• Annale di Mat., Serie II, Vol. 5, p. 190. t Acta Math., t. 9, p. 825. 
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§2. Suppose the hypersurface to be given in the form 

of linear element 

/=d8' = Xdy\ 

Expressing the orthogonal coordinates in terms of three independent param- 
eters, Xi, JC2, Xg, by the functions 

Pi = Vi (^iXgXs). i = 1. 2, 3, 4, 

which, together with their first, second and third partial derivatives, are sup- 
posed uniform finite and continuous throughout the region of variation of Xi, X| 
and X3, the linear element takes the form 



where 



o 

1 



After the analogy of the theory of surfaces, I shall call this ternary differential 
quadratic form i\ie first fwndamental form of the hypersurface. 

§3. For a reaZ hypersurface, the discriminant of/ cannot vanish in general, 



A=|^..| = 



dxi dxi 3xi dxi 

9y 1 9y« 9^8 ^4 

dx) 8x2 dxt dxf 

9yi 9y« Sy? 3^4 

Bx^ dxg dxs dxs 
(f,y, &=!, 2,3,4, 



= 2 



3yi 320 ^y* 

3xi 3xi 3xi 

3yi 3yj 3yt 

dx) Sx| dx| 

9yi 9^ 9y* 

Sxs dxs dx, 



and if A = 0, the terms of the second member must separately vanish, which 
necessitates relations among the coordinates other than the equation of the 
hypersurfaces. A is therefore, in general, positive and different from zero, and / 
is definite. 

§4. Applying the formula defining the Christoffel symbols of the first kind, 
Vik-] _ , (dEu . ^E^^ _ dEa\ 

we have the following eighteen symbols of the first kind of three indices for the 
case of three parameters : 



^dEn 
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rill asy. [12] ^,a^. psi^ia^, . [221 a^„_ 

r23-| _ , /a^, a^„ _ a^^v . rssi _ a^',, _,dE„, 
LiJ~*Ux, ^a^ ax,y' LiJ~a^ *^' 
rii-|_a^„_.a^„. riaS.a^'a. ri3i_,/a^„ a£:a_a£',A. 
L2j~^ *a^' L2j~*~a^' L2j~*'.^ "^a^ ~a^y' 
r22i_,dE^, [231 _dE^, r33-|_a^„_,a^„. 

LsJ-^"*^' L3j~*a^' LsJ-*^- 

The symbols of the second kind of three indices for a triply orthogonal sys- 
tem of parametric lines will be useful. Making 

in the symbols of the first kind, these are given at once, and to get those of the 
second kind it is sufficient to observe that 

where J^^ is the algebraic complement of a^ divided by a, and E^ = a„. Apply- 
ing the formulsd 

we have 

(11)1 av^u . fi2) 1 av^n . fi3)_ 1 av^„ . 
|ij~vJ^u ax, ' iM vAi aa^ ' 11 f v^u "^^' 

J22|_V^« aV^a . (23) -. (33) __Vi?„ av^. 

1 ii--:E;r ~3^' iij~ ' 1u~ ^11 "a^' 
(11) v^i, av^„ . fi2)_ 1 av^a . |i3i_o. 
Hj- -E^-d^' i2j-v:^-a^' 12}-"' 

f22|_ 1 ay^a J23)__i_ ay^a . f33)___v^ av\^. 

I2i-V^a ax, ' 12;-V^« 3^, ' 12|- ^a dx^ ' 

(n)__v^„ av^n. ii2t-o. i^^l- 1 av^. 
13}- ':^ -a^-' 13}-"' |3(-v^„ ax. ' 

f22)_ yjga ayjg,, (23)1 ay^B . (33)_ 1 ay^ 
l3|- ^„ -3^' 13J-v^m"3^' /3i v^„ ax, • 
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§5. The tangent hyperplane is determined by any three lines not in the same 
plane lying in it and passing through a point. In particular, it is determined 
by the three coordinate lines. Defining then the normal to the hypersurface at 
any point as the line perpendicular to the tangent hyperplane, we have to 
express the fact that the line whose direction cosines are 

^l> ■'gf -^Sj -m, 

is orthogonal to the coordinate lines. We have then to determine these direc- 
tion cosines the three equations 

These give at once 



r,= 



dXr 



r = 1, 2, 3. 



l^m^p^q. 



where A is the discriminant of the linear element expressed in the Er^ 
ducing the second ternary differential quadratic form 

^ = -Y,dYdy 

= ^^DmdXrdx,, 

we at once find 



D -Vr ^^'y -_v3y 9y__v 



dxr dx, 
by means of (1) these can be written 



dT ay 

'3»i dXr 



0) 

Intro- 
(2) 
(3) 



2>« = 



VA 



dxrdx. 


a»y, 
aasrax. 


2^ys 

dXrdx, 


dXrOX^ 


ay, 
ax, 


ay, 

3^ 


k 


t 




ax, 


ax, 


ay* 
ax. 


ayi 
axs 


ay, 

dxt 


ay, 
ax3 


ay* 



(30 



If, now, Ai, Af, ^,, ulf be any four functions of xj, x,, Xj, then a,, o,, o,, 04 
can be so determined that the four equations 

dyi 



At =2 «' ^ ^ «< ^*' t= 1, 2, 3, 4 



(a) 



33 
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are 8ati86ed since the determinant of the system equals a/ A and is therefore not 
zero. By exactly the same reasoning as that employed in the case of two param- 
eters,* we arrive at the following system of equations satisfied by the coordi- 
nates 

and the following system satisfied by the direction cosines of the normal : 






D^l 






(11) 



where 



|l>iVl = 



^h 8-1 Ar ^1, #+1 
^8, 8-1 ^9r ^i 



'2, »+l 



^8. u-l ^Mr E^ #+1 



The relations connecting the coefficients of the two forms are now found by 
writing the conditions of integrability of (I) and (II), These are for (I) 



dxi \dxr dxj dxr \dxg dxj ' 



which give 









•f Ti 



dD^ 



+ i>- 



Sy< 



;] 



OJ O "XT' 

Substituting for - — ^ and ^ from (I) and (II) we have 



D. 



+^\Dt 



,'«) I ^ ay* 



^Qk-'^:^M'a]-^^^M-'' (^> 



This system is again of type (a) with the first member zero, and hence the coeffi- 
cients must separatelv vanish. Introducing the symbol of four indices 



* Bianohi, Lezioni, p. 87. 
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we have the systems 

j^,r(|-^|l)il>| + ^|«f| = 0, (III) 

t-t'+2(i'.i;}-^.{^()=''. (IV) 

(p, j,r, 8,t=h 2, 3). 

These equations can be written in a different form. 
Tn the identities 

{8prt)=^a„\8qTt], 

substituting for {sqrt} from (III), we have at once, after reduction, 

{sprt) = D„D^-D^D^. (Ill') 

Since six only of the symbols {sprt) are independent and different from 
zero, the coefficients of the second fundamental form are completely determined, 
the eight relations (IV), which may be looked upon as the generalization* of the 
Mainardi-Codazzi equations. 

Prom (IV) we have at once 

where, 1^51 ' ^ = ^ is excluded. 
Observing that 

we have 



dxi ~^^a\iS' 



* Biooi, Aoo. dei L. Bend. 3, 1895, gV, p. 320 ; Ces&ro, " Geometria Intrinaeoa," p. 388. 
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Hence 

+2'(^»l7i-A.j?})]=o. (d) 

Adding (c) and (d), 

Since the A, are immediately expressible in terms of the E^^ and their deriva- 
tives by (III')» we have here eight differential relations satisfied by the coeffi- 
cients of the linear element of the hypersurface. Hence we may say, in order 
that the definite ternary differential quadratic form 

/=^ar,dxrdx, 
shall represent the linear element of a hypersurface, the coefficients must satisfy (/F). 

§6. Conversely, given the ternary differential quadratic form 

/—^•ar,dxrdx., 

which is DEFINITE and whose coefficients satisfy {IV'), there exists a unique hyper- 
surface admitting f as linear element, and in order to effectively obtain this hypersur- 
face, it is necessary to integrate three generalized Biccati equations. 

Suppose the hypersurface, whose existence and uniqueness we wish to deter- 
mine under the hypotheses above, to be referred to its lines of curvature^ hxiA 
consider at every point the tetrarectangidar tetrahedroid formed by the tangents to 
the positive directions of these three lines and the normal. Let I^^ (/I = 1, 2, 3, 4) 
be the direction cosines of the tangent to the line x^ and Y^^, those of the nor- 
mal. Then 



Y,,= Y, 
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From (I) and (II), p. 254, substituting for the Christoffel symbols their 
values from p. 252, we have 

8^1 _ Tig 9>\/^aB . 9In _ ^M 3V^ . 

3x1 v^w a«8 ' a»8 VJ^M ax, ' 

aFi» yji d^/En Tis 8V^» I ^M TT . 

3x3 V^u 3x1 V^« 3a?B V^a "' 

3Fi3 _ Fu d\/Eii ^ 3Fi8 _ 5f 9^-^28 . 

3x1 V^as 9x, ' 3x8 ViS'w 3xa ' 
3T^ _ __ Fii 3y ^» Fu 3V^88 I Aa XT . 

3x8 V^u 3xi Vi^a 3X8 V^SB "' 

aFi4 Ai_ jr . 3Fh _ —D%% Y . 9^14 — —^88 Y 

3Xi V-^ll ' 3x2 V-fi»3 ' 3x3 V-fi^g 

The four functions Fx^(f£= 1, 2, 3, 4) then satisfy the four simultaneous linear 
homogeneous total differential equations 

dT =i — -I^ ds/E^i_ Fx3 3V^ii ^ JDii^ p. j.^ 
( >/E^ 3x| V^ss 3x8 V-i^ii ^*) 















( _ Fx, di/E^ T^ d^/E„ , D„ -p- I jr_ 
1 VE,^ "^T " VE„ -^^ + Vlis ^*M ^' 



This is an inimitably integrable system in virtue of equations (III) and (IV), 
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remembering that in the case of the hypersurface referred to its lines of curva- 
ture, 

Hence there exists an integral system, and a single one, which, for the initial 
values of the variables X| = Xi, reduces to arbitrarily given initial values. 
If Fx^ and I^ are two integral systems, then 

4 

^Y^^T^=^ const 
1 

Let I^(X, f£= 1, 2, 3, 4) be four integral systems of (4) which for initial 
values 0;^ = x?, reduce to the sixteen coefficients of an orthogonal substitution. 
Then it follows from the observation above, that for all values of the variables 
wil] these sixteen quantities be the coefficients of an orthogonal substitution, and 
in particular, 

1 

From (4) it is easily seen that the four expressions 

2^^r;.cfo,. (X= 1,2,3,4) 

1 

are exact differentials, and writing 

we have a hypersurface with the given fundamental forms. 

§7. The system (4) is identical with systems (34), (34'), (34") found by Pro- 
fessor Craig* when a, j3, y, J are replaced by F^i, Y^, Y^, T^^ and the p^ 
by the coefficients in (4). Now Professor Craig has shown that the integration 
of (34) can be reduced to the integration of a generalizedf Riccati equation 

* Amer. Jour., Vol. XZ, No. 2, p. 145. f 1^ c, p. 141. 
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and in the same way (4) can be reduced to the integration of the three general- 
ized Riccati equations 

3^_ 1 av^ii., _ 1 3V^ii 



av^ii 1 



dv _. 1 _ 8^/^11 < 

3/i£ 1 3V^2i •* 1 






1 ay^M 



— Xv 



Dn 



dy/Ei 



dv 

dxji 

^= 

3X8 

dv 

By the substitutions 
2% 



V-^U 3Xi V-&38 3*1 



'», 



V-Eii 3xi 
1 3V^„ 



_l 3v^„ 
V^ffl 3x, '^ 



3^-^81 



;i— 



V^a 3a, 
1 3V.gw 



_Al, 

_^ 

i/Efg 

-''"via- 

_^, 



— Vfl 



/« + 



«•-! Z)« 



A 



83 



^^E„ 



F« = 



«»+l' 






r«= 



2v 



»» = a« + /«* + »^. 



y«= 






§7. Here we have chosen the special tetrahedroid formed by the tangents to 
the lines of curvature and the normal, but any other tetrarectangular tetrahedroid 
might have been taken and we should have arrived at a set of equations similar 
to (4), inimitably integrable in virtue of equations (III) and (IV), and these 
would have led to three generalized Biccati equations of the form 



g^ = Ojj, X + 6,i* + ~ <h» + ti (aiiX + J»v + 4 v) , 
g- = ajt^ + Jji^ + -^=^ c„ + r{aiiX + 6^^ + 4r) . 



Y 
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§8. It is interesting to note that the equations (III) and (IV), which must 
be satisfied in order that 

8 
/==^ JErg dXr dx^ 
1 

shall represent the linear element of a hypersurface, are exactly the conditions 
that /shall be irreducible and of the first class.* From the definition of 2)^, we 
observe that 

and equations (HI'), p. 256, become exactly equations (I), p. 153, and substi- 
tuting Z)„ = (r«) in equations (IV), p. 255, we have (II), p. 153. 

§9. From equations (IIF), p. 255, it follows that the second fundamental 
form is completely determined when the first is given, and from the theorem on 
p 256, it follows that in this case the hypersurface is uniquely determined to 
within motion in hyperspace. Hence the property possessed by surfaces in 
Euclidian space of three dimensions of being deformed without alteration of the 
linear element, cannot be extended to hypersurfaces. We thus come upon 
a theorem noted by Beez,t and further put in evidence by Ricci. J 

* Ricci, "Principii di una teoria,'- etc., p. 151. 

t Gefl^o, ^' Lezioni di Oeometria Intrinseca, " p. 247. 

t ^^Principii di una teoria," etc., p. 168. 

Baltimobb, Md., 1901. 



On the Forms of Sextie Scrolls of Genus Greater 

than One. 

By Virgil Snyder. 



The following paper is a direct continuation of my previous ones on the 
Sextie Scrolls which appeared in the Journal, VoL XXV, pp. 68-96. The scroll 
is generated hy the lines joining corresponding points of two directrix curves 
lying upon it. 

§1. — Sesiic Scrolls of Oenua 2. 

1. In this case the nodal curve is of order 8 and the simplest plane curve 
existing on the surface is a nodal quartic. Given two nodal quartics having the 
same characteristics which lie in different planes but have two points of intersection. 
These two curves can be put in (1, 1) point correspondence in such a way that 
the two points of intersection are self-corresponding elements. Lines joining 
corresponding points will generate a sextie scroll of genus 2. This is the general 
case, type I. 

Consider the curve 






Make any Cremona transformation upon it which will produce a quartic curve. 
The lines joining corresponding points can be rationally expressed in terms of 
hyper-elliptic functions. 

In case the line of intersection of the two planes is a double generator, every 
plane passed through it will cut from the surface a nodal quartic having the same 
characteristics. The residual nodal curve of order 7 must therefore cut the 
double generator in six points. A plane containing the double generator and a 
single generator must accordingly contain either a double directrix and a single 
generator, or a triple directrix, hence the residual curve of order 7 must be com- 
posite. A triple generator cannot exist. 
34 




262 Snyder : On the Forma of SexHc Scrolls of Omua Oreaier than One. 

2. ConBider a straight line and a nodal quartic. Put them in (2, 1) corre- 
spondence by making the points on the line projective with the pencil through 
the node. Connect these points with the points in which the line cuts the quar- 
tic again. 

The equations of the line are 

and those of a variable generator connecting the point (0, 0, yl) with {x^ y^ 0) 
are 

wherein t/^-Z^fe) and » - 4^i + -g 

If /4(a;) = a'x* + i3'aj» + yV + ya5 + 6', /,(cB)Saa^ + i^a: + y, 

the equation may be written in the form 

a?a'— y»a ofp' — J^^ x»/ — y«y 

Gz — Aw Ax + Dz — Bw Bx 

Gz — Aw Ax+ Dz — Bw Bxw 

Gz—Aw Ax + Dz — Bw 

Gz — Aw 

which contains the extraneous &ctor x. 

The line x, y is a double directrix ; the residual nodal curve of order 7 cuts 
the directrix once and every generator three times. Type II. 

If the origin lies on the curve a' =0 and the double directrix is also a simple 
generator, the residual nodal curve is a quintic which cuts the multiple line and 
every other generator twice. Type III. 

If, in the general case, £ = 0, the equation may be written 

^a?{Gz — AwY — {Gz — Dwy{Ax+Dz)i';x^ 

+ {Gz — Awy (Ax + Dzf (xV— y*/) - {Gz ^ AwY {Ax +Dzf{tjf^-y'^) 
+ {Ax + Dzf {a?a' — y»a) = 0, 

which shows that the line Ax + Dz:=:0, Gz — Aw = is a four-fold directrix. 
The line x = 0,2=0 is a double generator. This is the general (2, 4) corre- 



«'»» 







a'«» 




e'x 


















Bx 







Ax + Dz- 


-Bu) 


Bw 



= 0. 
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spondence with one double element between the points of two skew lines. 
Type IV. 

When the directrix line passes through the node and also the vertex of the 
pencil, the two directrices become coincident. By a slight change of coordinates 
the equation may be written 

sc/s (»» «^)(«y — oLZw) + (xff — azw)% (ar, w) = a'/^ (xyw). 

The line a; = 0,z = Oisa double generator as before, but the four-fold directrix 
is now x=Of w = 0. Type V. 

3* Let /i{x) be of the form x{x — x)^^{x), and let the pencil of lines 
through x = x,^ = be projective with the points of x= 0, ^ = in such a 
way that the line of the pencil which passes through the origin corresponds to 
the origin. By using (i in the same sense its before, the equation of the pencil is 

Afi(x—x) 

from which the equation of the scroll generated by lines connecting the point 
(0, 0, (i) with the points in which the corresponding line of the pencil cuts the 
quartic again is 

y[Ihf — Axz]/2{Dxy — Axzx, Gzy + Dyw — Axz) 

= x{Dx — x{Cz + Dw))^(Dxy — Axxz, Ozy + Dyw — Axz). 

The line x=0, y=0 is a triple directrix; another triple directrix is 
X>y — Atcz = 0, Dx — x{Cz + Dw) = 0. There are two double generators, 
05 = 0, 0!? + 2)ti? and y = 0, 2 = 0. 

This is the general (3, 3) correspondence with two double elements between 
the points of two skew lines. Type VI. 

In order to obtain the corresponding surface when the directrices are coin- 
cident, let (Z, m) be any point on the curve. The pencil 

{y—m) = v{x — T) 

is to be made projective with the points of the line x^^l^y^^m in such a way 
that the point z = corresponds to the tangent 

[A {D -A im^ - + am/, my -m) = o. 

The subsequent procedure is the same as before. Type VII. 



264 Snyder : On the Forma of Sextic Scrolls of Oenus Greater than One. 

If, in VI, X be put directly equal to zero, the equation reduoes to type V. 
The reason is that the tangent to the curve at the origin passes through the node, 
thus imposing an extra condition. 

A particular case of YII may be generated by letting m and I each become 
zero, but letting the pencil be defined by 

The resulting equation is 

y'AiOa?, Cxto + Bzx — Azy)=/^{Ga?, Gxw + Bzx — Azy), 

in which x/, =/4 when e' = . 

The line z = 0, x^=0 now counts for two consecutive double generators. 
Any plane section not containing the triple directrix nor this line will cut the 
latter in a tacnode of the curve of section. 

Types IV to VII are the only sextic scrolls of genus 2 that are contained in 
a linear congruence.'*' 

4. A surface containing a triple directrix but not contained in a linear con- 
gruence, may be generated as follows: Consider a pencil of conies passing 
through the node and three other basis points on the quartic. Each conic will 
cut the quartic in three further points. Make the pencil projective with the 
points of a line which cuts the quartic in one point — the correspondence being 
such that the point of intersection of the line and the quartic corresponds to the 
conic through the same point. Lines joining points of the fixed directrix line to 
the points in which the associated conic cuts the quartic will generate the scroll. 
The residual nodal curve is a quintic which cuts the directrix and every genera- 
tor twice. Type VIII. The difierence between types III and VIII lies in the 
configuration of the directrix. In III, two generators distinct from the directrix 
issue from each point of it ; in VIII, there are three such generators and the 
directrix is not itself a generator. 

If the quartic curve has a cusp, the line joining it to the correspondmg point 
of the directrix will be a double generator. The residual is now a quartic cutting 
the directrix once and every generator twice. Type IX. 

* The most general quintio 9oroll having a tacnodal generator can be expressed in the form 

y* (yw — jesb) = a? (ooy—ai^ — zx)y. 
It is unicursal. 
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In case the directrix in the general form (VIII) passes through the node, it 
becomes a triple line and simple generator. The residual nodal curve is a conic 
section cutting the directrix in one point. Type X. 

< Finally, let the line go through the node, but have the conic pass through 
four simple basis points on the quartic. As before, the node, regarded as a 
point on the directrix, is to correspond to the conic through it. The line is now 
a four-fold directrix. The residual is a conic which cuts it once. Type XI. 

The configuration of nodal curves in X and XI suggests using these curves 
for directrices, the former by a (3, 2) correspondence with the point of intersec- 
tion as a simple point, and the latter has the point of intersection for a double 
element. 

Let fiY, {X) + (i^, (X) + Ut W=0, 

wherein /£ = — ^^-—j , ^ = ^- . The scroll is expressed by 
yw — 7f X 

y^A (»» y) + « (yw — a^ ^j(a;. y) + (yw — a*)*/, («, y) = o. 

Similarly, for the last type the correspondence is 

fi% (a) + M/i (;i) + W> (X)=o, 

from which 

^A («. y) + 2 (yw — «*)/» («. y) + {y^ — ^YA («. y) = o. 

The more particular case of a double directrix and a double generator is impos- 
sible for a surface of genus 2, since it would establish a (2, 2) correspondence 
between unicursal curves. The resulting scroll is given among those of genus 1 
as type XII. 

When the genus of a sextic scroll is greater than 1, the scroll cannot have a 
triple conic nor more thon one double conic as part of the nodal curve. 

§2. — Forms of Sextic SoriMs of Qenus 2. 

I. <^. VII. <? = d" + 2^. 

II. <? + <^. VIII. <? + c|. 

III. (<l«,5r») + ci. IX. d» + (^ + <^. 

IV. d* + d^ + f. X. (d»,<7') + <^. 
V. (d« = d», g,«) + <^. XI. d^ + 4. 

VI. 2d» + 2g(». 
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§3 — Sextic ScroUs of Genus 3. 

5. The nodal curve is now of order 7 ; the simplest curve lying on the sur- 
face is a non-singular quartic. Given two non-singular quartics having the same 
characteristics. Let them be in different planes but have two points of intersec- 
tion. Establish a (1, 1) correspondence between the points of the two curves and 
connect corresponding points by straight lines. This scroll will be the general 
type of genus 3. The nodal curve is of order 7. Type I. 

A double generator cannot exist without making the residual curve compo- 
site, neither can a double directrix for the latter would necessitate a (1, 2) corre- 
spondence between the points of a non-singular quartic and a straight line which 
intersects it, which is impossible. The nodal curve cannot consist of a double 
conic and a simple or composite nodal quintic, for if a plane be passed through 
the two generators which intersect at any point on the conic, the plane would 
cut the residual curve in six points, three on each generator. 

The only remaining forms are accordingly those contained in a linear con- 
gruence. 

6. Put a quartic curve and a line which intersects it in one point in (1, 3) 
correspondence by making the points of the line projective with a pencil whose 
vertex is any point on the quartic. Let the line of the pencil which cuts the 
directrix correspond to the point in which it cuts the directrix. The line will be 
a triple directrix. A double generator will exist in the plane of the quartic and 
the residual curve will be another triple directrix skew to the first and passing 
through the vertex of the pencil. 

The general equation may be written in the form 

yya(2. ^) + y^^ (2, ^) + y^^f% («, w) + ^^f^ (z, w) = o, 

in which the triple directrices are a: = 0, y=0; 2 = 0, w?=0, and the double 
directrix is y = , a = . Type II. 

When the vertex of the pencil lies on the directrix, the two directrices 
become coincident. The equation now is 

y^A{x. y)+y/z{^f y)(a»—«?y) +/«(», y){xz—wyy+x{xz—wyf=0. Type IIL 

7. The preceding are the only sextic scrolls of genus 2 on which quartic 
curves can lie. Two more forms exist which can be generated by replacing the 
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quartic by a quintic having a triple point at the vertex of the pencil. The direc- 
trix is now double and the residual is a four-fold directrix passing through the 
triple point. The equation is 

3^/4 (2, w) + xy^^ (z, w) + T?'^^ (z, w) = 0. Type IV. 

When the first directrix line also passes through the triple point, the two direc- 
trices become coincident. The equation is 

/a (a. y) +A (». y){^ — ^) +f% (»» y){^^—y^y = O. Type V. 

§4. — Nodal Curves of SeoOic Scrolls of Oenvs 3. 

I. (^. 11. 2d» + (/». IV. d* + (P. 

III. c? = rf'" + ^». V. d* =((?,(/»). 

§5, — Sexlic Scrolls of Genus 4. 

8. Since any plane section must be of genus 4, it follows that any plane sec- 
tion containing two generators can only contain generators or directrix lines. 
Since the most general (2, 4) correspondence between the points of two lines gen- 
erates a scroll of genus 3, it follows that the (3, 3) correspondence is the only 
one possible. 

Given a quintic curve with two double points. Let a directrix line passing 
through one of them be made projective with a pencil lying in the plane of the 
quintic and vertex at the other node, the line joining the two nodes correspond- 
ing to the node on the directrix. 

The equation of the resulting scroll is 

y!/a («, ^) + y^x^ (», «?) + yo^^ (2J, w?) + o'xa (2» ^) = 0. Type I. 

When the two nodes become consecutive, forming a tacnode, the two directrices 
become coincident. The equation now is 

/4 (»! y) + A (». y)(«» — yw?) +/« («» y){?^ — y^Y + x{zx — ywf = o . Type li. 

9. These are the only forms of sextic scrolls of genus 4 : 

I. 2i?. II. rf8Srf'\ 



268 Snyder : On the Forms of Sextic Scrdh of Genus GrecUer than One. 

10. In general, the highest genus that a scroll of order 2n can have is 
(n — 1)*. The nodal curve consists of two skew or coincident n-fold directrix 
lines. The simplest plane curve that can exist on the surface is one of order 
2n — 1 having two {n — l)-fold points. A scroll of order 2n and having (n — 1)* 
double generators exists, and is unicursal. 

Similarly, if the order of the scroll be 2n — 1, the highest genus is n(n — 1). 
The orders of the two directrices are n^n — 1. The order of the simplest plane 
curve is 2n — 2 and it has an (n — l)-fold and another (n — 2)-fold point A 
unicursal scroll of order 2n — 1 may have n{n — 1) double generators. 

COBHILL Univbbsitt, Augwt, 1902. 



Geometry on the Cuspidal Cubic Cone. 

By Prbdbrick C. Ferry. 



The geometry on the general cubic surface has attracted the attention of 
many mathematicians, and papers on the subject have been published by ^Clebsch, 
f Diekmann, JSturm, §Rohn, and others. The geometry on the cubic cone seems 
to have received by itself little consideration, which may be due to the fact that 
no great difficulty is found in applying to these particular surfaces the results 
obtained for the general cubic. 

The following paper has for its object to investigate by the methods of 
analytic geometry the question of the order of the surface of lowest order which 
can be passed through any given proper curve on the cuspidal cubic cone, and 
also the character of the residual intersection in each case. 

A system of coordinates, >l, /£, i^ , is selected for the representation by homo- 
geneous equations of curves on the cone in question, the degree of any such 
equation in X and (i being denoted by p and its degree in v hj q. Any curve, 
whose equation is so represented, is found to pass p — q times through the ver- 
tex of the cone, and to meet every element of the cone in q points apart from 
that vertex. The order of the curve as a curve in space is proved to be ^ + 23^ ; 
and this order is congruent, modulus 3, to the order of multiplicity of the vertex 
of the cone as a point of the curve. 

The investigation of the order of the surface S of lowest order (save in gen- 
eral the given cone itself), which can contain the curve considered, is then taken 
up, and it is demonstrated that that order is as low as jp in every case, while the 



• Kronecker J., LXV, 859-880 f Math. Annalen, IV, 448-475. 

X Math. Annalen, XXI, 457-616. S Leipz. Ber., XLYI, 84-119. 



36 



270 Ferry: Geometry on the Cuspidal Cubic Cone, 

residual intersection is made up entirely of the cuspidal edge of the given cone 
occurring 2(^— q) times ; but, if j> = j, the curve is one of total intersection. 
If, however, i> > g + 2, the order of this surface S can be made lower than p by 
means of the substitution of 7?z for y' in the equation of S, which renders that 
equation factorable by a power of x ; thus it is proved that this order of S can be 
so far reduced in every case that the residual intersection becomes of order not 
greater than four; and the residual intersection is still made up entirely of the 
cuspidal edge of the given cone occurring the requisite number of times. 

It is then pointed out that a curve given by an equation of entirely general 
form in the coordinates chosen passes 2q times through the infinite point of the 
cuspidal edge of the given cone, and meets that edge nowhere else except at the 
vertex of the cone ; accordingly, the special form of equation necessary for the 
representation of curves which meet that cuspidal edge elsewhere than at the 
two points mentioned, and the number of conditions imposed in each case are 
determined. Then the order of the surface S of lowest order containing the 
curves of this kind is ascertained ; and it is proved that three of the four classes 
of curves here occurring are curves of total intersection, while in the case of each 
curve of the remaining class the residual intersection is made up entirely of the 
cuspidal edge of the given cone found twice only. 

A table of results for the curves of the lower orders is given at the end of 
the paper. 

The methods used throughout the paper are analogous to those employed by 
the same writer in papers on the geometry on the cubic scrolls.*^ 

I. — The Cuspidal Cubic Cone. 

The equation of the cuspidal cubic cone in homogeneous coordinates is 

y^ — ^z— 0. 

Let this cone, or the left member of its equation, as the case may demand, be 
denoted by 2 . The equation a: = gives the cuspidal tangent plane, which has 
contact with the cone all along the cuspidal edge and accordingly contains that 

o '' Qeometry on the Cubic ScroU of the First Kind,'' Archiv for Mathematik og Videnskab, B. 
XXI, Nr. 8, p. 8-67. ''Geometry on the Cubic ScroU of the Second Kind,"Amer. Journ. Math., 
XXIII, p. 179-285. 



Ferry: Geometry on the Cuspidal Cubic Cane. 271 

edge three times ; ^ = gives the plane through both the cuspidal and the 
inflectional edges, containing the former edge twice and the latter edge once ; 
z:=zO gives the inflectional tangent plane, which has contact with S all along the 
inflectional edge and hence contains that edge three times ; and « = gives the 
infinite plane, whose intersection with S is a cuspidal cubic curve, the " infinite 
cubic " in the geometry under consideration. The cuspidal edge of 2 is given 
by the equations x = 0, ^ = 0, and the inflectional edge by ^ = 0, 2 = 0; while 
2 = 0,^ = are the equations of the inflectional tangent to the infinite cubic, 
« = 0, as = give the cuspidal tangent to the infinite cubic, y = 0, « = give a 
line through the cusp and the point of inflection of the infinite cubic, hence an 
infinite line, and a; = 0, 2; = give a line through the vertex of 2 but containing 
no other point of the cone. The vertex of X is given by the equations a;= 0, 
y = 0, z = 0, the cusp of the infinite cubic by a = 0, y = 0, « = 0, and the 
point of inflection of the infinite cubic by y = 0, z = 0, « = ; the point whose 
equations are a; = 0, 2 = 0, 9 = does not lie on X . 

II. — Codrdinatea on 2. 

Taking for coordinates on X the variables X, [i and r, so chosen that 
x/y=^Xl(i and a;/« = X/v, the equation 2 = gives the following relation 
between the coordinates of the two systems, viz. 

x:y:z:8 = X^:X*(i:(i^:^^v. 

Then >l = gives the cuspidal edge of 2 » /£ = gives the inflectional edge of 2 , 
and r = gives the intersection of 2 with the infinite plane, i. e., the infinite 
cubic. The vertex of 2 is given by the equations ^ = 0, ^m = 0, the cusp of the 
infinite cubic by X = 0, r = 0, and the point of inflection of the infinite cubic by 
(i=zO^ V = 0. Any point of the cuspidal edge of 2 is given by an equation of 
the form ii=zkv, where A: is a constant ; thus, if Aj have the value zero, the equa- 
tion gives the vertex of 2 , and, if k have the value infinity, the equation gives 
the cusp of the infinite cubic. Similarly, any point of the inflectional edge is 
given by an equation of the form X^=Jcv; this equation gives the vertex of 2 if 
k has the value zero, and the point of inflection of the infinite cubic if k has the 
value infinity And, in like manner, any point of the infinite cubic is deter- 
mined by an equation of the form X = kii; the point thus determined will be the 
cusp of the infinite cubic if k has the value zero, and the point of inflection of 
that cubic if k becomes infinite. 



272 Ferry: Qeametry on the Cuspidal Cubic Cone. 

III. — Curves on 2. 

It is evident that any proper curve on 2 may be represented by an irre- 
ducible homogeneous equation in the coordinates %, fi and v. Let such an equa- 
tion be designated by ^^ = 0, and let the degrees of that equation in all three 
variables and in the variable v respectively be denoted by p and q, which 
demands ihB,tp>q. The equation in question may then be arranged according 
to powers of r and represented thus : 

4) = ^p + v.^,_i + y».tp^,+ .... +v'.^,^.+ .... +i;«.^,«, = 0, 

and the curve given by this equation may be called the curve (p, q). 

Since the equation ^ = is of degree jp — j in the variables X, f^ , it is evi- 
dent that the curve {p, q) in question has p — q points coincident at the point 
on 2 given by the equations X = 0, /l^ = 0, i, e., ^A^ curve {p, q) passes p — q 
times through the vertex of 2 • These p — q points at the vertex of 2 will be 
regarded as lying on the p — q edges of 2 given by the equation ^p . , = , and 
not, in general, on the cuspidal edge of 2 ; if, however, ^p-q has ^^^ as a factor, 
then will aj of the p — q points in question be regarded as lying on the cuspi- 
dal edge. 

The cuspidal edge of 2 is given by the equation ^ = ; if the value zero be 
inserted in place of X in the equation ^ = , there results in general an equation 
in [jLj V of degree jD of the form ^''"^.'J', = 0, where ^4^^ is homogeneous in /£, r ; 
the factor ^'""^ corresponds to the p — q points of the curve at the vertex of 2, 
while '4'a = gives the q values of (i/v for the q remaining points where the curve 
meets the cuspidal edge of 2 ; hence, tfie curve (p, q) meets the cuspidal edge o/X 
in q points in addition to the p — q points of the curve at the vertex of 2 . 

Similarly, the inflectional edge of 2 is given by the equation f^ = , and, on 
inserting that value for fi in the equation ^ = 0, there results in general an 
equation of the form X'~^ . 1^5= 0, where 'J'i is homogeneous in ^, i' ; the factor 
V""' corresponds to the p — q points of the curve at the vertex of 2, while 
T^^ = gives the q values of X/v for the q remaining points where the curve 
(2>, q) meets the inflectional edge of 2 ; hence, the curve {p, q) meets the inflec- 
tional edge of^inq points in addition to thep — q points of the curve at the vertex 
o/X. In the general case fi cannot be a factor of 4^^ and X cannot be a factor of 
4^^ ; the special cases where such factors occur will be considered later. 
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Any plane through the cuspidal and inflectional edges of X will pass through 
the vertex of X and will contain the cuspidal edge twice and the inflectional edge 
once. Consequently, such a plane will contain p — q points of the curve {p, q) 
at the vertex, 2q points of that curve along the cuspidal edge, and q points along 
the inflectional edge; thus this plane will contain/) — q+2q + q=:ip+2q 
points of the curve in question. Hence, in the general case, the order of the curve 
{Pi q)os a curve in space is p-^-^q. Let m denote this order of the curve (/>, 5) ; 
then, in general, m =p + 2q, 

An edge or element of S is a straight line, hence of order unity as a curve 
in space ; consequently, an edge of S is a curve (1, 0), and as such is given by an 
equation of the form aX + 6/l^ = . This equation gives the cuspidal edge if h/a 
has the value zero, and the inflectional edge if hja is infinite. Since this equa- 
tion of the edge does not involve the variable v, it follows that an edge, in gen- 
eral, has 9=0 points, i. e., no points in common with the cuspidal edge or the 
inflectional edge, apart from the vertex of S. Thus, a homogeneous equation 
4V (^ » i^) ~ ^ 0/ degree p in the codrdinates X , fi represents p edges of 2 . These p 
edges may be wholly or in part distinct or coincident, and all together may be 
regarded as making up a (/), 0), as their equation ^p = shows. Evidently, the 
only curve having 9 = is that consisting of an edge or group of edges of S . 

To determine the points of intersection of any edge, whose equation is 
aX + 6/t£ = 0, with the curve (2>, q) given by ^ = 0, it is necessary to give % the 
value /l= — hja.fi in the equation ^= ; this equation then takes the form 
^''"*.4'^' = 0, where '^'^1 is a homogeneous polynomial in fi,v of degree 5; the 
factor ^~« corresponds to the p—q points of the curve at the vertex of 2 , and 
1^'^ = gives q values of filv corresponding to the q points where the curve 
meets the edge in question. Hence, the curve (p , q) has q points on each edge of 
2 , vn addition to the p — q points of the curve lying at the vertex of 2 . Particular 
edges of 2, as already implied, may have one or more of their q points of the 
curve lying at the vertex of 2, but none of the p — q points at the vertex of 2 
is to be regarded as lying on more than a single one of the edges at that point. 

Since J? + 2q is congruent to p — q ^ modulus 3, it follows that the order of 
the curve {p, q) as a space curve is congruent, modulus 3, to the number of times 
the curve in question passes through the vertex of 2 ; if ti denote the order of 
multiplicity of the vertex of 2 as a point of the curve {p, q)^ then m andn are 
connected by the relation m = n (mod 3). 
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Two curves (^, q) and (^, g^), where p =i>' and g' = g^, are said to be of 
the same 8i)ecie8. The theorem stated above shows that the only possible curves, 
when n=0 (mod 3), are of the orders 3, 6, 9, 12, 15, etc., and of the species 
(1, 1), (2, 2), (3, 3), (3, 0), (4, 1), (4, 4), etc. ; if 71= 1 (mod 3), the only possible 
curves are of the orders 1, 4, 7, 10, 13, 16, etc., and of the species (1, 0), (2, 1), 
(3, 2), (4, 0), (4, 3), (5, 1), etc., and, if ti = 2 (mod 3), the only possible curves 
are of the orders 2, 5, 8, 11, 14, 17, etc., and of the species (2, 0). (3, 1), (4, 2), 
(6, 0), (5, 3), (6. 1), etc. 

It will be supposed, unless otherwise stated, that the equation ^ = is irre- 
ducible and entirely general in form ; consequently, that equation will not repre- 
sent henceforth any curve {p, 0) where jp has a value greater than unity. 

IV. — The Curve {p^ q) as the Intersection^ Total or Partial, of a Surface S toith 2. 

To find the equation of a surface /S' cutting the curve {p, q) from 2, it is 
necessary to substitute x, y, z and s in the equation of the curve {p, 9), accord- 
ing to the laws connecting the space-coordinates x, y, z, s with the S-coordinates 
^, (i,v'y i. e., >l', X^iJLf (J? and ^v are to be replaced respectively by sc, y, « and s 
in accordance with the proportion 

Or, the same result may be accomplished by replacing X, /£ and v respectively 
by x, y and 9, which substitutions satisfy the proportion 

Following the latter substitutions, any curve (p, 2), given by the equation 
^=0, meaning 4>(A., ^, 1^)= 0, is cut from S by a surface whose equation is 
4^(^» ^} ^) = ; the surface is, in this case, a cone with its vertex at the point 
given bya;=0,y = 0,« = or X = 0,y = 0, and will be designated by G. 
Since ^ is of degree p — q in >l, fi, the equation ^(x, y, ^) = is of degree 
2> — g' in the variables a, y ; hence the cuspidal edge of 2 occurs jp — q times on 
G as an edge of that cone, corresponding to the occurrence of the vertex of 2 as 
a {p — g')-tuple point of the curve (p, 9). The cuspidal edge of 2 accordingly 
counts 2 (jp — q) times in the intersection of 2 and (7, leaving a remainder of 
order Zp — 2{p — gr)=^-|- 2q^=^ m, which remainder is the curve (jp « g'). 
Hence, the curve {p, q) is cut from Xhy a cone G of order p whose residual inter- 
section with 2 is made up entirely of the cuspidal edge of 2 occurring 2(j> — q) 
times. 
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Let the order of the residual interseotion in any case be denoted by B, 
while Ri shall denote that portion of the order of the residual intersection due 
to the intersection of sheets of surfaces regardless of contact of sheets, and B^ 
shall denote the remainder of the order of the residual intersection, the portion 
of the whole order of the residual intersection which arises solely from contact 
between the surfaces in question ; then, evidently, B=: Bi+ Re* Let the order 
of multiplicity of the cuspidal edge of 2 on the other surface under consideration 
be designated by /. 

A suflScient condition in order that the curve (/>, q) be the complete inter- 
section of 2 and G is that B have the value zero, demanding that 2 (^ — g') = 
OT p = q; such a curve does not pass at all through the vertex of X and is char- 
acterized by that fact among all the curves (p, q) given by equations of entirely 
general form. Thus, any curve (/?, q) having p = q is the complete irUeraeiAion of 
2 toith a cone G of order p. Evidently no curve of this variety can be cut from 
2 by a surface of order less than ;>. Curves of this kind will be grouped in the 
class designated as Glass I. 

The vertex of the cone G is the infinite point of the cuspidal edge of 2, — the 
cusp of the infinite cubic,— a point having a special relation to the geometry under 
consideration ; and the question arises as to the number of times any curve {p^ q) 
passes through this point. Id order to determine this, the intersections of the 
curve (p, q) with the infinite cubic will be considered. The infinite cubic is 
given by the equation v = ; hence, if the equation of the curve have its terms 
arranged according to the powers oiv, thus 

the insertion of the value zero for the variable v gives the equation 4>^= 0, 
homogeneous in X, f^, determining the p edges of 2 on which p intersections of 
the curve {p%q) with the infinite cubic lie; or, 4)'p = gives p edges of 2, on 
which edges infinite points of the curve in question are found ; or, again, the 
equation 4>p = determines p directions in each of which the curve (^, q) meets 
the infinite plane. In the general case X will not be a factor of 4>p, and, conse- 
quently, none of these p points will lie at the cusp of the infinite cubic. Prom 
the form of the equation 4>(x, y, «) = 0, which gives the cone G, it is evident 
not only that the cone G contains the cuspidal edge of X p — q times, but also 
that the point in question is of multiplicity of order g on (7 in addition to the 
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multiplicity due to the multiple edge ; this leads to the occurrence of the vertex 
of the cone (7 as a 29-tuple point in the intersection of S with G ^ in addition to 
the occurrence of the cuspidal edge of 2 2(j> — q) times in that intersection. 
Hence, the cwrve (p, q) passes 2q times through the cusp of the infinite cubic. This 
makes the infinite plane meet the curve {p, q) in these 2q points, besides the p 
points elsewhere on the infinite cubic, giving in all p + iq points of intersection, 
— the order m of the curve in question. The only curves (/>, q), given by equa- 
tions of general form, which do not pass at all through the infinite point of the 
cuspidal edge of 2, are, then, those having q = 0, i. e., edges of the cone 2 ; 
other curves (jp, q) having this property, but given by equations of special form, 
will be considered later. 

Any curve {p, q) has then, in general, p — q+ ^ or p + q points at the 
vertices of the two cones X and (7; and, since a plane through these two points 
contains the cuspidal and some other edge of S , the latter edge containing q 
points of {p, q)f it follows that the cuspidal edge of 2 contains, in general, no 
points of the curve {p, q) apart from those at the vertices of 2 and G. Hence, 
the equation 4> = 0, in its most general formy can represent only those special curves 
{p, q) which cut the cuspidal edge ofXat its infinite point and at the vertex o/X or 
at either of these two points. Thus the curves of Class I can meet the cuspidal 
edge of 2 only at the cusp of the infinite cubic, and must each have a 2/j-tuple 
point there. The particular forms of the equation ^ = 0, which give the most 
general irreducible curves on 2 , are for the present neglected. 

Let p denote the number of times the curve (^, q) passes through the cusp 
of the infinite cubic ; then, in the general case, as has been seen, p = 2^ . 

The cones 2 and G can have no other common edge than the cuspidal edge 
of 2, for the residual intersection is entirely made up of the cuspidal edge of 2 ; 
and it is supposed, in general, that m>2. Any plane through the cuspidal edge 
of 2 contains also a second edge of 2, and on that second edge lie q points of the 
curve {Pi q) i hence, through each one of these q points of {p, q) must pass an 
edge of the cone G ; these q edges will be, in general, distinct, and will contain 
no other points of (p, 5) apart from the vertex of G. If Q denote the number 
of points in which any edge of C^ meets the curve (p, q) apart from the vertex of 
(7, and P, after the analogy of jp, be defined by the equation P+ 2Q = m, then 
will it be possible to call the (p, q) on 2 a (P, Q) on G. But it has been seen 
already that 6=1, hence P = m — 2Q= m — 2=p + 2q — 2. The curve 
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{Pi Q) passes through the vertex o{ C 2q times and through the vertex of X 
p — q times. The cuspidal edge of S is a (p — 5')-tuple edge of (7, hence any 
plane through it contains p—{p — ?) = ff other edges of (7; on each of these 
q edges lies a point of the curve (P, Q) ; these q points, together with the p + q 
points on the {p — 5')-tuple edge, make up the p + 2q points in which the curve 
(P, Q) or the curve {p, q) meets the plane in question. 

Every edge of 2 meets the curve {p, q) p — q times at the vertex of 2, but 
only those edges will be regarded as meeting the curve there which are given 
by the equation ^p.-q =0, where 4>p _q is the coefficient of the highest power of 
V occurring in the equation of the curve (/>,?); 4>p_q = is homogeneous of 
degree p — q in ^, ft and gives the p — q edges of 2 to which the curve (jp, q) 
is tangent at the vertex of 2, as will be shown in a subsequent section. The 
curve {py q) can then have the direction of the cuspidal edge at the vertex of 2 
only if^p^g has a factor ^, and the direction of the inflectional edge only when 
/£ is a factor of the same polynomial ; these cases have thus far been excluded 
from consideration. 

This completes the discussion of the curve {p, q) as cut from 2 by the cone 
(7, and the single class of curves of complete intersection here found may now 
be characterized thus : 

I. p = q, m = Zp, n = 0, f=2q=2p, m! =p, /=R = Bi = Rc = 0. 



Any term in the equation ^ (aj, y, «) = 0, which contains y', may have that 
factor changed to a?z as many times as it occurs, since 2 = y* — a:*^ = ; and 
the surface Sy whose equation is C= C + C'Y= 0, has the same intersection 
with 2 as the surface whose equation is obtained from (7 = by adding any 
multiple of 2 thus : 

C— C"X = C7' + Cy — (7"2 = C' + O'q^z — 0. 

This substitution of ofz for y*, wherever the latter occurs, will give at once 
the equation of a surface 8 which is not in general a cone, although it still cuts 
the curve (p, q) from 2 and has its residual intersection with 2 made up entirely 
of the cuspidal edge of 2 ; and, further, it will make possible in many cases the 
reduction of the equation of that surface /S by a factor a*, giving a surface, not a 
36 
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cone, of order less by a than p/\. e., giving a surface which is of the order 
m! ^=^p — a. The residual intersection must consist in this case of the cuspidal 
edge of 2 occurring to the number of 2 (^ — q) — 3a times. If the factor jc* has 
3a = 2(^ — }), then will the curve (j9, q) in question be a curve of complete 
intersection ; this demands that p — $ = d (mod 3), and thus it is seen that here 
a curve of complete intersection passes 5k times through the vertex o/X^k being an 
integer as great as zero. The form which the equation ^ = must have, in 
order that it be factorable thus after the substitution is performed, is found in 
the following manner : Let the equation ^ = be arranged according to the 
powers of the variable v and represented thus : 

and, further, let the general terra of the polynomial ^p^g^y be denoted by 
a^^^^li^"^^^' ^. Inserting x and y in place of ^ and fi respectively in this 
general term, there results the form a^. ya^y^"*"*■^''^ which, on substituting 7?z 
for ^ as many times as possible, reduces to 

a^,^*^ + «('-«+>^a*^--«+^-« if^ — ^ + y — /3=0(mod3), 

or a^,^»'' + ^<P-« + ^-»yV^-« + ^-'*-^if^ — ^ + y— /?S2(mod3), 

three cases, according to the congruence of the index of the power of ^ to the 
modulus 3. That a factor a*, where a = f(2> — q) be removable by division 
from each of these terms, it is necessary that 

i/3 + *(2>-<Z + y)>*(i> — 3)»i.e.,i3> — 2y,ifi> — g + y — /3 = 0(mod3) 
i/? + i(2>-? + y-l)>*0> — 3), i. e.,|3>2-2y, 

ifjp — 9 + y — /?=1 (mod 3), 
i/? + i(2>-<Z + y-2)>*(i>-3), i.e.,/?>4-2y, 

if;? — g+y — /?=2(mod3). 

If y = 0, the last terms of 4>p_q, on which terms alone of this group any restric- 
tion could be placed by these conditions, are of the form 

and, since/) — g'SO (mod 3), the necessary conditions for /? are all satisfied if 
only aj^o vanish. Similarly, it is seen that no restrictions whatever are imposed 
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by these conditions for ^ on any of the terms in the groups where y > 1 . 
Hence, there is given a curve of complete intersection whenever ^ — 5 = 
(mod 3), and a^ ^ = 0. This case, which includes the curves of Class I above 
(the condition ai,o= being always satisfied there), may be called Class F, and 
is characterissed thus : 

I'- -P>2'» p — q = (mod 3), ai,o=0, m—p+ 2q, n = p — q, 

p=2q, mf = ^{p+2q), /=B=E, = B, = 0. 

In general it is not possible to divide out from the equation of the surfaces 
S a factor of degree as great as the order of the residual intersection, but a cer- 
tain reduction can usually be made. The nature of such reduction in the gene- 
ral case will now be considered. The equation ^ = 0, when arranged according 
to the ascending powers of r, takes the form 

here arise at once three cases, according as 

1) p — 5 = (mod 8),^ r 1) p — q=ZA, 

2) p — q = l (mod 3), U. e., according as-l 2) p — g' = 3A4-lf 
or 3) p — 5^ = 2 (mod 3); J lor 3)^— 2 = 3A+2. 

where A is an integer as great as zero. 

Case I. p — q=: 3A. Here A may be supposed to be as great as unity, 
since the case where p — 5 = has been already considered. The general term 
of the polynomial ^p_^ is of the form a,^*^"''fi'" ; this term becomes at ouce 
aras*^" V> and this, after neglecting the coeflScient and changing ^ to a^z as many 
times as possible, may be reduced to one of three forms, according to the congru- 
ence of r to the modulus 3, thus : 

x»^-y = x»^-' + «'«»»' = a^-»''2J', ifr = 0(mod3); 

=;aJA-r + i(r-i)y2j(r-i) = ^A-j(r + «)y24(r-i)^ if r=l (mod 3); 

= aJ^A-r + |(r-»^gl(r-«_^A-l(r+4)y»g|(r-« if r=2(mod 3). 

In each case there occurs a factor a*, where a > 3 A — J (r 4- 4) > f (^ — g) — 1 , 
since A = i (p — g^) and r<p — q ; hence division by x'^""*^"^ is made possible 
in all the terms obtained from the group ^p^q- Since the terms derived from 
any other group ^p_^, where d<q — 1, will be at least one degree higher in 
the variables x, y than those coming from ^p-,, it is evident that the factor 
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a.i(p-e)-i can be rejected from the entire equation. The order of the surface 8 
then becomes w/ = p — t (i> — g^) + 1 = i (p + Sg') + 1 , and the residual inter- 
section must consist of the cuspidal edge of 2 occurring 2 (p — q) — 3a 
= 2 (p — q) — 2 (^ — g^) + 3 = 3 times, requiring that /=1 , jB< = 2 and jB^ = 1 ; 
hence the surface 8 has the plane given by a; = for its tangent plane all along 
the cuspidal edge of 2 , the surfaces 8 and S having contact all along that line. 
The same may be found at once to be true by investigating somewhat more care- 
fully the forms of the terms given above, thus : Dividing out a5*=a'^"^^~^ from 
each of the three forms given leaves 

a.P-g-lr-|(p-g)+l24r=^i(p-<jf)-Jr + lgjJr^ if y=0 (mod 3), 

a.p-9-|(r + 2)-|(p-g) + ly^i(r~l) = 3.4(p-ff)-|(r-l)y2|(r-l)^ if ^=1 (^od 3), 

or aP-«-*^'' + *J-«^^-«>+V2*^''""^ = a5*^"^^'"*^''"^*^yV^'"-*>, if r=2(mod 3). 

Since r<p — q, the lowest terms in x,y come from the first group and are of 
the first power in those variables, containing only x ; all terms from the second 
and third groups will be of at least the second degree in x, ^ and will contain y. 
Curves of the kind here considered will be said to belong to Class II and may be 
characterized thus : 

II. p>q, p — q=(i (mod 3), wi=^+ 2gr, n=p — qy p=2g', 

w'=i(j9+2gr)+i, /^=l, i2 = 3, i2,= 2, R.-l. 

Evidently no curves of complete intersection are included in this class. 

Case 2. p — g'=3A+ 1. The general term of ^p^q, of the form 
^^SA-r + i^r^ becomes at once a^"'' + ^y'"; and this, after neglecting the coeffi- 
cient and changing ^ to x'z as many times as possible, takes one of three forms, 

^-r + lyr_^A-r + l + |rg*r = ^-*r+lg*r^ ifr=0(mod3), 

_aJi.-r+l + |(r-.l,2^^*(r-l)=aaiA-Hr-l)y2Hr-W if r=l (mod 3), 

_a.8A~r + l + |(r-2)j^j5l(r-2) = ^SA-*(r + l)j^g|(r-« if r = 2 (mod 3). 

These terms are all divisible by a*, where a = 3A — J (r -f 1) > f (^ — g' — 1) . 
It is evident that all the terms of higher degrees inx.y coming from the groups 
4>p-#f where Q<q — 1 can be divided by the same a*; hence, the entire equa- 
tion contains the factor a;'^"^"^^ The order of the surface 8 is then p — a 
=^p — \{p — q — l) = i(p4- 2g'+ 2), and the residual intersection consists of 
the cuspidal edge of 2 occurring 2{p — g^) — 3a = 2 (2? — g') — ^{p—q — 1) = 2 
times, demanding that /=1, J? = J?<=2 and R^ = : thus the surface 8 con- 
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tains the cuspidal edge of 2 once. The same may be seen at once to be true 
from the forms of the terms given above. Curves of this kind will be grouped 
in Class III and may be described thus : 

III. p — gr=i(mod3), m =jp4- 25, 7t = j9 — ^, p=2^, 

m' = i(i)+2g' + 2). /=1, i2=2, jB,= 2, R,~0. 

Case 3. p — g'=3A + 2. The general term of 4>p-, is of the form 
^^8A-r + B^r. this becomcs at once 0^^""'+*^^; and this, after neglecting the 
coefficient a^ and replacing j^ by x^z as many times as possible, takes one of 
three forms, thus : 

^-r + 2yr_^A-r + 2 + |rg*r=^A.*r + 8^*r^ ifr=0(mod3), 

= a^ii-r + 8+|(r-l)y2*(r-l) = 33A-*(r-4)y2Hr-n ifr=l (ffiod 3), 
_^A-r+2 + |(r-2)y22Kr-2)=a^-|(r-2y2Hr-^ if r=2 (mod 3). 

These terms are all divisible by «*, where a = 3A — J (r — 2) > f (p — g' — 2). 
It is evident that all the terms of higher degrees in a;, y, coming from the groups 
4>p-#, where Q<q — 1 , can be divided by the same x*, hence a;»ci>-fz-«) jg a factor 
of the entire equation. The order of the surface S may be reduced thus to 
p — a = p — \{p — q — 2) = J(p + 2q + 4), and the residual interaection con- 
sists of the cuspidal edge of 2 occurring 2 (p — q) — 3a = 2 (p — q) 
— 2 (p — q — 2) = 4 times, giving jB = 4 ; and, since each term above is of degree 
at least as great as two in the variables x, y , after the rejection of the factor a*, 
it is clear that /= 2, fi| = 4, and, consequently, -Bc = ; accordingly, the sur- 
face 8 contains the cuspidal edge of 2 twice. This case includes the curves which 
will be said to form Class IV, and may be characterized thus : 

IV. p — q= 2 (mod 3), wi=p+ 2q, n=p — q, p= 2}, 

»i' = i(2> + 2(? + 4), /=2, jB = 4, i2,= 4, i2e = 0. 

Since p — 2'=i> + ^ (mod 3), and since a necessary condition for a curve (p, q) 
of complete intersection is that w = p + 2} = (mod 3) , it follows that no 
curves of total intersection are included in Classes III and IV. 

This disposes of the cases of all curves {p^q) which are represented by 
equations of the most general form for the values of p and q in question. But, 
since every such general equation has been found to represent a curve (p, q) 
passing^ — q times through the vertex of 2 and 2q times through the cusp of 
the infinite cubic, it is evident that many general curves, including all curves of 
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order greater than unity which do not contain either the vertex of 2 or the cusp 
of the infinite cubic, remain to be given by equations of special forms. 

Cv/rvea {p, q) given by Equations of Special Forms. 

It is possible to determine the conditions under which a higher power of x 
than that given above can be rejected from the equation obtained from the per- 
formance of the required substitutions in the equation 4> = ; such greater 
reduction will give a surface of lower order containing the curve in question, and 
it may happen that the curve itself will suffer a reduction in its order by the 
rejection of some of the terms which appear in the general equation for its 
arrangement oip and q. 

If the terms of the general equation of the curve {p , q) are arranged accord- 
ing to powers of y, thus : 

any term of the general group ^p_,+y is of the form a^^y^^ii^"^'^^''^ and, if the 
substitution be performed, this term becomes at once a^.yO^y*'"'"*'^'"^; and this, 
on changing y^ toa^zaa many times as possible, takes the form 

a^,^*^+«^-«'^^>2*^-«+^-^>, ifp — g + y — ^=0(mod3), 

or ap.^a;*'' + «<'-« + ^-^>yg*^-« + ^-^~^if;? — j+ y — i^Sl (mod 3), 
or ap,^*'* + «<'-« + ^-«y2*^-« + ^-^-»>, if^ — ^ + y — ^3=2 (mod 3). 

If p — 3^ = (mod 3), it has been found that the factor xT, where 
a=f(2> — q) — 1, can always be removed by division from the substituted 
equation ; if a factor af +•', where a'> 1, is to be removable in the same way, it 
is necessary that the exponent of x in each of the above reduced terms be as 
great as a + a' = f (p — q) — 1+a'; i. e.i it is necessary that i^^ + f (i> — S' + y) 
> f (^ - q) — 1 + a', which requires that 

P>3a' — 2y — S, if p — q+y — fi = (mod 3). 
Similarly must ^3 > 3a' — 2y — 1 , if ^ — 5 + y — ^ = i (mod 3), 
and fi>3af—2y + l, if p — q + y — ^ = 2 {mod 3). 

These conditions require in general that all those terms of the general equation 
of (^, 5) vanish, where ^, or better ^ + 2y, falls below a definite limit depend- 
ing on a'. For smaller values of a', the terms which must vanish in any group 
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^p^q + y are those of lower degrees in' X, and the larger number of terms 
must vanish, in*general, in those groups where y has the smaller values, i. e., 
where r enters to its higher powers. The terms in the group ^j^^^.v^ cannot 
all be made to vanish, else the species of the curve in question would be changed 
by a reduction in the value of q ; and the highest value of a' may occur only 
when the single term highest in ^ -^ 2y in this group, viz., ap_^ q^^^^ v^ alone 
remains; this term, under the required substitution, becomes a^.^^^^''^'' and 
the upper limit for a' here involved is found to he i{p — q) + 1, since a + a' 

= f (2> — S?)— l + a'i2> — 2- 

Again, there must occur in the equation of the curve in question one term 

at least which does not involve the variable X, else that equation would be reduc- 
ible by some power of that variable. Among the possible terms in fi, v, that 
involving the highest value of /? + 2y , and hence the highest value of a', is the 
term ao,3i^^J this term becomes, under the required substitution, Oo^qy^, and, on 
changing ^ to 0:^2; as many times as possible, it is found that 

«o, g2^ = (h.q ^''2*'', if !> = (mod 3) , 

or =ao.^«^*'-^^y«*^-^ if i?=l (mod 3), 

or =ao.,a:«^-«V«**"^ ^ ^=2 (mod 3). 

Hence a+a' has for an upper limit f^, f (^ — 1) or ^{p — 2) according as 
|>=0, 1 or 2 (mod 3); since cL = i{p — q) — 1, this gives upper limits for a' 
as follows : 

a'^f 2^+ 1» if P = {^od 3), 
or a'<f 2+ i, if ^=1 (mod 3), 

or a'Stg' — i, if i>=2 (mod 3). 

Then not only must a' be less than or at most equal io ^{p — q)+l, but it must 
also satisfy the appropriate one of the last three conditions here found. 

To restrict the general equation of {p, q) in such a way that the desired 
reduction by cc* + *'maybe made, the coefficient a^^y in the assumed general 
equation must take the value zero whenever the conditions found above for ^ 
are not fulfilled. Examining these conditions, it appears that a^^y would vanish 
by the third condition above, if the equations ^ = 3a' — 2y and ^ — ? + y 
— /S = 2 (mod 3) were both satisfied, since ^ = 3a' — 2y < 3a' — 2y + 1 ; but 
if j^=3a' — 2y, then is ^ — gr + y — ^ =^_ gr -|- 3(y — a') = (mod 3), the 
condition that p — g + y — ^ = 2(mod 3) is not satisfied, and a^^y does not 
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vanish in this case. If ^ = 3a'— 2y — 2, then p — q + y — fi=P — q 
+ 3 (y — a') 4- 2= 2 (mod 3), and the coefficient a^,^ vanishes in this case under 
the third condition above, since 3a' — 2y — 2 < 3a' — 2y + 1 . Also a^, y must 
vanish for all values of ^, y where < ^ < 3a' — 2y — 4. 

In order that all these conditions may be applicable to the coefficients of 
the equation in question, it is necessary that in the case of no one of them shall 
values of ^ , y occur, which are not found in the coefficient a^^ ^ of some term of 
the equation ; i. e., for all values of y occurring, must 3a' — 2y — 2 <^ — gr + y ; 
this reduces to the condition that a' <i{p — S?) + f + y ; difficulty arises here 
only when a' takes its largest value ^ {p — q) + 1, and y has the value zero ; 
in that case ^{p — q) + 1 >i(j:> — q) +f +y, and this condition fails to find 
application ; the form of the coefficient for the application of this condition in 
this case is a^.^ = a3«'-»y-2,o =^i»-« + i,o» ^^^ it is evident that the equation 
of the curve (p, q) contains no such coefficient. If, then, a' = i{p — ?) + 1, 
one condition above is inapplicable ; but if a' < i (p — g^) + 1, the conditions all 
find application to the coefficients of the given equation. 

The number of conditions imposed on the equation ^j = in the case where 

i> — if = (mod 3) is then ^ (3a'— 2y— 2)+l, if a'<i{p — q)+l and 



even, or ^(3a'— 2y — 2), if a'<a{p — q) + l and odd; this amounts 



to fa' (3a' — 2) + 1 , if a' be even, and to i(3a' — 1)*, if a' be odd ; hence the 
number of conditions imposed on the general equation of (p, q) to ensure the 
desired reduction by «'+•', when a' = i(p — ^) + 1, is fa' (3a' — 2), if a' 
be even, and f (3a' — 1)* — 1, if a' be odd and greater than unity, but unity, 
if a'=l. 

The equation 4> = , after such conditions have been imposed on its coeffi- 
cients, will be called the restricted equation 4> = ; the curve represented by an 
equation thus restricted will be designated as a {p, q)^, and the surface cutting 
such a curve {p , q)^' from X will be denoted by S^. 

The most general equation for a curve {p,q), where p — q^O (mod 3), 
has been found to give a curve of order j? + 25^, which is cut from S by a surface 
S of order i (p + 25)+ 1 , the residual intersection consisting of the cuspidal 
edge of 2 occurring three times, so that / = 1 , fi = 3, i2<= 2, jR^ = 1 • I^ the 
condition that a' = 1 be imposed, the surface /^ will be given by an equation of 
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degree i(p+ 25). The conditions imposed on the equation 4) = are not in 
general such that the restricted equation 4> = will be a reducible equation ; 
hence, if the curve (p, q) be broken up at all to form the curve (/>, q)^.^ it can 
be brought about only by introducing into the locus of (p, q) the cuspidal edge 
of S as many times as is demanded by the value of a', that value having been 
reduced first by the order of the residual intersection of S and 2 ; hence it will 
in general be true that the residual intersection of /^ and 2, if any such residual 
intersection exist, consists entirely of the cuspidal edge of S occurring as many 
times as the order of the residual intersection in question. This will be true 
generally, whether ^ — 3^ = (mod 3), or not. 

In the case under consideration, where p — g' = (mod 3), the condition 
that a' = 1 does not cause the coefl5cient ao.o ^ vanish, for ^ = y = makes 
p — g^ + y — i^=jP — 3^ = (mod 3), and the first condition for ^, viz., that 
^ > 3a' — 2y — 3, is satisfied here since = 3a' — 3 ; hence the term a^^Qfi^'^v^ 
is not removed from the equation of {p, q)] this term, under the substitutions 
required, becomes ao,oy''"^*^ = ^o,oa:'^''""^^z*^''~^^«' ; and the rejection of the 
factor «•■•■'' = a'^"'^ gives Oq.o^j*^"'^*'', a term free from both x and y; con- 
sequently the cuspidal edge of 2 does not occur at all on S^ and the curve 
(p, q)^, is accordingly a curve of total intersection of /S" and 2 whenever a' = 1 
The number of conditions imposed on the equation in this case is found by the 
formula given to be i(3a'— 1)^ = i(3 — 1)«= 1, if a'<i(p — g^) + 1, i.e. 
if p >gr, which is always true in the cases under consideration, the case where 
p^=q having been finally disposed of on page 277 ; the single condition to be 
applied here, as determined by the value /? > 3a' — 2y — 2 and p — q + y 
— ^=2(mod3),iBa^,^=aa.,.jjy_8,^ = ai>,^,y = ai,o = 0. 

In the case where a' had the value zero, the residual intersection was found 
to be made up of the cuspidal edge of 2 occurring three times. The rejection 
of a;*' = a:, since the plane x = contains that edge three times, simply removes 
the residual intersection and does not change the order of multiplicity of the 
vertex of 2 or of the cusp of the infinite cubic on the curve proper; i. e., 
n and p have the same values in the cases of the curve (p, q)i and the curve 
(p, q) ; viz., 7t = j5 — q and pz=:2q. 

The curves (p, q)if where ^ — 3^ = (mod 3), are then identical with those 
of Class I' (page 279), characterized thus, 

I'. p>q,p — q = (mod 3), a' = 1, ai.o = 0, m=p + 25, 7t = p — g', 

p=25,m' = iCP+25),/=i2 = i2, = i2e = 0. 
37 
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If a'> 2, the natures of the curve (/>, q)^, resulting, and of the surface S 
cutting the same from 2, are found as follows. The order of the surface 8 is 
i (p + 25) + 1 ; hence the order of the surface S must be less by a' than that 
number, i. e., i (/> + 25) + 1 — a'. It has been seen that the coeflScient a^^^, 
where ^ = 3a' — 2y — 3, is not made to vanish for any value of a'; since, in 
any group ^p^^^y, the variable ^ occurs in general in some term to the power 
p — ? + y, there will occur in the equation of the curve {p,q)^' a term where 
^ = 3a' — 2y — 3 if < 3a' — 2y — 3 </) — j + y ; the former condition is satis- 
fied when y = and a' > 2; the latter condition demands that ZoI<p — q + ^y-^ 3 
and is always fulfilled, since a'<i(/? — g^) + 1 ; hence the equation of (p^g^).' 
always contains a term of the form 



a,.,;iV^-^-^^-^^^"^ = a8.'-»y-B..3l'"-^-V^- 



3+8y-8a'+S j,9-y 



which becomes, under the required substitution, 

If in this term q?z be substituted for j^ as many times as is possible, it takes 
the form a3,,_,y_8.7»'^""^^"^"*"'2*''""^^"*'''"*'"^*«^"^ Rejecting the factor »•+*' 
— ^%{jp^q)-i-\-a' fpQjjj tijjg tg^n^ leaves only a,..^gy.8,y3*^*-«^+^~*'+'««-\ which is 
of the zeroth degree in a, y ; consequently, the equation of the surface S , which 
cuts the curve (^, q)^, from 2, where p — g^ = (mod 3), is of the zeroth degree 
in the variables x^y whenever a'>2. The residual intersection, consisting 
entirely in every case of the cuspidal edge of 2 occurring a certain number 
of times, is wanting, since the surface S does not contain that edge at alL But 
the rejection of the factor cc*' from the equation of the surface 8 has reduced 
the common intersection of the two surfaces by the cuspidal edge counting 3a' 
times, and has consequently not only removed the former residual intersection 
of order three, but has also subjected the curve to a reduction of its order by 
3 (a'— 1), since the cuspidal edge has been rejected that number of times from 
the curve portion of the intersection. Hence, in this case, where p — 3^ = 
(mod 3), the restricted equation 4^ = represents a curve {p%q)a' of order 
m =p + 25 — 3 (a' — 1) ; and this curve (p, q)^, is a curve of total intersection 
of the newly found surface S with 2. 

The rejection of the cuspidal edge of 2 thus 3 (a' — 1) times from the curve 
(p , q) effects a reduction by that number in the order of multiplicity of the 
vertex of 2 as a point of the curve ; in the case of the curve (p , q) it has been 
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found that 7«=j9 — q; hence, for the curve {p,q)a'i n=^p — q — 3 (a' — 1). 
Similarly, the curve {p, q)^, passes 3 (a' — 1) less times through the cusp of the 
infinite cubic than does the curve {p,q)\ consequently, p=2^ — 3 (a' — 1). 
Since neither n nor p can be negative, the upper limits found already for a' are 
here made evident again ; and here, as in all other cases of curves of total 
intersection thus far considered, n=0 (mod 3). If both n and p have in any 
case the value zero, then must the curve in question be of a more general 
character than the {p , q) of the same order, which is known to pass p — q times 
through the vertex of X and 2q times through the cusp of the infinite cubic 
(since both p — q and 2q can in no case have the value zero). The curve (p, g^)./, 
which is, from this point of view, one of the most general curves on 2, occurs 
when n^=p — q — 3(a' — 1) = p = 2g' — 3 (a' — 1) = 0, which demands that 
^9=3} and a' = fg^+l=|/> + l; while m =p, m' = itp , and 23^ =i> — q= 
(mod 3), making ^ = (mod 3) and jp = (mod 9). Such a curve is the (9,3) ,, 
where a = 3 and a' = 3, while m = 9, m' = 3, and n = p = ; this case may 
now be worked out according to the conditions already given, as follows: 
The most general equation of the curve (9,3) is of the form 

+ a,, ,XV* + «a,i J^V* + «i,t V + «o,2i^') V + (a,,iX^ + a,,i ;iV + a^i JlV* 
+ a4,i^V* + «»,i5lV* + Oa^i^V" + «i,i V + «o,i it£^)^^ + Ko J^'* + a5,o3^V 
+ a^^oJ^V* + as^oJ^V* + ^j^oJ^-V* + ai.oV + «o.oi^*) v^ = 0. 

Imposing the condition that all terms vanish where ^ = 3a' — 2y — 2 = 7 — 2y , 
and where ^ < 3a' — 2y — 4 = 5 — 2y , removes \ (3a' — 1)^ — 1=15 terms, 

since it makes ai,s = «s,2 = «i,« = «o,i = «5,i = ««,i= «2.i = «i,i = «o,i = «b, 
= ai^j, = aa^o ^ ^,0 = ^,0 = ^,0 = ; this leaves the equation of the curve 
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Substituting x, y and « for %^ ^i and v respectively, changing y* to x\ wherever 
possible, and removing the factor x*"*"*' = x*, there remains 

aj,sx^ + a^.^7?y + a^, s «/+««, a «*» + a^^^xyz + a4,3y*2 + Hz^^^ + «2,8y«* 
+ «o,s2? + ag^i «'« + 0^,2 xys + a^^g/* + ag^jxa? + a^^iyzB + a,^ ,z^tf 

the equation of the cubic surface S\ whose intersection with 2 is the curve 
(9, 3)3 of order m=.p -\- 2q — 3(a'— 1)=9. This equation contains all the 
terms of the most general homogeneous cubic equation in the four variables 
X, y, «, 5 except the term in y^. Suppose there had occurred the terms aj^ ay* 
and a^ls ^^ ^^ this equation, making it represent the general cubic surface ; the 
substitution of a^z for y* in the former term would not have affected the inter- 
section of the surface with 2, and the two terms a^^sy* ^^^ ««.'8*'^» ^^^ fl^a^^j 
and a^^l^x^Zy could have been combined as a single term a^^^7?z) hence, the inter- 
section of this surface S' with 2 gives the most general curve of total intersection 
that can be cut from 2 by a cubic surface; such intersection is a general 
curve of order 9, and is deservedly ranked as a curve of more general charac- 
ter than those which are required to pass a certain number of times through 
the vertex of 2 or the cusp of the infinite cubic, or both. Similarly, the general 
sextic surface cuts from 2 a curve of the species (18, 6)5 and of order 18, a curve 
of total intersection, where a = 7 and a' = 5. And in the same manner may 
be found here the curves of total intersection of 2 with the general surfaces S 
of orders 9, 12, 16, 18, 21, etc., those curves being of the species (27, 9)^, (36, 12)/ 
(45, 15)ut etc. 

The curves of total intersection here occurring will be grouped as Class 11', 
and may be characterized thus : 

ir. p>q,p — 9^ = (mod 3), a' > I, m=jp + 25^ — 3 (a' — 1), n=^p — q 
— 3(a' — 1), p= 25 — 3(a' — 1), m' = \ {p + 2q) — d+ 1, 

Class ir as here described, evidently includes the curves of Class I', as those 
curves were designated on page 279 ; hence, the latter class will no more be 
mentioned as a distinct group, but will be regarded as coming in with Class IF 
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This completes for the present the discussion of the curves (jj, q)^,^ where 
^ — g^ = (mod 3) . 

If p — 9=1 (mod 3), it is known that the factor sc*, where a has the value 
t(-P — 9, — 0» ^*^^ be rejected in every case from the equation obtained from 
^ = by the required substitutions. The conditions under which a factor x* + *', 
where a'>l, can be divided out from that equation are readily found by 
the method employed in the preceding case. For that purpose the exponent 
of X in each term of the equation in question must be as great as a + a' 
= t (2> — q^ — 1) + a' ; i. e., it is necessary that ii^ + f (/> — <7 + y), as found 
on page 282, be as great as f (^ — g^ — 1) + a', which requires that 

^>3a'— 2y — 2, if p — g^ + y — ^ = (mod 3). 
Likewise must 

^>3a'— 2y, if^_gf + y_^=i (mod 3), 

and fi>Sa'— 2y + 2, if j9 — g^ + y — ^= 2 (mod 3). 

These conditions are entirely similar in form and application to those already 
discussed for the case where p — j = (mod 3). Hence, since the terms in the 
group 4>j, - g cannot all be wanting, the largest value is allowed to a' when the 
only non-vanishing coeflScient in that group is ap^^^gJ t^^s leaves a term 
ap.g^o'^'""''^'' which becomes Op ^g^ooP" '«^; hence a + a^<p — g^, which gives 
for a' an upper limit, a' < i (/) — g^ + 2). There must also occur in the equation 
of (/>, g)a' a term free from ;i; and the one giving the highest limit for ^ + 2y, 
and, hence, for a', is a©,, (i^ ; this term becomes a©, ^y^ and 

«o, gy*" = (h.qX^'^z^^, if p = (mod 3), 

or =ao,^a;^^""^^2A5*^''"^^ if i>= 1 (mod 3), 

or = ao,«a'^"*V«*^"^ if jp = 2 (mod 3), 

as given on page 283. Consequently, a + a' has an upper limit f p, f (p — 1) 
or f (jp — 2) according as ^ = , 1 or 2 (mod 3) ; since a = f (p — q — 1), this 
gives as upper limits for a' that 

a'<fg' + i, if^ = 0(mod3), 

or ^tg^i ifp = l(mod3), 

or <iq — I, if 2?= 2 (mod 3). 
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Not only must the appropriate one of these last three conditions be obeyed by 
a', but also in every case must a' <\{p — g^ + 2) . 

To obtain the equation of the curve {p, q\, from that of (p, g^), all terms 
of the latter, which have ^ falling below the limits found above, must vanish. 
If i6f = 3a'— 2y + l, p — q + y — ^ =, p — q —Zd + ^y— l=p —q 
— ISO (mod 3), and the coefficient a^i^^y^i^y is not required to vanish. If 
i6f=3a'— 2y — 1, /) — g+y — ^3=^? — g' — 3a'4-3y+l=p — g^+l 
= 2 (mod 3), and the coefficient a8a'-iy-.i,y must be made to vanish, under 
the requirements of the third condition for ^ above, viz., that ^ > 3a' — 2y + 2 
if p — 2 + y — ^ = 2 (mod 3) . These conditions require not only that 
a^ y = 0, when ^ = 3a' — 2y — 1 , but also whenever < /? < 3a' — 2y — 3. 
But if in any case these conditions require an a^^ ^ to vanish for a combination 
of values of ^ and y which do not occur together in any coefficient of the equa- 
tion 4> = 0, such a condition must not be counted in making up the number of 
restrictions to be actually imposed on the coefficients of the equation in question. 
The highest value of P reached in the conditions is ^ = 3a' — 2y — 1 ; that will 
surpass the highest power of X appearing in the equation 4> = when and only 
when 3a' — 2y — 1 >i!> — fi' + y ; if «' takes its largest value i (i> — g' + 2), 
the condition becomes 1 > 3y, which is unsatisfied except when y = 0; hence, 
none of the conditions fails to be applicable when a'<i(p — g^ + 2), and only 
a single one of them is inapplicable when a' = i (2> — 9 + 2) ; the coefficient, the 
vanishing of which the inapplicable condition demands, is a8«'-2y-i,7 = ^p~« + i,o> 
and it is evident that no such coefficient ever appears in the equation of the 
curve (i>, g'). 

The number of conditions imposed on the coefficients of the equation of 
the curve {p,q) to make it become the equation of the curve (^, g^)./, in the 

case where J!) — g^=l (mod 3), is then ^ (3a' — 2y — l),if a'<i(j9— g^H- 2), 



and that number diminished by unity if a' = i (/> — g^ + 2) ; this sum amounts to 
\ (3a')*, if a' is even, and to \ (3a' — l)(3a' + 1), if a' is odd ; hence the number 
of conditions imposed, when a' < J (2> — g + 2), is J (3a')* or \ (9a'* — 1) , accord- 
ing as a' is even or odd ; while, if a' = i (p — g^ + 2), the corresponding number 
is t(3a')* — 1 or i(9a'* — 1) — 1, according as a' is even or odd; but the 
number is always two, if a' = 1 . 
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The general equation 4> = 0, where p — 5=1 (mod 3), has been found to 
represent a curve (p, q) of order pi-iq which is cut from 2 by a surface S of 
order i{p+ 2q+ 2), where the residual intersection consists of the cuspidal 
edge of 2 occurring twice, so that/= 1 , i? = 2 , i?^ = 2 , and Ra = 0. If now 
the condition that a' > 1 be imposed, the surface S' cutting the curve (jp, q)^, from 
2 is clearly of order K/) + 2^ + 2) — a'. The conditions imposed to make the 
equation of S reducible by x*' will, if a'> 1, require that (j9, q)^, be a curve of 
lower order than the corresponding {p, q)^ since the total intersection of S and 2 
suffers a reduction by the cuspidal edge of 2, occurring 3a' > 3 times, while the 
residual intersection for the curve {p, q) consists of that edge occurring only 
twice. But it is evident that the curve {p, q) is not in general subject to any 
other reduction, and the curve (/?, q)^i will consequently be in general a proper 
curve, and any residual intersection of £? and 2 will be made up entirely of the 
cuspidal edge of 2. The coefl5cient a^^y, where jS = 3a' — 2y — 2 and p — q 
+ y — ^ = (mod 3), does not vanish under the conditions of restriction here 
imposed; this condition is possible of satisfaction for ^ in every case, since 
3a' — 2y — 2 > 0, if y = and a' > 1 ; hence there occurs in the equation of 
the surface /? the term derived from that one in 4) = of the form 

this term, on performing the required substitutions and reductions, becomes 

which is again 

On rejecting the factor a;»+*'z=a;'^''"«"^^+*', this term becomes 

**Ba' — Iy — i,y* * > 

which is of the zeroth degree in x, y; consequently the surface S^ does not 
contain the cuspidal edge of 2 at all, and the curve (/> , q) ./ is accordingly a 
curve of total intersection of 2 and J^ . In the case of the curve (p, 5), it has 
been found that n=:p — q and p = 2^; since the cuspidal edge of 2 has been 
rejected 3a' times, and since the former residual intersection consisted of that 
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edge occurring twice, it follows that in the case of the curve {p , j) .' , where 
p — q=l (mod 3), 7t=p — q — 3a' +2 and p=2q — 3a' + 2. The upper 
limits here involved for a' agree with those already found for the case in question. 
Here, again, the curves (jp, q)^» of total intersection have 7t=0 (mod 3). If 
both n and p have the value zero, then must the curve represented pass through 
neither the vertex of 2 nor the cusp of the infinite cubic, and hence the curve 
will be of more general character than the {p, q) of the same order, which has 
been found to pass a certain number of times through one or both of those points. 
Such a curve {pj q) ^, occurs when n=^p — q — 3a' + 2 = p = 2^' — 3a' + 2=0, 
which demands that /> = 3g^ and a'=J5' + |=|p + |, while m = 2>» w' = ii> and 
2q=^p — q=:\ (mod 3), making q=2 (mod 3); the (6,2)2 answering these 
requirements, — that a' = 2, etc., — is cut from 2 by the surface 8^ whose equation 
is determined as follows : 

The general equation of the curve (6,2) is of the form : 

a«.8 V + a5,2;iV + «4.3^V* + «3,i J^V' + «2,«^V* + «i,2^/"* + ao,,it^* + 

The conditions to be imposed on the coefficients, in order that a' may have 
the value two, are found by the method used above to demand that Oj ,= aj 
= ai^ 1 = ao, 1 = aj^ = ^. = «i, = ^. = ^ J this leaves the equation of the curve 
(6,2)2 which is of the form : 

+ ag^iXS + a4,i^V^+ «2.i^V^ + «4,o'<'*^* = 0- 
Performing the required substitution, this becomes 
a«,2a* + «B,2«*^y + a4,, a*y* + aj^gx^jr' + ag^ai^y* 4-ao.»y* 

changing y^ioofz as many times as possible in each term of this equation, and 
rejecting the factor »*+"' = x*, there results the equation of the surface S of the 
form: 

««,2a* + fls^i^^y + ^4,2^* + ay^xz + Og^gyz + ao.j2* 

+ «5,i a» + ^4, iy« + Oia ^ + «4.o«* = 0. 
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This equation is that of the general quadric surface, and thus it is evident 
that the curve (6,2), is the most general curve which can be cut from 2 b j a 
quadric surface. 

Similarly, a general curve of order 16 is the (16,5)4 cut from S by a general 
surface of order 5 ; likewise, the (24, 8)^, a curve of order 24, is the total inter- 
section of the cone 2 with a general surface of order 8, the (33, 11)8 of order 33 
is the total intersection of X with a general surface of order 11, the (42, 14) 10, 
of order 42, is the total intersection of X with a general surface of order 14, 
etc., etc. 

These special curves of total intersection (p, q)^, will comprise Class IIP 
and may be characterized thus : 

IIF. p — q=:\ (mod 3), a'> 1, m — p+ 2j — 3a' + 2, 7t=i> — 3 — 3a' + 2, 
p=2g' — 3a'+ 2, m' = i(p + a? + 2) — a',/= jB = i2< = jB, = 0. 

If p — 3^= 2 (mod 3), it has been proved that 05*, where a = |(p — q — 2), 
is a factor of all the terms of the equation obtained from ^ = by the required 
substitutions. The conditions under which a;*"*"*', where a'>l, becomes a 
factor in the same equation, are readily found by the method used in the two 
cases already discussed. For the occurrence of such a factor, it is necessary that 
the power of x in each term be as great as a + a' = I (p — q — 2) + a' ; i. e., it 
is necessary that i^S + Kp — ? + y)» m given on page 282, be as great as 
|(|> — q — 2) + a', which requires that 

^>3a'— 2y — 4, if 2> — 2 + y — i3 = 0(mod 3). 

Likewise must 

i3>3a'— 2y— 2, if^) — g' + y — /3=1 (mod 3), 

or 

^>3a'_2y, if ^ — g^ + y — /3= 2 (mod 3). 

As in the preceding cases, the terms in the group %^q cannot all be wanting, 
and the highest value of a' is allowed when the only coefficient remaining in that 
group is cLp^qX^ *^is leaves the term a^^q.^V^^^v^ present, which term becomes 
«j»-g.oa^"*«'; hencea + a'<p — q, whence a' <i> — q — a, giving as an upper 
limit for a' that a' < i (p — g' + 4) • The restricted equation ^ = must contain 
a term free from X and hence of the form af^^yfi^'^^'^'^v'^'"* ; this term will permit 
38 
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the highest value of /9 + 2}/ , and thus of a! , when 7^ = 9; then it is of the form 
^o,qH^i which becomes ao^^y^; this reduces to 

ao.g aJ*^^*^ if i) = (mod 3), 

or €^^x^^^'-^^y^^^'^\ if i) = l (mod 3), 

or ao,ga;**-*V2*^"^ if i>= 2 (mod 3), 

as seen on page 283. Consequently, a + a' has as an upper limit Ip^ i{p — 1) or 
l(p — 2) , according as 2? = 0, 1 or 2 (mod 3) ; since a = | (^ — q — 2) , this 
gives as upper limits for a' the requirement that a'<t9 + i, iq + l or iq 
according as ^ = 0, 1 or 2 (mod 3) . Not only must the appropriate one of 
these last three conditions be satisfied by a', but also, in every case, the condi- 
tion found above, — that a' < i (/) — q + 4),— must be fulfilled. 

The equation of (^, q) is made to become the equation of (jp, q)^, by reject- 
ing from it all those terms in which /? falls below the limits found above for it. 
If /3=3a' — 2y — 1, then p — q + y — ^ = p — q + y— (3a' —2y—l) 
= /)— g^ + 3(y — a') + IS 1 (mod 3), and no coefficient a^^y need vanish for 
such a value of j3. If j3 = 3a' — 2y — 3, then p — q + y — /^=P — ? + / 

— (3a' — 2y — 3)=^ — gr+3(y — a'+l)=2 (mod 3) , and the coefficient 
a,./_,y.8,y must vanish. Likewise must every coefficient a^^y vanish where 
< ^3 < 3a' — 2y — 5. It may happen here that (3, y and a' may satisfy the 
conditions for such an arrangement of values of ^ and y as does not occur in the 
equation ^ = 0, in which case the condition in question should not be counted 
in making up the total number of conditions to be imposed on that equation. 
Such an inapplicable condition occurs when j3 = 3a' — 2y — 3 is greater than 
the power of X occurring with the value of y in question, i. e., when 3a' — 2y 

— 3 >jp — S' + y ; since a' < i (p — 5 + 4) , such a case can arise only when 
p — q + 4 — 2y — 3 >jp — g' -)- y , i. e., when 1 > 3y , and this is satisfied only 
when 7 = 0; hence, one of the above conditions is inapplicable when and 
only when a' = i (p — g^ + 4) and y = 0. The coefficient required to vanish in 
this case is Op.^^i^O} ^^^ ^0 such coefficient appears in the equation ^ = 0. 

The number of conditions imposed on the coefficients of the equation ^ = 
to obtain the equation of the curve (p, q)^f in the case in question, where p — q 

= 2 (mod 3), is ^ (3a' — 2y — 3), if a' < i (jp — j + 4) ; this sum amounts to 
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\ (3a' — 2)^ if a' is even, and to f (a' — l)(3a' — l) if a' be odd and greater 
than unity, but to unity, if a' = 1 ; hence, the number of conditions imposed, when 
a' =i(p — g^ + 4), is J(3a'— 2)»— 1, if a' is even, and i(a' — l)(3a'— 1)— 1, 
if d is odd ; a' cannot take the value unity in this case, since a' = i (^ — gr + 4) = 1 
requires that ^ — gr = — i, which is impossible,^ always being at least as great 
as q in the geometry on S. 

The general equation ^ = 0, for any possible values of p and q, where 
p — g' = 2 (mod 3), has been found to represent a curve (^, q) of order p-^^q, 
cut from S by a surface S of order i (p + 2q + ^), the residual intersection con- 
sisting of the cuspidal edge of 2 occurring 4 times, while /= 2,i2=4,i2< = 4, 
i2«= 0. If a' = 1, the equation of the resultant surface of intersection ^S^' must 
be of degree as great as unity in x, y, since the equation of the surface /S' was 
found to be of degree two in a?, y, and the factor x*' = a only has been 
rejected to obtain the former equation from the latter ; the coeflScient ao,o= 0, 
in accordance with the conditions imposed here, and that is the only coeflScient 
made to vanish in this case ; some term in the variables (i^v of the form 
ao^y/t£''"'' + ^v*""^ where y >1 • must appear, otherwise the equation of the curve 
(p, 5)j would be reducible at once by X] the term ao,yi^''^"*^^^'"^ under the 
required substitutions, takes the form 

ao,y »*<*'-« + »> «*<'-« + >> ««-^ if p — q +y = (mod 3), 

ao,ya;«(P-« + ^-^>y«*<'-«'-+>-*>tf«->, if p—q+y=l (mod 3), 

or ao,ya;«^i>-« + >"«>y«2*CP«« + 7-2)59-7^ if p— j + y=2 (mod 3). 

The condition that p — qS2 (mod 3) demands that y take a value at least as 
great as two in some term of the equation ; y = 2 makes p — q + y = 1 (mod 3), 
giving a term ao,3a:'^"*'*"^^y2*^""' + *^«'"'*; the rejection of the factor «• + •' 
= »'<'-« + 1> leaves this term of degree unity in x, y and containing the variable 
y ; hence the surface ^S^' contains the cuspidal edge of X twice and only twice ; 
thus the residual intersection of X and S' is made up in this case of the cuspidal 
edge of 2 occurring twice ; consequently, m' = i{p+2q +4) — 1 = i {p+ 2q+ 1) 
and m = p+ 2q — 1, while /= 1, i2= 2, jB,= 2, R^ = 0. The curve (p, q) 
was found in the cases in question to have n^p — q\ that curve has now been 
broken up into the curve {p, q)i and the cuspidal edge occurring once, since the 
total order in each case is jp + 23^ ; hence the curve (^, 3^)1 has n =jp — q — 1 , 
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and, similarly, p = 2^ — 1- Curves (jp, 3^)1, which are none of them curves of 
total intersection, when p — g^= 2 (mod 3), will be grouped as Class IV", and 
may be characterized thus : 

IV'^ p — 2^=2 (mod 3), a'= 1, w=jp+ 2q—l, n=p — q — 1, 

p=2gr— l,m' = i(jp+2g + l),/=l, i2=2, i2<=2, i2,= 0, 

If a' > 2, the surface /S" must be of order less by a' than the order of ^S', i. e. 
m' = i (p + 2gr + 4) — a'. As in the preceding cases, the curve (^, q\, will be 
in general, a proper curve, and the entire residual intersection will be made up of 
the cuspidal edge of % occurring the necessary number of times. The coefficient 
a^ y, where /3 = 3a'— 2y — 4 andjp — g^ + y — i3=jP — 3^ + 3/ — 3a' + 4 = 
(mod 3) does not vanish under the conditions imposed ; this condition is possible 
of satisfaction in every case in question, since 3a' — 2y — 4 > so long as a' > 2 ; 
hence there occurs in the equation of the curve (jp, q)^, a term or terms of the 

forma^,y;l'*f£'-« + ^-'•v«-^ = a3.,.,y.4,^a••'-*^-V''■*■*■'''"•*'^*^'"■^• this term 
becomes au'-^Y-4,ya^'■*^"*■^'^'^-^^"*'*^"*•'+*2*^^« + *^ + ^~•'««■"^ and on reject- 
ing »• + •' = »«^-«->) + *', this becomes a8..-^y.4,ya*^"«■»■*^ + ^•"•'«'■^ which 
involves neither x nor y] hence S! does not contain the cuspidal edge of S, there 
is no residual intersection, and consequently all curves (p, q\» where a'> 2 and 
p — q=2 (mod 3) , are curves of total intersection of X and a surface /S'. The 
curve {Pj q)^, is of order wi = 3 [^ (2> + 2gr + 4) — a'] =zp + 2q — 3a' + 4, 
which is less by 3a' — 4 than the order of the curve (^ , 9) ; this reduction in 
order has resulted from rejecting the cuspidal edge of 2 3a' — 4 times ; hence the 
number of times the curve (p, q\f passes through the vertex of 2 must be less 
than in the case of (/>, q) by that same number; thus it is found here that 
n = p — q — 3a' + 4 . In like manner it is seen that p = 2^ — 3a' + 4. Here 
again n= (mod 3). If both n and p have the value zero, then must the curve 
{p , q)^> contain neither the vertex of S nor the cusp of the infinite cubic, and 
hence is a more general curve than a {p^ q) of the same order, which must 
always contain one or both of the two points in question. Such a curve (p, q\, 
is given when n=p — q — 3a' + 4 = p=2g' — 3a' + 4 = 0, which requires 
that ^= 3gr and a' = f g^ + 1= ijp + t, while m=zp^ m'=ip, and ^[=^p 
— q=2 (mod 3), making 2^= 1 (mod 3); the (3, l)i answering these conditions, 
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— that a' = 2, etc.,— is cut from 2 by the surface SP whose equation is found as 
follows: The most general equation of a curve (3, 1) is of the form 

<h.i^^ + «t,i^V + ^1.1 V* + «o,ii^' + KoJ**^ + «i,o>if4 + (k.oH'^)^ = 0. 

The conditions to be imposed on the coefficients of this equation, in order that 
a' may take its greatest value two, are found by the method used above to be in 
number i (3a' — 2)^ — 1 = J (6 — 2)^ — 1 = 3; these conditions are satisfied by 
making Oj^^ = a^^o = ^,o = 0, the other coefficients remaining; this leaves the 
equation of the curve (3, l)i, which is then of the form 

Performing the required substitution, this becomes 

and the change of y^ to a?z allows the rejection of the factor as*, so that the 
equation of the surface JSf is found to be 

^M^ + Of^iy + ao.i2 + «2,o* = 0, 

the most general equation of the plane; hence the curve (3,1)| is the most 
general curve which can be cut from 2 by a plane. 

Similarly, the (12,4)4 of order 12 is the total intersection of 2 with the 
general quartic surface ; the (21,7)e, a curve of order 21, is the total intersection 
of 2 with the general surface of order 7 ; the (30,10),, a curve of order 30, is 
the total intersection of 2 with the general surface of order 10 ; etc., etc. 

These special curves {p. q)^, of total intersection will form Class IV' and 
may be characterized thus : 

IV'. p — q=2 (mod 3), a'>2, m =p + 2q — 3a' + 4,^=jp — q — 3a' + 4, 
p=2^-3a' + 4, m' = iCp+ 2gr + 4)-a', /=i2 = i2, = i2, = 0. 

Letting G denote the number of conditions imposed on the equation of 
general form to obtain the restricted equation ^ = , the results derived in the 
preceding pages may be collected and arranged thus : 
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Owrves {p, q) Qiven by Equations of General Form. 

1. Curves of Total lutersection. 

I. p=:q,m = Zp,n = 0,p=2q= 2p,m'=p,/= B=:Bt = Re = 0. 

2. Ourves of Partial Intersection. 

II. p^qtP — qSO (mod 3), m=p + 2q, n=p — q>p = ^> 

m' = iip+2q)'^l,/=l,B=Z,Ri=2,B, = l. 

III. p — q=l (mod 3), «i =p + 2q, n—p — q, p= 2q, 

«i' = i(i) + 2^+ 2),/= 1, iJ= 2, 12,= 2, i?, = 0. 

IV. p — 5'=2(mod 3), «i=j) + 2g', 71=^ — q,p=z2q, 

fn' = i(jj + 2j + 4), /= 2. i2 = 4, i2,= 4, i?. = 0. 

Gwrves {p, q) Given hy EquaHona of S^aecial Form. 
1. Curves of Total Intersection. 

II'. i> >g', p — q = (mod 3), a'>l, m =p + 2q — 3(a' — 1), 

»»=i> — ? — 3(a' — 1), p=2gr_3(a'— 1), «i' = i (p + 2gr) — «' + 1, 
/ = E = B, = B,=fl; herea'<l(i> — 2) + l, 

and also rij + 1, if jpSO (mod 3), 

<i'<\iq + i, ifi)=l(mod3), 
if? — 1. ifi)=2(mod3), 

and I |a' (3a'- 2) + 1, if a' < i (j) — ^) + 1 and even, 

i(Sa'—iy, if a'<i(y--<?) + landodd, 

(7=- or i{ a' = ^{p — q) + 1 = 1, 

fa' (3a' — 2), if a' = i (p — q) + 1 and even, 

. i (3a' — 1)» — 1 , if a' = i (i) — j) + 1 > 1 and odd. 

III'. p — q=l (mod 3), a'>l, m = p+ 2j — 3a'+ 2, n=p — q—Ba'+ 2, 
p = 2g' — 3a'+2, ♦n' = i(^-|-2gr+ 2) — a' , /= R = Bt = B, = 0; here 
0''<iiP-q+ 2), 



and also 



iq + i> ifl' = 0(mod3), 

1 (mod 3), 

2 (mod 3), 



(iq + i> ifpS^ 
^iq — i, if p = 
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and 



= 



' (f*')'. if a' < i Cp — J + 2) and even, 

iida"—!), if a' < i (p — q + 2) Kud odd, 

or if a' = l(^_gr + 2) = l, 

{ia'y — 1 . if a' = T (p — g' + 2) and even, 

, i (da" — 1) — 1 , if a' = i (p — gr + 2) and odd. 



IV'. p — q = 2 (mod 3), a'>2, «i=2>+ 2q — 3a' + 4, n=p — q — Za' + A 
p = 2q — Sa'+ 4, f»' = i(p+ 2g+ 4) — a', /= i? = i?,= 22.= ; here 
a'^iCp — ?+4), 

and also riq-\-i, if p = (mod 3), 

a'<j*2+i. ifi> = l (mods), 
liq , if i>s2 (mod 3), 

and r i (3a' — 2)*, if a' < i (i> — g + 4) and even, 

f (a' — l)(3a' —1) if a' < i (p — gr + 4) and odd, 
(7 = -j i(3a'— 2)» — 1, if a' = i(|> — j + 4)andeven, 
J(o' — l)(3a'— 1), if a'=\{p—q + 4) and odd 
(the case where a' = i (^ — g^ + 4) = 1 coming under IV"). 

2. Curves of Partial Intersection. 

IV". p — q=2 (mod 3), a'=l, m = p+ 2q—l, n=p — q—1, 

p=2q—l, fn' = iCp + 2j+l), /=1, 22=2, i?,= 2, i?. = 

and . (7=1. 

The following table ^ves the results found by the formulas given above for 
the cases of all proper curves {p, q) for values of p and g as far as the curve 
(8,6). 
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The Plane Geometry of the Point in Point-Space of 

Four Dimensions. 

By C. J. Keyser. 



I. — Introductory Gonsiderations. 

1. As is well known, the dimensionality (in Riemann's sense) of any given 
space depends upon the element chosen for its construction ; and in accordance 
with the Plucker principle of counting constants, any given space may be made 
to assume any prescribed dimensionality h by merely taking for element a con- 
figuration for whose determination within that space k independent data are 
necessary and suflScient — a configuration, in other words, whose general analyt- 
ical representation in the given space involves exactly k parameters. A space 
being assumed, there are, in general, infinitely many possible choices of element 
for which the space will have a previously assigned dimensionality. Of such 
possible choices the great majority would be inexpedient as not leading to inter- 
esting results. Of all elements, in case of any given space, those are, in general, 
most practicable which present themselves in pairs of reciprocals, as in the 
familiar examples of the point and line in the plane, the line and plane in the 
sheaf, and the point and plane in ordinary space. 

A space that is n-dimensional in points is also n-dimensional in point-spaces 
of n — 1 dimensions. It has 2(n — l) dimensions both in lines and in point- 
spaces of n — 2 dimensions ; and, in general, its dimensionality is p{n — p + 1) 
if the point-space either of jp — 1 or of n — p dimensions be taken as element. 
Not only, however, do the two last mentioned elements furnish the same dimension- 
ality, which is a necessary though not a sufficient condition for reciprocity, but 
they are indeed reciprocal elements in n-fold point-space ; for the same system 
of equations, which on proper interpretation defines one of the elements, admits a 
second (dual) interpretation defining the other. It thus appears that by taking 

as elements the various point-spaces of less than n dimensions for the construc- 
39 
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tion of w -fold point-space, there arise n geometries of this space ; or, if we regard 
two reciprocal theories as but two phases of one geometry, the elements in ques- 
tion yield -^ or -^ — \- 1 geometries according as n is even or odd, the element 

2 2 

having ■- dimensions being, in case of n odd, its own reciprocal, or self-redp- 

rocal. 

Like considerations hold for spaces of n dimensions in other elements than 
points. It will be convenient, however, and sufficient to conduct this discussion 
for space supposed n-fold in points. 

2. Of such geometries the self-reciprocal, or those arising from the use of 
self-reciprocal elements, are of special interest as well from the artistic as from 
the scientific point of view. The precise nature of the distinction in question 
may be made sufficiently clear by the following considerations. In n-fold space 
a definite configuration C, including this space itself as a special case, may, in 
general, be regarded at will as an assemblage of points or of lines or of planes 
and so on up to n — 1-fold point-spaces. These n assemblages, which may be 

denoted respectively hy E^, E^, , -B„«i, the subscripts indicating the point 

dimensionality of the elements of the corresponding assemblages, are equivalent 
not only in the assemblage theory sense of the term but also in the logical sense 
that they serve as so many distinct definitions or conceptions of one and the same 
configuration. While distinct, they are of course not independent. If, for 
example, O be supposed to represent a curve of n — 1-ple curvature, Eq will 
naturally be the assemblage of its points, Ei the assemblage of its tangent lines, 

E^ that of its osculating planes, , and the JS's are accordingly to be thought 

as having a one-parameter dependence, by virtue of which to each element of 
(7 belonging to one E, there corresponds in general one and but one element of 
(7 belonging to each other ^. Now, under a homographic transformation, the 

n E's are converted into n other assemblages Eq, E[, , ^^^^ in such a way 

that any E and the corresponding E^ are of the same kind, have, i. e., the same 
subscript. The E'^s are connected like the E's and in their turn serve as n dis- 
tinct definitions of one and the same configuration (7', the transformed of G. We 
may say, then, that each of the indicated definitions or conceptions of a given 
configuration is preserved in kind under a homographic transformation. Such is* 
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however, in general, not the case under a daalistic transformation ; for, while the 
latter converts the n E^b into n ^''s, of which each serves as a definition of the 
transformed configuration C of C, any E and the corresponding E' are, in gen- 
eral, not of a kind ; if the subscript of the former be ft, that of the latter will be 
n — Jc—lf and these cannot be equal unless n be odd, and in this case only for 
a single value of ft, namely, fc=n — 1 : 2, n being given. This case excepted, 
no definition of G is preserved under dualistic transformation ; the point, line, 

, conceptions of t7pass over respectively into the n — 1-space, n — 2-space, 

, conceptions of C ; but in the case where n is odd and equal (say) ' to 

2^r7i + 1 , the assemblage E^ defining G is converted into an assemblage Ej^ defin- 
ing (7'; the conception is preserved in kind. Now when n= 2m + 1, the ele- 
ments of E^ are self-reciprocal elements of n-fold space, and under no other 
circumstances are the elements of any E self-reciprocal. We arrive accordingly 
at this conclusion : The distinction of the self-reciprocal geometries among other 
geometries is the definitional or conceptual invariance,* in case of the former, of all 
configurations y under both the homographic and the dualistic transformations. 
Because of this property of invariance, one may say that the m-space conception 
of configurations in space of 2m -I- 1 dimensions is of higher scientific value, as 
being more central and penetrating, in more perfect accord with the intimate 
nature of space itself, than are such conceptions as lose their identity under one 
or the other of the mentioned modes of transformations — an estimate, moreover, 
that seems to be justified by the highly artistic analytical form which self-recip- 
rocal theories are, it is well known, capable of assuming. 

3. Point-space of 4 dimensions is also 4-dimensional in ordinary 3-dimensional 
spaces, or Uneoids^f the point and the lineoid being reciprocal elements. It is 
6-dimensional in lines and in planes, which are also reciprocal elements. This 
space contains no linear self-reciprocal element and admits of no self-reciprocal 
construction. Nevertheless there are two self-reciprocal theories of spaces (the 
point and the lineoid) vyithin 4-foId point space, which, besides their own intrinsic 

* It is interesting that the significance of this property, which was pointed out and. made a principle 
of procedure in the line geometry of ordinary space by Klein, Koenigs and others, seems not to have 
been fully appreciated by Plucker, whose method even in line theory never became quite free from the 
relatively cumbrous poiut-plane conception of space. 

tOf. Ck>le : "On Rotations in Space of Four Dimensions." Amer. Math. Journ., Vol. 12. 
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interest, are of the greatest importance in building up as well the point-lineoid 
as the line-plane geometry of 4-fold space itself. Just as any lineoid of this space 
is 3-dimensional in points and in planes and 4-dimensional in lines^ so any point 
of the same space is 3- dimensional in lineoids and in lines and 4-dimensional in 
planes ; and just as the line geometry (the Pliicker theory) of a lineoid, regarded 
as a space of lines, is a self-reciprocal geometry, so the plane geometry of a point, 
regarded as a space or plenum of planes containing it, is a self-reciprocal theory. 
With the evidently possible parallelization of these coordinate self-reciprocal 
theories with the point-lineoid geometry of 4-space, we are not here concerned. 
Our interest lies in the theories as such, in their relations with one another and 
in the completely correlative roles they play particularly in the development of 
the Une^lane geometry of 4-space. The line geometry of the lineoid has been 
often treated and is familiar enough, at least in its elements. On the other hand, 
the plane geometry of the point (in 4-space) has not, so far as we are aware, 
been systematically developed.* This paper undertakes to construct so much of 
this theory as in connection with the other will be of immediate service in 
investigating the line-plane geometry of 4-space, to which subject this article is 
intended as a preliminary contribution. 

II. — Homogeneous Coordinates of the Plane. 

4. We enter here directly upon the subject proper of this paper: the plane 
theory of the point in 4-space. The space with which we have to deal is the 
point regarded as the assemblage of all the lineoids, planes and lines of 4-space 
that pass through (or contain) it. As the plane is to be taken as element, the 
point will be for us primarily a space of planes. This hypersheaf will be sup- 
posed given once for all, and, except where the contrary is indicated, all lines, 
planes and lineoids considered will be supposed to belong ta it. 

Let the assumed point be given by the four lineoids 

-4i = 0, ^=0, A^—Q^ ^=0, 
where A=ai*> + "Zaf^X^ (i = 1, 2, 3, 4). 

The assemblage of generating lineoids may be represented by the equation 



OTi -4i + a^ -Ag + ars -^8 + »4 A = Oi 



*In the cited article by Cole several theorems of the present paper are established. 
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where the Xi are parameters. Each syBtem of values of Xi defines a lineoid and 
to each lineoid corresponds a unique system of values of the ratios Xiix^ix^ix^ 
A linear equation 

where the ^i are supposed given, will define a line f< as an envelope of lineoids. 
On the other hand if the ^i be regarded as variable and the Xt as given, the same 
equation will define a lineoid Xi as locus of lines, a bundle. Accordingly a pair 
of equations 

will represent a plane (^i, Q as an envelope of lineoids, while a pair 

will represent a plane {xi, x^ as a locus of lines, h/lat pencil. 

We will employ Xi and ^^ respectively as associated homogeneous lineoid 
and line coordinates."^ The configuration of common reference will be that 
composed of the four lineoids ^i, A^, A^, A^, the six planes AiA^, A^A^, AiA^, 
A^A^, A^A^, ^zA^, and the four lines AiA^, AiA^A^, A^A^^, A^^A^. The 
coordinate lineoids will be represented in line coordinates by ^i=0, ^s=0, 
i^3 = 0, ^4 = 0, and in lineoid coordinates by a^ = acg = a?4 = 0, a^ = a^ = 0:4 = 0", 
a[:j=X8=a:4 = 0, a^ = a!:2 = a:3 = 0; the fundamental lines will be represented by 
Xi=0,a:, = 0,a, = 0,X4=0,or by f, = f, = ^, = 0, $1 = ^, = ^4 = 0, ^1 = f, 
z= f 4=0, ^1=^2 = i?s= ; while the planes of reference will be given by a^ = ccg = 0, 
Xi = a-8 = 0, X, = 2:4 = 0, a^ = a, = 0, ar, = X4 = 0, a^ = 0-4 = 0, or by ^, = ^4 = 0, 
^1 = ^4 = 0, ^2 = ^s= 0, ki = ^4= 0, ^1 = ^8=0, ^1 =?2 = 0. The equation (1) 
also signifies that the line ^^ and the lineoid Xi are united in position, i. e., that 
the line lies in the lineoid and the lineoid contains the line. 

5. As already indicated, any plane whatever may appear in either of two 
aspects : as a locus of its lines, u e., as a Jlat pencil, or as an envelope of its 
generating lineoids, i. e., the lineoids containing the plane. These dual concep- 
tions of the plane correspond precisely, in the order named, to the two Plucker 

*Such syBtems might legitimatelj have been assumed immediatelj by virti.e of the projectiTe 
oorrespondence, already noticed, between the elements of the hypersheaf under investigation and the 
elements of the lineoid, according to which the lines, planes and lineoids of the one assemblage ooire- 
spond respectively in a one-to-one way to the planes, lines and points of the other. 
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(3) 



conceptions of the line (in ordinary space), namely, axis and ray {Axe, S^rahl). 
The plane, being geometrically determined as a flat pencil by any two of its 
lines, is determined analytically by two sets of line coordinates; while, being 
geometrically determined as an envelope by any two of its (generating) lineoids, 
it is determined analytically by two systems of lineoid coordinates. As explained 
below, the first two sets when combined will furnish one system of homogeneous 
plane coordinates and the second two sets similarly combined will yield a second 
system. 

Consider any two lines f^ and ^i (i = 1 , 2, 3, 4). These determine a plane 
n, which is equally determined by any two lines of the pencil 

2 m,x, + (imx,) = 0, (i = 1, 2, 3. 4), (2) 

and in particular by any two of the four special lines obtained by equating 
successively to zero the coefficients of Xi, scst ^8> ^4 ^^ (^)> 

(fi>72 — ^i*7i)ai + (^i>78 — fsnO^s + (^i>74 — ^4>7i)^4 = 0. 

— (^l>72 — ^2>7l)»l + (fi^s — ^3>7«)«8 + {^iVi — f4>7«)iC4 = 0, 

— (^i>78 — ^sVi)^ — (^l>78 — ^8>72) Of + (^8>74 — ^iVB)Xi = 0» 

— (fl»74 — ^4>2l)ai— (^8>74 — ^4>7«)»8 — (^3>74 — ^8>74)»8= 0- 

Thsse are the four lines of the pencil (2) that lie one in each of the fundamental 
lineoids. The ratios of the coefficients of any two of the lines furnish the four 
constants upon which the position of n depends The choice of two of the lines 
would, however, be arbitrary, and we may avoid such choice, while at the same 
time securing symmetry, by retaining for coordinates of n the entire six coeffi- 
cients of equations (3). These, again, may be replaced by an arbitrary multiple 
of them, since only their ratios are material. We will accordingly have for 
coordinates of the plane regarded as a flat pencil the six quantities 

fiPu = fi>7* — f*>7i- (4) 

On expanding the identically vanishing determinant 

fl Sb ^8 ^4 

>7i >7i ^8 Vi 

il iz ^8 |4 

*7i Vi >78 Vi 



= A, 



in terms of quadratic minors, we find that the six coordinates are connected 
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by the identity 

\ut{p) = = i>Mi^ + l>i8i>« + i>ui>M» (5) 

showing, as ought to be the case, that the 5 ratios of the 6 p& are equivalent to 
but 4 independents. It can be readily shown that any six quantities p^ satisfying 
the identity (5) and being such that p^ = —pj^i, serve to determine a plane (or 
pencil), and that if ^/ and rii be any two lines of the pencil, 2>ifc : j^ik — A, a constant. 

6. To find a corresponding system of coordinates fi/r the plane conceived as an 
envelope oflineoids, suppose it given by two lineoids x^ and y^. Of the lineoids 
of the pencil 

2 (;ix, ^, + iiy, I) = 0, {% = 1, 2, 3, 4) (6) 

of generators of 7t, the following 

'!?12^» + ?18^8 + ^14^4 = 0, 

^81^1 + ^23^8 + ?M ^4=0, 

!?81^1 + ^32^1 + ^84^4 = 0. 
^41^1 + ?48^2 + ^48^8= 0, 

where <n^ = x{y^ — x^, (8) 

are the four generators of which ea^ch contains one and Imt one of the fundamental 
lines. 

The six coefficients qg, are connected by the quadratic identity 

^Q{q) = = qi^qu + qisqiz + ?u?28» (9) 

and for reasons precisely analogous to those given for the ^s, any six quantities 
q^k satisfying the identity (9) and being such that g'ifc= —qtn suffice to determine 
a plane uniquely, and may be taken for homogeneous coordinates of the same 
regarded as enveloped by lineoids. 

7. Inasmuch as the configurations with which we shall be concerned are, 
most of them, to be conceived as assemblages of planes^ and since the latter are 
self- reciprocal elements (cf. §1), there is, in general, no advantage, but often 
rather a disadvantage, in observing the distinction between the two aspects of 
the plane, as flat pencil of lines and as envelope of lineoids, in which alone the 
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difference between the two systems* ^^ and qfj^ originates. And in fact it is easy 
to show that these systems, while they differ in the sense indicated, are as coor- 
dinates, as data fixing the position of a plane, identical function for ftmction, a 
proportionality factor being of course excepted. To effect this identification it is 
suflScient to find the condition that pn^ and ^^ shall determine one and the same 
plane. Suppose the plane determined by pn, to be that represented by equations 
(3). If qnt give the same plane, then the latter must lie in each of the lineoids 
scj, yo which requires 

i>l««« +i>18a^8 +i>M»4 = 0»1 (10) 

py%y%+P)zyz +Puyi = o, J 
PtiVi +i>wy8 +p%iyi = oj 

Pn^-^-Pzz^ +Pu^i = 0»1 (12) 

2>aiyi+i>aByi+i>84y4 = o,J 

and a third pair, not needed. 
From (10) we derive 

from (11) i>w:fl'84=2>w:ffu=l>43:yi8, 

and from (12) ih8 ^ ff« = Pn • qH=Pu ' ffu- 

On combining we have 

P^'q9i = Pn' ^41 =PU • ft8 =i>84 : qiZ = P42 ' ?18 =i>28 ' 9X4^ (13) f 

which shows that if the quantities pn,, taken in any order, as 12, 13, 14, 34, 42, 
23, determine a plane as a flat pencil, the same quantities, taken in the equally 
general corresponding order 34, 42, 23, 12, 13, 14, determine the same plane as 
an envelope of lineoids. 

8. In general, two planes have no intersection, i. e., no common line. The 
condition that they shall have a line in common, or, what is tantamount, shall 

* There are, of courBe, many equiyalent ByBtems of coordinates for the plane in the hypersheaf as 
there are for the line in ordinary space. Indeed, in the appendix to his very first paper on the latter 
subject Pltioker presents no less than eight distinct systems. Cf. PI ticker, *^ On a New Geometry of 
Space.'' Phil. Trans, of the R. Soc. of London, Vol. 166. Also Wiss. Abh. 

tCf. Plucker : ^' Neue Geometric des Raumes,'' p. 4. 
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lie in a same lineoid, will, like the corresponding condition * for the intersection 
of two lines in the PlQcker line theory, assume the following four forms, if the 
distinction of locus and envelope be observed. According as the two planes 
n and t^ are regarded (a) both as flat pencils, (i) n as a pencil and ti' as an 
envelope, (c) n as an envelope and n' as a pencil, {d) both as envelopes, the forms 
in question will be 

Pap'u + PnPa + PuPn + PuP'm + PaP'u + PtaP'u = 0, (a) 

2pi* . J^ = 0, Ip'a .qa = 0, (6), (o) 

g-u^M + qvtq'a + qu -qa-^-quq'ys + qa- q!u + qm ■ qu = o. {d) 

By virtue, however, of (13) we may write for coordinates of the plane 
simply six quantities r^, such that r,i=:. — r^ and that o(r) = 0, and then 
disregard the distinction of locus and envelope. The condition that two planes 

I r„vg + ruv, + ruv^ = 0, 
1 —rnVi + raVj + r^v* = 0, 

1 — ri,v, + r'nVt + rl^Vt = 0, 
shall lie in a same lineoid, or intersect in a line, is, then, 

r,8 r„ r,* 
Tn ra r^ 



r'n ri, rf* 



r'n 



ri. 



rU 



= 0, 



from which by help of the conditions, ra= —ru and o (r) = 0, we readily find 

rarU + rar'^g + rur^t + r^r'n + r^jri, + r„rit = 0. 
Writing the left member of this polar form 

we have the fundamental proposition : The necessary and sufficient condition that 



•Cf. Cayley : " On the Six Coordinates of a Line," Ck>Uected Papers, Vol. VII. Klein : '^Einleitung 
in die hohere Oeometrie," Vol. 1, p. 168. 

fCf. Pasch: "Zur Theorie der linearen Complexe," Crelle, Vol. 75, p. 11. Also, Koenigs: "La 
geometrie regl6," Annalee d9 1^ Faculte dee Sciences de Toulouse, Vol. Ill, p. 9. 

40 
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itJbo planed r^ dnd rit shall have a line in common^ or lie in a same lineoidf is that 
the polar form o (r, r') with respect to these planes y shall vanish. 

9. The coordinates r^j, admit of generalization. We know from the theory* 
of forms that the new variables Vi in the transformation 

where the modulus is not zero, are connected by a homogeneous quadratic 
identity ii (r) = 0, where £i {v) is the transformed of w(r). Moreover, the polar 
form (a (r, r') of o (r) is converted by the same transformation into the polar 
form £i (r, i/) of £i (r). It is well known that a> (r) regarded as a quadratic form 
has a non-vanishing discriminant and that it is possible to find a linear trans- 
formation which will convert this form into any quadratic form Sl{v) whose 
determinant does not vanish. Accordingly we may employ for homogeneous 
plane coordinates any six variables Vi connected by the quadratic relation 
n(v) = 0, where n(r) has a non-zero discriminant Hence the condition that 
the planes Vi and v'l shall intersect in a line, or lie in one lineoid, is that the 
polar form £i (r, r') shall vanish. 

10. It is now perfectly clear, it was indeed a priori evident, that the theory 
here in process of construction and the line theory of ordinary space, while they 
are geometrically distinct, disparate in fact, may be made to assume one and the 
same analytical aspect. Accordingly three courses lie open. The theories being 
coordinate in rank and being correlative auxiliary instruments for the construc- 
tion of the line-plane geometry of 4-space, the ideal would seem to be to develop 
them as such, side by side. On the other hand, as the line theory already exists 
in a score of presentations, one might be content to derive the plane theory from 
it by translation, by merely replacing the old system of ideas by the new. 
Again, as neither doctrine can claim logical priority as against the other, it 
appears to be desirable to present the new doctrine once on its own account, the 
old having been often so presented, and not as a secondary discipline derived 
from another. The first course is rejected us being too long; the second is 
scarcely shorter and offers, besides, a false perspective. The third recommends 
itself as a compromise, and accordingly we shall continue, as we have begun, to 
construct the theory in question, as self-justified, upon its own foundations, — a 
course which will allow occasional pauses to note correlative propositions in the 
corresponding line geometry. 

* Cf. Klein : Op. cit, pp. 190, 191. 
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III. — Systems of Planes. — The Linear Complex of Planes. 

11. We pass to the study of systems of planes. Of such systems there are 
five sorts as follows : (a) the ^-parameter system, which is composed of all the 
planes of the point, or hypersheaf under investigation, and which may be 
regarded as the locus of a single plane n of the system, 7t being subject to no 
condition ; (b) the S-parameter system, or complex, which is defined by imposing 
one condition upon the 4-parameter system ; (o) the 2''parameter system, or con- 
gruence, the assemblage defined by a pair of conditions upon the planes of the 
hypersheaf; (d) the 1-parameter system, or configuration or plane series, an 
assemblage defined by a 3-fold condition ; {e) the zero-parameter system, always 
a finite assemblage, defined by a set at /our conditions upon the parameters of 
system (a). A plane will be said to have 4, 3, 2, 1, or degrees of freedom or 
indetermination according as it is regarded as belonging to a 4-, 3-, 2-, 1-, or 
0-parameter system. 

12. Two or more planes having a line in common may be called oottinear ; 

two or more planes contained in a same lineoid may be called collineoidal. An 

assemblage of planes that are all of them at once coUinear and collineoidal is 

an ordinary axal pencil of planes. We will, however, call such a pencil i^ flat 

axal pencil, reserving the ni^me axal pencil for the totality of planes qontfiining 

a line. Denote by vi and i/|' any two coUinear, or collineoidal, planes and 

consider the expression 

Vi = Xi ri + X, vi'. (the X's arbitrary) 

We have by hypothesis 

[^{v') =0, 
HK) =0, 

!a(i;',i;") = 0. 
Also, by identity 

aiv) = £l{7i^v' + Ji^r/') = £i{v')X\ + £i(v'')^ + 2a(i;', i/')^^. 
whence £i{v)^=^Oj 

i. e., the quantities Vi are the coordinates of a plane for all values of Xi and Xf. 

If 7ti be any plane whatever having a lineoid in common with each of the planes 

Vi and vi', 

a{v',n) = 0, fl(r", 7t) = 0, 

and therefore 

£i(v, 7t)=a(3/, 7t)Xi + a(i/', 7t)x, = o, 



ii 
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i. e. , the planes vt are coUineoidal with tu and they consequently contain the 
common line of vi and vl'. It is likewise plain that the planes Vi are all contained 
in the common lineoid of vi and i/<^ The planes r< are therefore all found in the 
flat azal pencil (W» WO- I^ ^^^ converse truft? Is every plane of the pencil 
one of the planes r<? Suppose vi^' to be an arbitrarily chosen plane of the 
pencil and let Tti be any plane coUineoidal with v-'^ but not with any other plane 
of the pencil. Let vi^" be that one of the planes Vi for which 

fl(r, ^) = fl(v', 7i')Xx + n(r", nf) X, = 0. 

The planes y/^' and v/'" are identical. We see, therefore, that the planes Vi con- 
stitute the flat axal pencil {vi vi'). Accordingly, any two coUineoidal planes 
vi and vi' determine a flat aacal pencil and the coordinates of the planes of the pencil 

are of the form 

Vi = X^vi-\'\vi'. 

This last is identical with the form giving in ordinary space the line coordinates 
of the lines of a flat pencil determined by two concurrent lines. 

13. As a plane of a flat axal pencil has one degree of freedom and that of 
a complex three degrees, a plane that belongs to both will have zero degrees 
of freedom, being subject to four conditions. The number of planes of a given 
complex that belong to an arbitrary flat axal pencil is, therefore, finite. This 
number will be called the degree of the given complex. 

The assemblage of planes having a line in common — the axal pencil proper — 
and the assemblage of planes contained in a lineoid — the ordinary bundle of 
planes — are the analogues respectively of the sheaf and the plane of lines in 
ordinary space. The two assemblages in question, t. e., the axal pencil and the 
bundle, being each bi-dimensional, may with propriety receive a common name. 
Following a suggestion of Eoenigs, we will adopt for such common designation 
the term hyperpencil of planes. 

14. We may now prove that a hyperpencil of planes is completely determined 
by any three planes r/, r<', r/", stuih that each is coUineoidal {or collinear) with each 
of the other two, and thai aU and only the planes of the hyperpencil are given by 

coordinates of the form 

v, = X^v[ + ^vi' + X,vi'\ 



Point in Point-Spoboe of Four Dimensions. 313 

Two cases may arise. The three given planes may determine three distinct lines 
and one lineoid containing them or three distinct lineoids and one line contained 
in them. In the former case the planes are the faces of an ordinary trieder and 
the hyperpencil will be a bundle. We will conduct the argument for the second 
case, for which the hyperpencil will be an axal pencil, the proof being identical 
in form for both cases. By hypothesis, we have 

a (i;') = 0, a (r'O = , a (i;"0 = o , 

from which it follows that 

= n (i^O X\ + £i iy^') A4 + n (i/'0 X\ + 2X1 {v\ i;"0 \ Xs 

Hence for every system of values of the ratios XiiXjiAa, the six quantities 
Vi determine a plane. Now let tCj be an arbitrary plane coUineoidal (or collinear) 
with each of the given planes v/, r^', v/". Then 

£i{n) = 0, a(i/, n) = 0, fl(i/'. n) = 0, a(r'^ n) = 0. 
Consequently 

i. c., every Vi is coUineoidal with every Tti and hence contains the line (i/, v", r'"). 
Conversely, every plane V|" containing this line is one of the planes Vi. For let 
7tl and tk(^ be any two planes each coUineoidal with but not belonging to the axal 
pencil. Only one plane vl^^ is coUineoidal with each of the planes nl and Tti^. 
We prove that one of the planes Vi is so coUineoidal, whence it follows that this 
Vi is identical with v^^'. The proof consists in showing that 

a(y,7i') = o, n(i;, 7c") = o. 

Now 

a (i;, 7f") = a (v', 7t!') x, + a (r", 7«") x, + a (r'", tc'o ^, 

which may both be made to vanish by a proper choice of values of the ratios 
of the X's. Hence the planes vi constitute the planes of the axal pencil deter- 
mined by the collinear planes vi, v<', ri'". In like manner, if r/, v<', y/^' be the 
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faces of an ordinary trieder, they determine a bundle whose planes are given by 
the formula 

15. A plane that is required to belong at once to a complex an(| a hyper- 
pencil, being subject to three conditions, has one degree of freedom. The locus 
of such a plane is, therefore, a ** configuration," We will name it a cone Cj, or 
a cone G% of the complex according as the hyperpencil is an axal pencil or a 
bundle. C^ and G^ correspond precisely and respectively to the curve and the 
cone of a complex of lines in ordinary space. Just as the curve has all its 
lines in a bi-dimensional poirU manifold, the planer so Gi has its planes in a 
bi-dimensional lineoid manifold, the line; and just as the (line) cone has all its 
lines joined by a point while their points require for their representation a 3-fold 
manifold of points, ordinary apace (a lineoid), so G^ has all its planes in a lineoid 
while their (generating) lineoids require for their construction a 3-fold manifold 
of lineoids, a point; and so on. Every line has its G^ and every lineoid its G^ 
of any given complex. A flat axal pencil will be said to belong to a given 
hyperpencil when the latter contains the planes of the former. The degree of 
a (7i or a G^ will signify the number of planes common to the cone and an 
arbitrary flat axal pencil belonging to the hyperpencil to which the cone belongs. 
It should be noted that as the notions, hcua and envelope, of the Pliicker geometry 
correspond respectively to envelope and locus in the present theory, so also the 
notions of order and cla^a in the former doctrine correspond to those of clasa 
and order in the latter. Thus the curve of a line complex is an envelope of linea^ 
but its correlate, G^ of a plane ^complex, is a hcua ot planea. The degree of Gi 
will be called the order of this cone, and the degree of G^ will be called its claas* 
We have immediately the proposition : The degree of a complex ia equal to the order 
of any of ita G^a and to the claaa of any of ita G^a. 

16, A complex of first degree is said to be linear. A Ci of such a complex 
is of order 1, it is a flat axal pencil, to be viewed as a lineoid of collinear planes ; 
while a G^ of the linear complex, being of class 1, is also a flat axal pencil, to be 
viewed, however, as a line of coUineoidal planes : the lineoid Ci is a locua of the 
planes of the flat axal pencil ; the line C7| is an enveUype of the planes of the flat 
axal pencil : the line and the lineoid are thus but reciprocal phases of one con- 
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figuration, just as in line geometry the flat pencil is regarded now as a point and 
again as a plane. Given an arbitrary linear complex of planes. Of these 
there pass through any line whatever a single infinity of planes all contained 
in a lineoid and constituting a flat axal pencil; the lineoid so determined 
will be called the polar lineoid of the given line. Reciprocally every lineoid 
contains a single infinity of the planes of the given complex and these, too, are 
coUinear, constituting a flat axal pencil ; the axis, or line so determined, will be 
called the polar line of the given lineoid. Accordingly mth respect to any linear 
plane complex^ every lineoid has a polar line, and every line has a polar lineoid. 
Every lineoid or line is united in position with its polar line or lineoid. 

17. These propositions, showing the distribution of the planes of a linear 
complex, are of such fundamental importance as to juntify their separate estab- 
lishment by analytical means. As a preliminary we will show that a linear 
plane complex is representable by an equation of first degree in Vi^ and con- 
versely, that every such equation defines such a complex. 

Let the equation 

F{v,) = 

represent a linear complex of planes. The identity 

fl(r) = 

is, of course, supposed given. Denote by v{ and v[^ any two collineoidal planes. 
We have seen that the coordinates of the planes of the flat axal pencil determined 
by v[ and v'i are 

The condition that one of these planes shall belong to J^ is 

Sioce by definition of F^ only one plane of the pencil belongs to F, the last 
equation must be linear in /li : Xi, and is, therefore, of the form 

The converse is obviously correct. 

Now let n denote any plane whatever and let (xj, x^, 0:3, x^ and (yi, y^, y„ y^ 
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be any two generating lineoids of n. Then for coordinates of n we may take 

r% = anys — a^8yi» n = ^Va — «iy%y 

^3 = aiy* — ^iVv v« = ^Vi — ^iVs- 

The condition that n shall belong to the complex 

XciVi = 0, 
may, therefore, be written 

{<^iy2+Cftys + c^yi)xi +{—c^yi + c^ys + c^y^^ 

+ (— <hyi — ^4^2 + c^y^ aj, + (— csyi — 05^2 — c^y,) ^4 = 0. 

This equation, if the y's be regarded as fixed and the x's as variable represents 
a straight line, and as the equation is satisfied by a^=yi, v^=-y2^ ^s = y8» 
0:4 = ^4, this line lies in the lineoid y. It thus appears ^2^, \he planes n of a 
given lineoid y that belong to a given linear complex envelope a liney the polar of a 
given lineoid. They constitute aflat axal pencil within y. 

In like manner, if 7t be supposed given by two of its lines f and ^7, reasoning 
analogous to the foregoing will show that the planes of a given line y that belong 
to a given linear complex have for locus a lineoid ^ polar of the given line. 

The flat axal pencils which are thus determined, one for each line and one 
for each lineoid, by any given linear complex, may be called the pencils of the 
complex. 

Denote by I any line and by L any lineoid containing Z, and consider 11 and 
?', the polars respectively of I and L with respect to a given linear plane com- 
plex G. The plane (i, L) being contained in L[ and containing the 
polar I of L\ belongs to (7, and, therefore, as it is contained in Z, it contains V. 
Consequently, J lies in L. Hence, the polars of a line and lineoid united in 
position are themselves united in position. 

Let n be any plane. Every generating lineoid i of n is united in position 
with every generating line I oin. Hence, every polar line J of the i's is united 
in position with every polar lineoid L of the Z's Hence, the Z"b and the V^b 
generate one and the same plane 1^. Two planes n and n' thus related will be 
called conjugate planes with res2>ect to the given complex. Two conjugate planes are 
such that either of them is the locus {or envelope) of the polar lines {or lineoids) of the 
generating lineoids {or lines) of the other. 
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18. It thus appears that a linear complex of planes serves as a dualistic 
transformation establishing a unique and reciprocal correspondence* between 
lines and lineoids, and between planes and planes. In this correspondence each 
plane of the complex corresponds to itself; for obviously, if n belongs to the 
complex, 7t and its conjugate 7t! coincide, i. e., every plane of the given complex is 
self-conjugate or self-polar with respect to that complex. On the other hand, no 
other plane is self-conjugate. In fact, if two conjugates n and ri are not planes 
of the complex, they are not collineoidal, for suppose them contained in a lineoid 
L ; the polar line of L lies in both n and ri, and hence these planes belong to 
the complex and consequently coincide. Therefore, tv)o conjugate planes coincide 
and so belong to the complex or else they are non-coHinear and so do not belong to the 
complex. This proposition is a corollary to the following : If two conjugates, Tti 
and n[, are each collineoidal with the plane n, the latter belongs to the complex. To 
prove this proposition, denote by ij the lineoid determined by rCi and n, and by 
Li that determined by ni and 7t; the polar line l^ of Li lies in 7i{, and hence in 
L[, and the polar line l[ of X^ lies in tc^ and hence in Li ; therefore, li and li are 
both lines of tt, the common plane of Li and Li ; hence n belongs to the com- 
plex. 

Let 71, any plane of the complex, be collineoidal with a plane tCi. If L be 
the lineoid containing n and tTi, the polar line Z of Z lies in tc, and as L con- 
tains Tti, I also lies in n{, the conjugate of nf ; hence, if a plane of a complex is 
collineoidal with any other plane, it is also collineoidal with the conjugate of the latter. 

19. The foregoing and additional properties of conjugate planes may be 
investigated analytically as follows : The condition 

that the planes v[ and Vi shall be collineoidal (or coUinear) will assume the form 
on taking D, (v) to be of the form 

* Exceptions to the one-to-one ohamct^r of this correspondence wiU be noted at a later stage. 
41 
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The condition, being linear in vi and r^ shows that the assemblage of planes of 
which each is collineoidal with a given plane is a linear complex. Such a linear 
complex will be called a special complex. The condition that the complex 

XCiVi = 

shall be a special complex is thus seen to be 

£i (c) = C1C4 + c^Cj + Cgc^ = , 

which is identical with the condition in the Plucker geometry that every line 
of a line complex shall have a point in common with a given line. Employing 
Klein's terminology for the line theory, we will call the quadratic form £i (c) the 
invariant of the complex. In case of a special complex the plane which is col- 
lineoidal with each plane of the complex will be called the director plane or direc- 
trix of the complex, this plane being the analogue of the directrix of the special 
line complex of the line theory. 

Let 'S.CiXi — (1) 

be an arbitrary chosen complex, and denote by r/ any given plane. The latter 
is director plane of the special complex 

^(r^r) = 0. (2) 

The planes common to (1) and (2) are identical with the planes of the flat 
axal pencils (lines) that are polar to the generating lineoids oiv\ with respect 
to (1). Denote by v^^ the plane common to any two of these pencils. The planes 
common to (1) and the special complex 

a(r", t;) = (3) 

are identical with the planes of the polar flat axal pencils (lines) of the generating 
lineoids of r^'. The plane r •" common to any two of these pencils is identical 
with v[ ; for if L^ and Zg be the lineoids whose polar lines (pencils) give r«', then, 
as the polar line I of any lineoid L of i'<' must lie in both L^ and !»% , it follows 
that v[ is the locus of such polar lines I. We have accordingly the proposition : 
Any pair of complexes G and C, of which one of them as G^ is special^ determines 
a third special complex (7" such that the assemblage of planes common to G and G' 
is identical with the assemblage common to G and O*. 

The director planes of 0" and C7" are evidently conjugates with respect to G. 
In order, therefore, that v[ and vl' shall be conjugate planes with respect to (1), 
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it is necessary and sufficient that 

Xc,v, = X,n (v\ v) + X,n (r'', v) , (4) 

whence q = Xivi + ^,1/4', c^ = X^vi + Xjri", ^ 

c, = Vi + Vi', c, = Vi + Vi', ^ (6) 

for some value of the ratio ^ : X^ ; or, writing the complexes in the form 

2^).i^=0. X^vi = 0, 2?§i?:)w' = 0. (6) 

CCi dVi CVi cvi 

the condition may be written 

?^ = Vi + Vi', (1 = 1, 2, ....,6). (7) 

By the aid of the condition 

that the vH shall be coordinates of a plane, we readily find 

^ = fl(c):2c,i;i, (9) 

whence the coordinates of the conjugate v" of i/« are given by 

(10) 











v."=?t 




Four 


cases 


may 


arise 


n(c):^0, 
n(c):#:0, 
n(c) = 0. 
fl(c) = 0, 


2c,r; :^ 0, 
XCiv'i = 0. 



(a) 
(b) 
(c) 
(d) 

In (a), which is the general case, the complex (l) is non-special and the 
plane vi does not belong to (1). From the symmetry of (7), in respect to vi and 
Viy it appears that Vi! does not belong to (1). Hence, oftvx> conjugates with respect 
to a complex evther hoth belong or neither belongs to the complex. Equation (10) 
shows that under (a) to two planes Vi there correspond two planes Vi and recip- 
rocally (cf §18). The equation 

n(i;', i;") = (11) 
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signifies indiflTerently that v[' belongs to (2) or that Vi belongs to (3) ; the direc- 
tor plane of a special complex may be considered as belonging to that complex ! 
hence, if (11) be true, both v[ and v'J belong to both (2) and (3) and hence also 
to (l), but this is contrary to (a). Hence, two conjugates that do not belong to the 
given complex are non-coUineoidaL 

In (b), vi belongs to (1), which is non-special ; ^j = oo , and we have from (7) 

which shows that every plane of (1) is self-conjugate. 
In (c) the complex (1) is special, ;ii = 0, and 

hence the conjugate of any v[ with respect to a special complex not containing vi is 
the director plane of the complex. 

In case (d), Xi is indeterminate; the meaning is that the conjugate of any 
Vi with respect to a special complex containing vi is indeterminate, i. e., may be 
indifierently taken to be either vi itself, as in (b), or the director plane, as in.(c). 
One and the same line I is polar to all the lineoids of a given Vi, and I is the 
intersection of Vi and the director plane. 

The results under the four cases may be summarized thus : Gfiven a complex 
C and let n stand for plane ; n is self conjugate or not so according as it belongs or 
does not belong to O ; if Tti and n^ be any two planes, their conjugates are distinct 
or not according as C is non-special or special. In case of G special, the director 
plane is conjugate vnth all planes, itself included. 

IV. — Linear Congruences of Planes, and Pencils of Complexes. 

20. A two-parameter system of planes, i. e., a system in whidi a plane has 
two degrees of freedom, has been named congruence (§11). It follows that the 
assemblage of planes that are common to two complexes is a congruence. The 
two-dimensional assemblage of planes constituting an axal pencil is a congruence. 
In like manner, the manifold of planes contained in a lineoid constitute a con- 
gruence, i. e., a bundle of planes is a congruence. A congruence being given, the 
number of plsmes it has in common with an arbitrary axal pencil will be called 
its order, while the number it has in common with an arbitrary bundle will be 
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called its class. In other words, the terms order and class of a congruence 
signify respectively the number of planes common to the congruence and an 
arbitrary line and the number common to the congruence and an arbitrary 
lineoid. The notions order and class of a plane congruence are seen to correspond 
respectively to class and order of a line congruence in the Pliicker theory, the 
order of a line congruence being the number of its lines that go through an 
arbitrary point, and its class the number that lie in an arbitrary plane. A bundle 
of planes is of class one and order zero, while an axal pencil is of class zero and 
order one, just as in the Pliicker theory a plane of lines is of class one and order 
zero, while a sheaf of lines is of order one and class zero. 

21. We shall be chiefly concerned in this chapter with such congruences as 
are definable by two linear complexes of planes. Such congruences may be 
themselves called linear. We have seen that, given a linear complex, an arbi- 
trary lineoid contains a flat axal pencil of planes belonging to the complex. It 
follows that an arbitrary lineoid contains one and but one plane of a given linear 
congruence. Reciprocally, an arbitrary line is contained in one and but one 
plane of the given congruence. It thus appears that a congruence composed of 
the planes common to two linear complexes is of order one and class one. 

The assemblage of complexes represented by the equation 

XSciV, + XXcivi =X{Xc, + X'cO Vi = 0, (1) 

the c's being supposed given, and the X's being parameters, will be called a pencil 
of complexes. The given complexes c< and c-, which determines it, may be called 
the ftmdamental complexes of the pencil. 

If ^ : %i and A<2 : A^ be any two complexes of the pencil (1), this last is iden- 
tical with the pencil 

the S's being parameters, for, in order to identify any given complex of either 
pencil with one of the other, we need only the relation 

which, it is plain, can always be found. Hence, the pencil of complexes dettrmined 
hy any two complexes of a given pencil is identical with the given pencil. 
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22. It is obvious that the congruence defined by any two complexes c< and 
ci is common to all the complexes of the pencil determined by c< and ci, and from 
the foregoing theorem it follows that the congruence may be regarded at will as 
defined by any pair whatever of the complexes of the pencil. A pencil of com* 
plexes and the congruence determined by a pair of the complexes may be said to 
correspond. In this way, to every pencil there corresponds a congruence, and 
conversely. 

The condition that a complex of the pencil determined by the complexes 
Ci and ci shall be special is 

a{xc + XV) =n {6)2? + a {d)x^' + 2a (c, d)ui = o. (s) 

Two cases are to be considered according as the roots of this equation, regarded 
as an equation in X : X^ are 

(a) determinate 
or (b) indeterminate. 

Under (a), the general case, there fall two sub-cases : 

(a') A(c,c')qf=0, 
(a'O A(c,c') = 0, 

where A (c, d) = Ci (c) £i {d) — a?{c,d). 

In (a) equation (3) has two and but two roots. These, which may be real 
or conjugate imaginaries, are definite and distinct. The pencil accordingly 
contains tvx> definite and distinct special complexes. The congruence corresponding 
to the pencil consists of the planes that are at the same time collineoidal with 
the two director planes of the special complexes. These director planes may 
therefore be called the director planes of the congruence. 

Denote by Vi and v'^ the director planes in question. The special complexes 

of the pencil 

2(Xc, + ;i'ci)i;, = (4) 

will be given by the equations 

£i (i;', r) = 0, £i {i^', v) = 0. (6) 

As the director plane of a special complex is, with respect to that complex, 
conjugate to all planes whatever, the planes v[ and v[' are conjugate with respect 
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to both complexes (6), These two planes are conjugate (§19, Eq. 7) with 
respect to all and only the complexes of the pencil 

2(pu;«' + pV)vi = (6) 

where 

j wi wi wi wi wi ti:i = vi vi, vi v[y v^, v^, 



M^l t W?8 , — ^4 > ^6 » 



Therefore (6) contains the complexes (6), and as these are also contained in (4), 
it follows that (4) and (6) are identical. Hence, the tux) director planes of a linear 
congruence are conj'ogate with respect to every complex of tlie corresponding pencil 
Also if tuo planes are conjugate with respect to each of two complexes^ they are (he 
director planes of the common congruence of those complexes. 

In sub-case (a) the two roots of (3) are equal, the two director planes coin- 
cide, are one plane. This plane is to be counted twice, once as belonging to the 
one and once as belonging to the other, of the two (coincident) special com- 
plexes. This double plane {vi = vi') is, therefore, a plane of the congruence. All 
planes of the congruence are collineoidal with i//, but the converse is not true, 
for while a plane of a congruence has two, a plane merely required to be colline- 
oidal with a given plane has three, degrees of freedom. The precise way in 
which a plane having three degrees of freedom as specified, loses one degree on 
being required to belong to a linear congruence having the given plane vi for 
double directrix, may be seen as follows : If n belongs to the congruence, the 
lineoid (n, v^), since it contains two planes of each complex of the pencil, is, in 
regard to each complex, the polar lineoid of the line (n, r^). Of the oo' planes 
containing this line, only oo^ planes, viz., those contained in the lineoid (ti, vi\ 
belong to the congruence. If, therefore, a bilinear relation be set up between 
the generating lines and the generating lineoids of any plane vi, then the assem- 
blage of planes obtained by taking all and only flat axal pencils that are contained 
in the lineoids corresponding to the axes (lines) is a linear congruence having vi 
as double directrix. 

The necessary and sufiGcient conditions for the occurrence of case (b) are 
n(c) = 0, !!((/) = 0, £i{cycf) = 0. 

The first two of these equations indicate that the fundamental complexes c« and 
Ci are special, and the third equation signifies that the director planes of c^ and 
Ci are collineoidal. The indetermination of ;i : ;i' shows that the pencil is com- 
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posed of special complexes. The corresponding congruence has for director 
planes any pair of an infinity of planes, the director planes of the pencil, all of 
which belong to the congruence. We may readily prove that these director planes 
constitute aflat a^al penciL For if 

be any complex of the pencil of complexes and if v^ be the corresponding direc- 
tor plane, then 

or ,_da{c), da{c') 

which shows that as %:V varies through all real values, the director plane 
Vi generates a flat axal pencil p, namely, that determined by the director planes 
of the complexes c^ and Cf . The congruence consists of all the planes of which 
each is coUineoidal with each plane of p. It is accordingly composed of two 
hyperpencils, one of each kind : the bundle contained in the lineoid contain- 
ing the planes of p, and the axal pencil having for its axis the axis of p. 
Each of these components is of itself a congruence, the former of order ssero and 
class one, the latter of order one and class zero, showing what should be the case 
that the congruence under consideration is of order one and class one. 

23. The propositions of line geometry that correspond to the foregoing may 
be briefly stated as follows : 

Case (a), sub-case (a'). The linear congruence has two distinct non-inter- 
secting directrices (lines). The assemblage of lines joining the latter is the con- 
gruence. The directrices are conjugate lines with respect to every line complex 
of the pencil of complexes defining the congruence. 

Case (a), sub-case (a"). The congruence has one (double) directrix. If a 
bilinear relation be established between the points and the planes of any given 
line I, this line is the double directrix of the congruence obtained by taking all 
and only the lines of such flat pencils as lie each in the plane that corresponds 
to the vertex (a point of I) of the pencil. 

Case (b). The congruence has an infinity of directrices, which belong to it 
and which constitute a flat pencil of lines. The congruence is composed of two 
congruences : the assemblage of lines of the plane of the pencil and the sheaf 
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of lines containing the vertex of the pencil, the former component being of order 
zero and class one, while the latter is of order one and class zero. 

24. The geometric properties of the discriminant A of A (^ + X^d) show 
that A is an invariant both under a reversible linear transformation of the 
variables v and under such a transformation of the X's ; for the coincidence or 
non-coincidence of the director planes of a congruence is independent alike of 
the coordinates employed and of the particular choice of a pair out of the 
corresponding pencil of complexes for fundamental complexes. We will merely 
state without proof that, if Mi be the modulus of the t;-transformation and A^ be 
the new discriminant, and if ilJi be the modulus of the ^.-transformation and A, 
the resulting discriminant, then 

(A, = if}A, 
(A2=iflA. 

The ^-transformation being merely equivalent to replacing the fundamental 
complexes c< and c< by a new pair as Xi c^ -f 7^[ c[ and X, q + Xg c[ , we may write 

A, = A(;iic + xlc', A^c + ^ic') = (XiXi — ;i,^i'y.A. 

As the vanishing or non-vanishing of A is not a mark of any particular pair of 
complexes of the pencil but characterizes the pencil as such, we may name A(cic') 
the discriminant of the pencil Xc^ + X'ci or of the corresponding congruence. A 
pencil of complexes being given, it contains two distinct or two coincident special 
complexes, and the corresponding congruence has two distinct or two coincident 
director planes, according as the discriminant vanishes or does not vanish. 

V. — Projective Ihins/ormcUions by Means of Complexes. 
Orthogonal Complexes: Involution. 

25. We have seen that a linear complex of planes serves as a means of 
dualistic transformation according to which lines or lineoids correspond to lineoids 
or lines, and planes correspond to planes. If c, be any linear complex and if 
n and ri be any pair of conjugate planes with respect to c<, then the generating 
lines or lineoids of 7t or t*' are projectively related through c< to the generating 
lineoids or lines of n* or n, any line or lineoid being with respect to q the polar 
of the corresponding lineoid or line. If ?i, ^, Zj, ?| be any four lines of n or t*', 

42 
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and Xi, Z^' At A b® the corresponding lineoids (of n' or n), the anharmonic 
ratio of the Ts is equal to that of the Z's, i. e., 

If n belong to c«, n is self-conjugate, and if generated by I it will at the 
same time be generated by Z, the (polar) correspondent of I. The plane being 
at once a locus of lines (a pencil of lines) and an envelope of lineoids (a pencil 
of lineoids), we have the proposition : Any linear complex of planes establishes a 
projective correspondence between the lines and the lineoids of each of its planes. 

If now we suppose n to be common to the two complexes C| and c«, and if 
to the lineoids Z^, L^, L^, L^of n there correspond with reference to o^, the lines 
^11 hfhf h ^^^ ^^^^ reference to cl the lines ?{, ^, Z3, Z4, then, as 

{L,L,L,L,) = {lilimi), 

we have {hhhh) = {i[ViK). 

Accordingly, if we regard n as tioo superposed pencils, viz., of lines I (associated 
with C|) and of (the same) lines I (associated with c^ ), it is seen that these pencils 
are brought into projective relation by means of the complexes c< and o-. 
Reciprocally, n may be conceived as two superposed pencils of (its generating) 
lineoids, L and Z^ and these, too, are projectively related through the complexes 
in question. Given either of the line (or lineoid) pencils, the other pencil (of 
the same kind) is obtainable from the given one by means of a linear line (or 
lineoid) transformation of n. Hence, the assemblage of two given complexes plays 
the role of a definite linear transformation at the same time of the lines and the 
lineoids of any given plane of the corresponding congruence. 
As n is common to all the complexes of the pencil 

2(^c, + ;i'c;)v, = o, (7) 

it follows that the lines and lineoids of n are transformed by every pair, %' : X = A^i , 
X' : ^ = A^, of these complexes. The equation of the transformation will assume 
its simplest form when referred to its foci. What then are these ? Denote by 
7t4 and Tta the director planes of the congruence, and let l^ and l^ be the lines and 
Z^ and Z^ the lineoids determined by tc and the director planes. As n^ and Ttj 
are conjugates with respect to both A^ and k^, l^ and Z^ are each the other's 
polar in regard to both A;'s. Similarly, V^ and L^. Hence l^ and V^ are the foci 
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of the line transformation, and L^ and JL^ are the foci of the lineoid transforma- 
tion, effected on n by the pair ki.Tc^oi complexes. Taking 1^ and /^ as base 
elements of homogeneous coordinates, e = xi : a^, of the lines of the pencil deter- 
mined by l^ and V^ , the line transformation assumes the form 

In like manner, if z be interpreted as coordinates of the lineoids of the pencil 
liueoids referred to L^ and Z^ as base elements, the lineoid transformation takes 
the form 

26. In case of the line transformation, the characteristic constant p is the 
anharmonic ratio formed by any pair z and 2/ of corresponding lines of n with the 
foci ?rf and Va . Writing 

a will be the (generalized) angle of the lines z and ^. If the foci be the isotropic 
lines of the pencil in question, a will be the ordinary angle of z and J. In like 
manner a\ where 

is the angle between any pair z and 2/ of corresponding lineoids. 

42. Since the transformation is determined completely by the given com- 
plexes hi and h^, it must be possible to express p and ff in terms of the parame- 
ters hi, h^ and the coefficients of the fundamental complexes c< and c[. We pro- 
ceed to determine such expressions for p. 

Let L be any lineoid of n. With respect to each complex of the pencil (7), 
L has a polar line I. By virtue of this one-to-one correspondence, \^ ki, Tc[, h^^ k^ 
be any four of the complexes and 1x^1%^ h^l^ the corresponding polar lines of Z, 
we shall have 

If, now, we replace Tc[ and A^ respectively by s^ and *,, where V : X = «i, V : ;i = *, 
are the special complexes of (7), ![ and l^ will be replaced by the foci l^ and V^ 
and we shall obtain, since l^ and 4 are any pair of correspondents, 
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In precisely like manner, it may be shown that 

whence p = p', a = a'. 

Hence, The line and lineoid trans/ormatioti effected by two given complexes A^ , k^ 
on any plane n of their common congruence are algebraically identical. The trans- 
formation remains unchanged if n be supposed to generate the congruence. The 
angle of two corresponding lines of a given n is constant. The same is true of the 
angle of tvxj corresponding lineoids. 

27. The angle of any pair of lines of one plane is equal to that of any pair 
of any other plane of the congruence. The two pairs are, however, not congruent 
(in the ordinary sense). The equality is merely arithmetic, not geometric. The 
systems of measurement in the one plane and in the other are not the same. 
The foci (the Cayleyan absolute) in the one plane are not congruent with the 
foci in case of the other. Like remarks apply to the lineoid transformations, and 
to the equation a = a'. 

28. There is a simple infinity, oo\ of linear transformations having the same 
assigned foci. On the other hand, there are oo' pairs of complexes defining one 
and the same congruence and each pair gives a line (lineoid) transformation of 
the planes. It is, therefore, to be expected that, if one pair gives a transforma- 
tion, there are oo^ pairs giving the same transformation. That such is the case 
appears in the equation 

which, being linear in A^ and in k^, is satisfied by oo^ of pairs of values of the k^s 
This statement is independent of the value of p, and as the foci in case of any 
plane are the same for all pairs of Aj's , we have the proposition : The lines {lineoids) 
of every plane of a congruence are transformed by o©^ distinct transformations by 
pairs of complexes of the corresponding pencil of complexes, each transformation is 
effected by oo^ pairs, and all transformations of any given plane have the same foci 
Holding p fixed, the above equation may be regarded as a linear transforma- 
tion of the pencil (7) of complexes. The foci of the transformation are the special 
complexes s^ and «,, for on writing 

_ (fei — ^i) {h — S2) 
• ^~{s,-k;){s,-kr 
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it is seen that A^ and k^ coincide when and only when one of them coincides with 
8i or 82 (the ^'s are here supposed distinct). The constant p is, then, the anhar- 
monic ratio formed by any pair ki and k^ of complexes with the pair of special 
complexes Si and 8^, We may therefore call 

the angle of the complexee A^ and Jc^. Hence the proposition : The angle of any 
pair of complexea is equal to the angle between any two corresponding lifiea (lineoids) 
in the transformation effected by the given complexes upon any plane of their common 
congruence. 

The case where p = — 1 and a = — is of special interest. In this case the 

complexes hi ank k^ may be said to be orthogonal^ or, since the pair ki^k^\% har- 
monic to the pair Si, s^^ the complexes ki and k^ may be said to be in involution 
with respect to the two special complexes. The condition for such orthogonality 
or involution is 

2AJi*ii — K + «2)(A^ + A:i) + 2tfi«, = 0, (8) 

which shows that every complex of a pencil of complexes is in involution with one 
and (in general) only one other complex of the pencil. 

It is plain also that any pair of corresponding lines {lineoids) of a plane trans- 
formed by two orthogonal complexes is harmonic to the pair of foci in (hat plane. 

If, in equation (8), we let Ajj = 0, then k^ = 2«i«2 • (*i + *2)» ^^^ this will be 
00 when and only when «i + ^2 = 0> ^^t since the ^*s are the roots of equation 
(3), the condition is 

£i{c,(J)=0. 

The values Ar^ ~ 0, A^ = 00 correspond to the fundamental complexes Ci and c[ of 
the pencil (7). The vanishing of n(c, c') is, therefore, the condition that the 
complexes C| and c[ shall be orthogonal. This function of the coefficients c is that 
which, in the Pliicker geometry, Klein has called the simultaneous invariant of 
the complexes Ci and ci . 

29. Suppose that the plane vi belongs to c-, and that v/' is the conjugate of 
vi with respect to c<, then (IV, Eq. 7), 
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whence ^^ ^^ {p) ^i -^ v.,/ / _i i v^ / ti 

i.e., 2Si{c,c^) — X^Xcivi'. 

Since, by hypothesis, 

Xcivi = 0. 

Accordingly, if i'^'' belongs to c^ the simultaneous invariant vanishes. Therefore, 
if two complexes are such that one of them contains a 2^l<^ne conjugate to one of Us 
planes with respect to the other complex^ the complexes are orthogonal. 

It is, moreover, seen that, if r^' is in c<, then r|''' the conjugate of any other 
plane v'J^ of cj is also in c[, i. e., the planes of c/ fall into pairs of conjugates with 
respect to c<, and, as the relation is a reciprocal one, the planes of c^ fall into 
pairs of conjugates with respect to c,. Two complexes thus related may be said 
to be each its own conjugate, or self-conjugate^ or self-polar, with respect to the 
other. This property of self-conjugateness characterizes both complexes of every 
orthogonal pair and might be taken as the defining property of orthogonality. 

30. The notion of orthogonality has as yet been attached only to pairs of 
non-special complexes. Nevertheless if (following Klein and Eoenigs in the line 
theory) we agree to say that two complexes are orthogonal ahjoays when their 
simultaneous invariant is zero, then it readily follows: (1) Thai every special 
complex is orthogonal to all complexes cent lining its director plane, and conversely ; 
(2) that the necessary and sufficient condition for the orthogonality of two special 
complexes is that their director planes be collineoidal. 

Consideration of the nM 

^^CiVi + Xil.c[vi + \Xc'i'vi=- 0, 

and the web ^2c<y< + + ^Xc['^Vi = 0, 

of complexes, which correspond respectively to the one-parameter system (con- 
figuration, plane-series) and the zero-parameter system of planes, is reserved. 

GoLUMBU. Univebsitt, Aug. 10, 1901. 



On the Functions Representing Distances and 
Analogous Functions. 

By H. F. Blighfeldt. 



Introduction. 



Having given the analytical expression for the distance between two points 
Xi,yi\ ar|, y^ in the plane, it is a simple matter to prove that the six distances 
connecting any four points in the plane are connected by one relation, and to 
find this relation * 

Again, having given the analytical expression for the angle between two 
planes in space, aia5 + iiy + 2=Ci>«8» + &8y + « = C8, we easily find that one 
relation exists between the six angles made by any four planes in space. 

In these examples certain functions of the analytical expressions representing 
a distance or an angle, namely 

(x.-».)'+to-y.)> and t^f^tyilX^ + ^r 

have this in common, that each is a function of four independent variables 
occurring in pairs, as Xi.yi] Xg, ^s, in such a way that the interchange of the 
constituents of one pair with the corresponding constituents of the other pair 
leaves the functions unaltered. Moreover, the six functions representing the six 
distances between four points or the six angles made by four planes are connected 
by one relation, which, however, is fundamentally different in the two cases. 

Other geometric magnitudes might be chosen whose analytical expressions 
would possess the same characteristic properties, and the question then arises, 

*See 'or example Salmon's '' Higher Algebra," 4tb Edition, p. 27. 



332 Blighfeldt: On the Fimctions Bepresentmg 

what are the typical forms of all such expressions? This question, slightly 
extended, will be answered in the following paper, and a few geometrical appli- 
cations of the solution will be given (§§4-7). Using the coordinates of points 
of the plane to represent the pairs of variables in the functions sought, we shall 
formulate this question as follows : 

Galling a function of the coordinates of two points of the plane, left unaltered 
by interchanging the two points, a two-point function, it is desired to find the two- 
point functions possessing the following property : 

The ten two-point functions of the ten pairs of points of any five points are 
connected by two or more relations independent of the coordinates of the points. 

Some of the more general terms and properties of Lie's Continuous Groups, 
such as infinitesimal transformations, commutators ('' Klammerausdriicke "), point- 
invariants, similarity of groups, will be used and will be supposed known. The 
phrase ** change of variables," or *' transformation of the variables," frequently 
employed in the following analysis, is understood to mean a change in the 
coordinate system of the plane of reference. It, therefore, denotes a transforma- 
tion of the form 

^ and 4^ being the same functions whatever may be the subscript i. We shall, 
for brevity, write ^Uhe function (*,/)" in place of "the tvx>'point function of the 
points Xi, yt; Xj,yjJ^ 

In order to determine the two-point functions having the properties stated 
above, it is convenient to divide them into three classes, according as the ten 
two-point functions of five points are connected by just two relations, by three, 
or by more than three such. 

Determination op the Two-Point Functions. 

L — The Ten Two- Point Functions of Five Points are Connected by 

Just Two Relations. 

§1. 

Let the five points be arj, yij a:^, y^ ; ^^iiVii and the two-point functions 

fip^i^Vi ; ^ji Vj) ; ifj^^^'^t 2, 3, 4, or 6, i qf:/. Only eight of these are independent, 
according to hypothesis. We can therefore construct, in the usual way, two 
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independent linear partial differential equations satisfied by all the ten two-point 
functions. Denoting the partial differential coefiScients of any solution / of 
these equations with respect to xt and yt by Pi and qi respectively, the differential 
equations may be written 

6 6 

2 ("'B + *'?') = 0. '^iA,pt + Btqt) = 0, (1) 

the coefiScients o^ , i^ ^tc, being functions of the ten variables a^i* ^i ;••••; ''s) ^5- 
Two different numbers, i,y, say 1,2, can now be found among 1, 2, 3, 4, 5, 
such that the equations (1) can be solved for two of the derivatives />it Ji* JPa* ?8- 
Suppose the derivatives thus selected arepi, qi. The equations (1) can then be 
written in the forms 

6 



i-8 
6 



qi = YP% + ^% +^(riPi+^iqi)' 



<-8 



(2) 



As these differential equations are satisfied by all the two-point functions of 
the five points considered, the equations obtained from them by leaving out the 
terms a^p^ + fi^q^ and y^p^ + ^5^5 must be satisfied by all the two-point functions 
of the four points Xi, t/i; ^tt y^i ^f t/si ^4» ^41 whatever may be the values of 
X5 and yj. 

These last two variables may, or may not, be present in the coefiScients of 
the equations (2) thus abridged. If they are present, we derive more than two 
independent differential equations that must be satisfied by the functions (1, 2), 
(1, 3), (1, 4), (2, 3), (2, 4), (3, 4). These six functions, containing eight variables, 
can therefore not all be independent. But then it is easily proved that the ten 

two-point functions of the five points a^, ^i; * ; ^* ^si satisfy at least three 

relations, contrary to hypothesis. 

Leaving out of (2) in the same manner the terms atpi + ^tqi and 
yiPi+ ^i9iJ { = 3, 4, we find that the coefiScients a^ etc., contain the variables 
ai,yi,»i, Vt.Xi.yu only. 

By definition, any one of the two-point functions is imaltered by inter- 
changing the two points. The ten two-point functions determining the equations 
43 
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(2) are therefore at most interchanged by interchanging any two of the five points 
considered. Subjecting the equations (2) to such a change would accordingly 
give us two new equations equivalent to the first two. It is thus immediately 
evident that a,, ^o etc., are the same functions of Xi, yi, a^, y,, sct, y<, as a^, j3,, 
etc., are of a:i, yi, a,, y,, ar^, y^, and that we could solve the equations (2) for two 
of the derivatives JP4, qiiP^,q^* 

Now, the two- point function /(a;4, y^; jcg, yj), satisfying (2), must satisfy the 
following equations : 

riPi + *4?4 + np^ + ^sfi's = o» ' 

which are independent for general values of a^i, yi,X| and y,. Substituting 
some constant values for these variables that will not destroy the independence 
of the equations (3), we find that the function (4, 6) must satisfy two indepen- 
dent differential equations of the form 

CiPi +d^qi +<HPl +^?6 =Ot'l (4) 

C,p, + D,q, + C,p, + D,q, = 0,i 

where the coefficients with the subscript 4 are functions of x^ and 1/4 only, and 
those with the subscript 5 the same functions with a% and y^ in place of z^ 
and y^. We may remark that c^D^ — d^G^ qf: , 0, otherwise it would follow from 
(4) that the ten two-point functions, (1, 2) ,...., (4, 6) would satisfy the equa- 
tions CiPi + d^i ^ , i = 1 , 2, . « . . , 5 , in which case at most five of them could 
be independent, contrary to hypothesis. 

Now, by the theory of partial differential equations, any solution common 
to the equations (4) must satisfy the equation obtained by forming the ''commu- 
tator " of these two and putting it equal to zero, 

The left-hand member is readily seen to be the commutator of C4p4-f ^45^4 and 
C!iPi + D4Q4 plus the commutator of c^p^-^d^q^ and G^Pi + D^q^. The new 
equation is, therefore, of the same form as the equations (4). 
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New differential equations may now be formed from this one and each of 
the equations (4), and so on. As all the differential equations so obtained have 
a solution (4, 6) in common, at most three of them can be independent. If 
three of them are independent, the ten two-point functions of the five points 
^i>^i; • * " ; ^6> ^6 ^^® connected by at least three relations. For, let a^p^ 
+ /^i?* + ^iP^ +/?5g'5 = be any one of the equations satisfied by (4, 5), and it 
is clear that the differential equation 

aiPi + fiiqi+aip^ + fiiq^ + a',p.+fi^,qs + a[p, + fiiq, + ai^^ 

is satisfied by all the ten two-point functions considered. We should have at 
least three such equations, independent of each other, and, therefore, at most 
10 — 3 = 7 independent common solutions. 

Consider next the case where only two of the differential equations of the 
form 

<Pi + Piqi + <Pn + /3iy5 = 

are independent The differential equation (5) should here be derivable from 
the equations (4). Applying this condition, we find the following identity in 
p^andq^: 

=4>5 {CiPi + d^q^ -f '^^{G^Pi + A?*). 

^5 and '4^5 being functions of x^ and y^ only. Since none other of the coefiScients 
involve x^ and y^, we can take some general constant values of these and obtain 
the result that the commutator of c^^p^ + d^q^ and O^p^-^-D^^q^ is of the form 

m{c^p^ + d^q^) + »(Cij94 + A J4), 

where m and n are constants. But this is evidently the necessary and sufiScient 
condition that the two expressions 

CiP^^d^q^, G^p^ + D^q^, (6) 

regarded as infinitesimal transformations in Lie's group theory, generate a two- 
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parametric group of point transformations in two variables. By a transformation 
of the variables x^, y^ of the form 

X4 = <^(aj,y), y4 = ^(». y). 

the two expressions (6) can be changed into one of the following two types :"*" 

i>, ?; P^ xp + yq. (7) 

We have thus the theorem : 

1. 1/ the two-point function {i,J)f i^j\ is of such a nature that by select- 
ing any five points Vi.yi] ; Xj, y, , the ten ftmcticns (i^j), i, y = 1, 2, , 5 ; 

i zfzj, are connected by just two relations independent of the coordinates of these five 
points, ihen must the function {i ,j) be a two-point invariant of a continuous group 
in two variables similar to one or other ofihe groups (7). 

Conversely f if a given two-povnt function is a two-point invariant of such a 
group, then must the ten two-point fv/nctions of any fi/oe points be connected by at 
least two relations, as they satisfy two independent linear partial differential 
equations, 

II. — The Ten Two- Point Functions of Five Points are Connected by just Three 

Relations. 

§2. 

In this case we have three differential equations corresponding to the equa- 
tions (1). Two cases may now present themselves as follows : 

(A). The three equations can be solved for three of the derivatives 

PU 2lfP%f9t* 

(B). From the three equations can be eliminated the derivatives 
Pif ffiii^iift- 

In (A) we can proceed as above in the case 1. We get three independent 
equations corresponding to the equations (4), from which we build commutators 
and get equations of the form (5). The condition that the latter should be 
derivable from the former gives two different results, found by equating to zero 

*See Lie^B ^^DifferentialgleiohuDgen mit bekannten iDfinitesimalen TraDBformationen,^' page 485. 
The types p^^^QtXq are omitted here, aB i i our groups the determinant 641)4 — 04(144:0. 
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the determinants of the coefficients of all the equations obtained. These results 
are: 

l^ The two-point function (4, 5) satisfies a difierential equation of the 
form 

«4P4 + <i?4=0, (8) 

where s^ and t^ are functions of x^ and y^ only. 

2*. The two-point ftmctions are two-point invariants of a three-parametric 
continuous group in two variables. 

In case l^ the ten two-point functions of five points must evidently satisfy 
the five independent difierential equations 

StPi + tiqi = 0, i=lt 2, ,5. 

They must, therefore, satisfy at least five relations, contrary to hypothesis. 

In the case 2^, no two of the independent infinitesimal transformations of 
the group considered can differ only by a factor. For, let ap + hq^ ^{o,p -f hq) 
be two such transformations. The functions (4, 6) must then satisfy the equa- 
tions 

from which we get 

«4jP4 + *4ff4 = 0, (hPi + hq^ = Q, 

equations of the form considered in 1^ 

The three-parametric groups in two variables having no such pairs of infini- 
tesimal transformations are of the following types:* 

/>, 2» xp-^-cyq, cq^O; 

p + ^p-^-xyq, q + xyp + y^q, yp — xqi 

xq, xp — yq, yp; 

P^ qj xp + {x + y)q. 



(») 



It is readily found that the two-point invariants of any one of these groups 
can be written in such a form as to satisfy all the requirements of the two-point 
functions under consideration. 

* '^Theorie der Transformationsgruppen,'^ Lie-Engel, Vol. Ill, p. 57. The types here given are 
taken from the list on p. 486. 
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Let U8 now consider case (B). One of the three differential equations 
satisfied by the ten functions (!• 2), , (4, 5), can be written 

Suppose «4 =^ 0. The two functions (1, 4) and (2, 4) must evidently satisfy 
the differential equation 

P4 + ^J| = 0. (10) 

It follows that -^ is a function of x^, y^ only, unless the two-point functions 
are constants merely. If, however, -^ is a function of X4, y^ only, the equation 

*4 

(10) is of the same form as (8) in 1^, an impossible case. 

To resume, we have the theorem : 

2. The necessary and sufficient condition that the ten two-point /unctions of any 
five points saiisfy just three relations is that they are tvoo-point invariants of a three- 
parametric continuous group in two variables similar to one or other of the types (9). 

By examining the invariants of the groups considered we find that the six 
two^int functions of the kind here defined in any four points satisfy Just one 
relation. 

III.— The Ten Ttoo-Pdni Functions of any Five Paints Satisfy 
at least Four Relations. 



In the first place we find, by considering the possible sets of four relations 
connecting the ten two-point functions (1, 2), . . • . , (4, 6), that one relation 

at least must connect the six functions (li 2), , (3, 4) of any four points. 

Then we find that one relation at least must exist between the functions (1, 2), 
(1, 3), (2, 3); (1, 4), (2, 4); (l, 5), (2, 5). If (2, 6) is actually present in this 
relation, we may replace Xj, ^1, a^, ^3, X4, ^4 by arbitrary constants, and change 
the variables so that (1, 6) becomes the new Xg. We thus obtain (2, 6) as a 
function of 0:5, x^, y%^ which must evidently reduce to a function of X5, x^ only ; 
say (2, 6)=/(a;|, x^. The ten two-point functions of any five points will 
obviously satisfy at least five relations. 
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In the same manner all possible cases of having one relation connect the 
functions (1, 2), (1, 3), (2, 3); (1, 4), (2, 4); (1, 5), (2, 5) may be considered. 
The same result will be obtained. 

If more than five relations connect the ten two-point functions of five points, 
we find that one relation at least connects the three two-point functions of three 
points. Suppose there is one such relation. Let the three functions be 

and, by our usual process of building a linear partial differential equation, etc , 
we find that this can, by a suitable choice of variables, be put into the form 

Pi + Pf + P$ = 0. 

The two-point function (1,2) is, accordingly, of the type (xj — x,)'. Additional 
relations existing among the two-point functions considered will cause these to 
be constants merely, as is readily proved. 

Accordingly, we have the theorem : 

S. I/at least four relations connect the ten ttoo-point fimctums of any five points^ 
these tuxhpoint functions are, by a proper choice of variables^ reducible to the form 

/{Xi.Xj). 

Gonverselyj if the tvxhpoint functions have this form^ at least five relations connect 
the ten two-point functi^ms of five points. 

More than five relations connecting these functions could exist only if the two- 
point functions^ which are not supposed to be constants merely, are reducible to the type 

By consulting the theorems 1*3, observing that each of the groups (9) con- 
tains two-parametric subgroups similar to one or other of the groups (7), we can 
make the following statement : 

4. The necessary and sufficient condition that the ten two-point functions of any 
five points are connected by two or more relations, is that the tuxhpoint function {% , j) , 
i zfzj, is reducible to the form /(«<, Xj) by a change of variables^ or thai the two- 
point functions are two-point invariants of a continuous group in two variables simi' 
lar to one or other of the groups 

p,qi p,xp + yq. 
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Thus, by a proper choice of the variables x, y, the two-point functions possess- 
ing the property just stated are represented by the three different types 

Some Geometrical Applications. 
I. — Concerning Angles, 

§4. 
Certain functions of the angles 

Vl+af+6JVl+aJ+6J ^""^ ^^"^ l + m.m^ 

between the two planes aia; + 6iy + « = Ci, a2X+ b^y +z^=^C2 and the two 
straight lines y + iWi a = ftj, y + fn^ x = 6, respectively, as 

{l + al + b\){l+ai + bi) ""^ (l + m,m,)'' 

are types of two-point functions. 

The first, written in the variables x, y in place of a, 6, is a two-point inva- 
riant of the second of the groups (9). The six angles made by four planes in 
space are connected by one relation. 

The second may be written [tan (tan"^ fHi — tan""*!?!,)]*, and is one of the 
types of two-point functions considered in §3. The three angles made by three 
straight lines in a plane are connected by one relation. 



II. — Concerning Distances. 



The two-point functions which are such that just one relation exists between 
the six two-point functions of four points must, as has been demonstrated, be 
two-point invariants of continuous groups similar to the group-types (9). Re- 
placing the first of these types by the similar group 

i>» ffi yp — xq + k{pp + yq), 
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the two-point invariants of the two points sci, yi ; x^, y^ are respectively for the 
four groups 



(1 + x,x, + yiytf 

C. {riyt — x0iT; 

D. (xj — Xi)*e~**»-*>. 



(11) 



Denoting, as above, by (o, 6), the two-point function of the two points 
««. y.; Xm y», the relations connecting (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), 
for the different types given, are found by elimination of the coordinates X], yi, 
etc. They are, respectively, 

A. The result of eliminating a and t between the equations ^ 

[23](« - 1 )' — [13] *« + [1 2] = , 
[24](<-l)«— [I4]f +[12] = 0, 
[34 j {t — eY — [14] <« + [13] »" = 0, 

k — % . . . _.ll^ 



where 

where 
and 

where 



« = ^ ,. . t =-^-1; and [aJ] = (a, b) ' ; 
B. 1+2 [23] [24] [34] = [23]* + [24]» + [34]», 

Tahl = («T ^ - (i^ )(r&) 

L -• j(ri,a)»-lX(1.6)*-l)}*' 

1 _ 1 +XiZt + y,yt 



where 



^"' *^ - V(a. 6) + 1 V l+x?+3^ *yi+4+yl ' 

C. [12J[34] + [13][42] + [14][23] = 0, 
[a6] = (a,6)»; 

D. The result of eliminating a and t between the equations 

(«-l)log(»— 1)— «log» = («-l)[23]-»[l3] + [12], 

(<-l)log(<— l)-nog<=(<— 1)[24]-<[14]H-[12], 

(t — a) log (t — a) — t log t + a log a 

= (<-«)[34]~<[l4] + »[l3], 
[a6] = ilog(a, b). 

44 



(12) 
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The distance between two points in the plane is a two-point function of the 
kind here considered. Thus we see that the property of the analytic expression 
for the distance between two points of remaining unaltered by exchanging the 
coordinates of the two points, added to the property that the six distances 
connecting any four points are connected by just one relation, limits this expres- 
sion to a function of one of the four types (11). 

Examining more closely the two-point invariants (11) and the relations (12) 
we get the following result :* 

The distance between two points^ or a function of this distance^ in the euolidean 
or non-euclidean plane, is determined by the following conditions : 

The distance is a two-point function, which is real if real coordinates are used. 

Through any general poini in the plane no real curve passes, the distance from every 

point of which to the given point is indeterminate, a constant^ or is mfinitely great. 

The six distances connecting any four poi/nts in the plane are connected by just one 

relation, which is an algebraic relation between certain functions of these distances. 

To apply these conditions we have first to find what values of the arbitrary 
constant h and what transformations of the coordinates involved will render 
certain functions of the invariants (11) real quantities for real coordinates. To 
answer this question it is plainly sufiQcient to find all the real group types'f 
similar to the types (9). 

These types are given in Lie's **Theorie der Transformationsgruppen," 
Yol. Ill, p. 436. To the four given in (9), assumed to contain real elements, 
must be added the following two : 

i>» ff» yp — xq + ^{^p + yq)y 

p — x{xp'\'yq), q—y{xp + yq), yp — ^i 

also containing real elements. These groups are similar to the first two of the 
groups (9), and their two-point invariants (1, 2) are respectively (A) of (11) and 

j3 (xi yt — x^ y^y — (a^ — XiY — (y^ — y^Y 
{l—x^x^ — yiy^y 

The two-point invariant (1, 2) of the first of the groups (9) is 

P' {y2-yiy{x,—x,)--K 

* Compare " On the determination of the distance between two points in space of n dimensions/' 
by the author, Transactions of the Am. Maih, Soc,, Oct., 1908, p. 467. 

f Cf. '' Theorie der Transformationsgruppen," Vol. Ill, Chapter 19, for real groups. 
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Applying the second condition given above to the six invariants obtained, 
we find that the invariant (F) just given and the two last, (0) and (D) of (11), 
must be excluded having respectively the curves 

y = constant, -^ = constant, x = constant, 

of the kind excluded. 

The types (A), (B) and (B) must now be considered. The two last fulfill all 
the conditions given, and are, in fact, functions (tan^d and tannic?) of the distance 
d between two points in the elliptic and hyperbolic plane respectively, proper 
coordinates being chosen. In the type (A), k must be real by the first condition^ 
and by referring to the relations connecting the six invariants (1, 2), etc., given 
under (A) in (12), we find that c must be real in order that the relation connect- 
ing these six invariants may be algebraic. Since c = ~\ , % = V — 1 , from 

A; -|- i 

which &=i , the only permissible value for k is zero. (If &= oo, the type 

(A) of (11) will reduce to a particular case of type (F).) 



III. — Problem : What are the surfaces for which, any Jive points be taken and 
Joined by chords, the lengths of the ten chords so obtained are connected by tico or 
more relations independent of the location of the points on the surface ? 

Let such a surface be given by z^=^f{x, y), and let us write 2>, qy t, s, t for 

Piv riv ^*y ?^9 Pflr 

^— , .5— , ;5-^ , j< ^ , ^-a , as is customary. To avoid confusion, we shall 
dx dy 07? cxcy C}f '^ 

henceforth write -^- , ^ for p, q in the infinitesimal transformations concerned, 

reserving the letters 2>, q for ^ , ^— . 

The square of the distance connecting the points xi, y^, z^ and or,, y^, z^ is 
(1,2) = (x, - x^r + {y, - y,y + {z,-z,)\ 
where z^ = f{xi , y^ , 2, = / (a^ , yg) . 
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According to the theorem (4), §3, the two-point function (1, 2) must be a 
two-point invariant of a continuous group similar to one or other of the groups 

dx' dy ' dx ' ""dx ^^ dy' 

or it must, by a change of variables, be reducible to the form ^ (xi, oa^. 
If the latter is the case, we must have the identity 

^ (ai , ttjj) = («! — x^f + (yi — yi)» + {z^ — 2,)^ 

where ai is a function of a^ and y^^ only, a^ the same function of fl:^ ^^^ Vf 

Differentiating this equation in turn by X| and ^i, and eliminating ^ , we 
obtain the equation 

(«8gi+y2— 2i?i— yi) ^ + {—^Pi — ^%'¥^Pi + ^i)^ = ^^ 
where pi = ^ , etc. 

If we now give to Xi and yj general constant values, we get the equation 
28a + y»& + iC|C + ^ = 0» «»^f ®tc., being constants, at least one of which is dif- 
ferent from zero, as ^^ and ^ cannot both be zero identically. The surface is, 

in such a case, a plane, for which the conditions of the problem are, a priori, 
satisfied. 

Thus it remains for us to find the surfaces z =/(x, y) for which the function 
(1, 2) is a two-point invariant of a group similar to one or other of the groups 

df df, df ^^f .^df 

Let the infinitesimal transformations of such a group be 

df ,odf ^df ,.df 

In order that the function (1,2) be a two-point invariant of this group, it 
should satisfy the differential equations 

ax being written in the variables Xi, y^ ; ag in x, , yi, etc. 
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That the first of these equations may be satisfied by (1, 2), we must have 
identically 

{xi—x^)(ai — a,) + (yi - y8)(/3, — /?«) 

+ (2i — z,)(arpi + /?, i?i — a,p^ - A ft) = . (13) 

By substituting in turn difibrent sets of constant values for a^ and y^ in this 
equation, we can solve for aiPi + ^iqi, ai and j3i linearly in terms of Xu yi 
and Zyy unless the surface sought is a plane. 

Disregarding the latter case (an obvious solution of the problem), we find 
the identity (13) satisfied by 

a = — az + A;y+gr, ^ = — hz — hx + h, ap+Pq=^ax + by + c, 

a, by Cyk, g, h being constants. 
Similarly, 

'y= — Az + Ky+ O, h = — Bz—Kx+H, xP + 8^= ib; + 5y + G. 

The equations 

«i^ + i^S' = ^^ + ^y + ^ » YP'\'hq=^Ax'\'By-\'G 

(being made consistent by modifying the constants a, £, etc.), will now deter- 
mine 2. Restricting ourselves to real solutions, the following surfaces only sat- 
isfy the conditions of the problem under consideration : 

l"". Any series of a finite number of parallel planes. 

2^. Any series of a finite number of concentric spheres. 

3^ Any series of a finite number of co-axial right circular cylinders. 

The mutual distances connecting four points on either of the first two sur- 
faces are found without much difiiculty to be connected by one relation, whereas, 
in the remaining surface, the mutual distances connecting five points are bound 
by just two relations. Thus, the surface consisting of any series of coaxial right 
circular cylinders is the only real surface for which, any five points being taken, the 
mutual distances {along chords) comiecting these five points are connected by just two 
relations^ 
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§7. 

IV. — Problem: What are the surfaces for which, any Jvoe points being taken 
and joined by geodesies, the ten geodesic distances so obtained are connected by two or 
more relations independent of the positions of the points ? 

Before going into the details of this problem, we may remark that the six 
mutual geodesic distances of four points on a surface of constant curvature are 
connected by one relation. 

Any two such surfaces with the same curvature are, as is well known, appli- 
cable one upon the other. As representative surfaces, the sphere 5c*+ y*+ 2?= a^ 

with curvature —^ *^^ ^^ pseudosphere* 

X* + y* = <** sin* ^, z = a flog tan -^ + cos ^ J 

with curvature -. ^ may therefore be selected. The geodesic distance d be- 
tween the two points Xi, yi,Zi\ x^, y^, z^ are respectively given by 

where a and ^ are certain functions oix, y and is.f 

Now, the distances connecting four points on a sphere are, as we know, con- 
nected by one relation. The distances on the pseudosphere in question being 
of the same type as the distances on the sphere, differing from these only by the 
multiplier i after a proper choice of coordinates, it is evident that one relation 
must connect the six mutual distances of four points on the pseudosphere. 

Now, we shall prove that the surfaces required in the present problem, if 
real, must have constant curvature. 



* Darbouz, '' Theorie des Surfaces," T. lU, p. 804. 

t Darboax, *' Theorie des Surfaces," T. Ill, p. 401. The variables a?, y used by M. Darbouz in the 
formulae referred to are here replaced by a and P respectively. 
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Under the conditions of the problem, the distance (1, 2) must be a two- 
point invariant of a continuous group similar to one of the groups 

dx' dt/' dx' 'dx ^^ dy' ^ ^ 

or it must be reducible to the form ^(zi, x^) by a change of variables (theorem 
4, §3). 

For a real surface, the distance (1, 2) could not be of the form ^(cci, x^). 
This would, namely, require the linear element ds of the surface to be rational 
in c^x, as is easily seen. The linear element of a real surface z = /(x, y), 

ds= ^/\{l+p')d3i?+ 2pqdxdy+ (1 + ^)dy*\ 

could, however, not become rational in dx and dy by any change of variables. 

Thus the distance (li 2) must be a two-point invariant of a group similar 
to one or other of the groups (14). Taking the two points indefinitely near each 
other, and writing x, y, x + dx, y + dy for Xi^ y^ x^, y^ respectively, we have 

(1. 2y = ds*= (1 + ¥^)dsi^ + 2pqdxdy + (I + ^)df. 

Introducing in this expression the variables x, y used in the groups (14) we 

obtain 

<W = Eda? + 2Fdxdy + Qdf, 

E, jP, Q being functions of x and y. In order that this expression may be 
unaltered by the point transformation determined by one or other of the groups 
(14), d^ must satisfy one or other of the following systems of simultaneous par- 
tial differential equations in x, y, c2x, (2y : 

^x ' dy 



The solutions are respectively 
a, h and c being constants 



ads? + ^Mxdy + crfy*, -j (adsi? + 2hdxdy + cdjf). 
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Linear transformatioDs will reduce these expressions to the forms 



cb? + rfy^, — 



k!/" 



which are representative forms for the linear element of surfaces of constant 
curvature, zero and k respectively. Hence, 

If two relations exist between the ten mutual geodesic distances of any five 
points on a real surfaocy independent of the coordinates of the five points^ this must 
he a surface of constant curvature. On svjch a surface one relation exists between 
the six mutual geodesic distances of any four points. 

Stanford UNiviSBsrrT, Cal., AprU, ld02. 



Surfaces whose Lines of Curvature in one System are 
Represented on the Sphere by Great Circles. 



Bt L. p. Bisenhabt. 



Guichard* has shown that the determination of all congruences whose devel- 
opables have a given spherical representation, reduces to the solution of an equa- 
tion of Laplace, after the direction cosines have been found. We apply this 
method to the case where one family of lines on the sphere is composed of great 
circles and the other consists of their orthogonal trajectories. It is evident that 
all of these congruences are normal, and that the lines on the sphere are the 
images of the lines of curvature of the parallel surfaces which cut the lines 
orthogonally. This furnishes a means for the determination and study of sur- 
faces whose lines of curvature in one system are represented on the sphere by 
great circles. 

In the first place, we find that when such a configuration is given upon the 
sphere, the determination of the direction cosines of the lines of the congruence 
is the same problem as the finding of a skew curve from its intrinsic equations. 
The equation of Laplace for this special case can be solved by two quadra- 
tures, and as two arbitrary functions are introduced, there is a double infinity of 
families of parallel surfaces whose lines of curvature have the given represen- 
tation. 

It is found that these surfaces are characterized by the property that one 
family of the lines of curvature are geodesies, and along the lines of curvature of 
the second system one of the principal radii is constant. From these properties 
it follows that one of the sheets of the evolute is a developable surface, and 

* ^^ Surfaces rapport^eB A leurs ligneB aBymptotiques et oongniences rapport^ee A leurs develop- 
pablee " (Annalee Scientiflques de Pficole Normale Sup^rieure, t VI, 8® serie). 
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conversely. Hence, the surfaces under consideration are the surfaces of 
Monge* and consequently can be generated by a plane curve whose plane rolls 
without sliding upon a developable surface. It is shown that one of the arbi- 
trary functions, which appear in the expression for the semi-focal distance, de- 
pends entirely upon the generating curve, and that the other function in connec- 
tion with the spherical representation determines the character of the generat- 
ing developable. In particular, the moulwre surfaces are considered from this 
point of view. 

The second sheet of the evolute is a surface of Monge with the same surface 
generator, and its generating curve is the evolute of the curve for the sur&ce. 
These curves are represented on the sphere by the same great circle and corre- 
sponding points are at the distance of a quadrant. 

Surfaces of revolution form a subclass of moulure surfaces, corresponding 
to the case where the surface generator is a straight line. It is evident that 
there are only particular families of great circles which can be the images of the 
meridians. For these systems the direction cosines can be found by quadratures, 
and hence the complete determination of all surfaces of revolution, whose meri- 
dians have a given representation, reduces to quadratures. 

Finally, we show that surfaces of revolution are the only surfaces of Monge 
which are Weingarten surfaces, and that they are the only isothermic surfaces 
of Monge. 

1. Consider a sphere of radius unity and with center at the origin of coor- 
dinates, and let JT, F, Z denote the cartesian coordinates of a point on the 
sphere, or, what is the same thing, the direction cosines of the radius. Let the 
sphere be referred to a system of lines v = const., u = const., and write 

^=<^y. ^=^if^- ^=K^)' . (•) 

In particular, we consider the case where the curves u = const, are great circles 
and V = const, are their orthogonal trajectories ; then c^ is zero and ^ is a func- 
tion of V alone By a proper choice of parameters we can have 

c^ = 0, 9=1. (2) 

* Application de 1' Analyse d la G6om4tTie, 6me edition, p. 838. 
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Since ^, <^, cannot be chosen arbitrarily, but must satisfy the Gauss 
equation* 

a r <^ ag 1 8^ 

a r 2 d<^ 1 ag d^ ag-i 

= 2V§^-c^«, (3) 

which, for the present case, reduces to 

we find that VS is of the form 

^g = J7i cos t; + 1^2 sin v, (4) 

where Z7i , TJ^ are arbitrary functions of u alone. 

Denote by ^Ij, /^i, vi ; ')^^ v^^v^, the direction cosines of the tangents to the 
curves v = const, u = const, respectively on the sphere. They satisfy the fol- 
lowing relations :f 

d-K^ = ^-^Xidu - Xdv, dX= ^^^^ du + 2^dv, (5) 

dv ^ ^ 

and similarly for T, (ii^ [I2 and Z, Vi, r^. From the last two we have 

-^' + ^=»' ^ = '" w 

whence 9*X 



ai;^ 



+ ^=0. 



so that X= J7ii cos u + Uif sin t;, (7) 

and in like manner 

Y=U^iC08v+ U^ sin t?, ) .^,v 

Z = IJgi cos t? + U^ sin t?» ) ^ ^ 

where Un, yU^ are functions of u alone. Since 2-X* = 1 , these functions 

* Bianohi, Lesioni, p. 67. t Bianchi, Lezioni, p. M. 
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must satisfy the conditions 

UnUyi + U^U^ + ZTjilTas = 0. (8) 
Again from (6) we have 

eliminating Xi and replacing VS , X, \hj their expressions, we get 

UiUit — UM = 0, U.W^-UtU'n^O, UiTTn— U^Uii = 0, (9) 

where the accents denote differentiation with respect to u. 

In the first of (1), substitute for 2, X, T, Z, their expressions from (4), 

(7) ; then 

( Z7i cos © + C^ sin t?)* = 2 ( Z^ cos » + OJ, sin v)*, 

and, consequently, 

Combining these results with (9), we find 



U,rU„-U^Un UnU,,-UnU„ UnU^-UaUi, "\ 



ui» - tn, - u« 



(10) 



(^nU„- UnU„ U,^Un-UnU„ UnU^- U^U^ 



= U, 



2- 



18 



These conditions, (8), (10), which the six functions CTn, . . . . , i7^ must sat- 
isfy in order that the expressions (7) shall be the coordinates of a point on the 
sphere of radius unity for which the curves u = const, are great circles, are the 
very conditions which these functions would necessarily satisfy if Uuy Ufi, U^i 
were the direction cosines of the tangent and 27,2, U^iy Dsj of the binormal of a 
curve defined by the intrinsic equations 



1 nf- 1 



p=jr^ 'r = 



where p and r are the radii of curvature and torsion respectively. Hence, the 



i 
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problem of finding the direction cosines of the lines of a congruence, whose develop- 
ahles are represented on the sphere hy a given family of great circles and their orthog- 
onal trajectories, is equivalent to the determination of a sTcew curve from its intrinsic 
equations. 

When the coordinates of a point on a sphere are given by (7), where 
J7ii, .... yU^ satisfy the conditions (8), the curves u = const, on the sphere are 
great circles and v = const, are their orthogonal trajectories. Hence the inverse 
of the above problem reduces to the determination of functions satisfying the 
conditions (8). 

2. For the special spherical system which we are considering, the equation 
of Laplace, found by Guichard* and which is satisfied by the semi-focal distance 
for any of the congruences with the given representation of their developables, 
reduces to the form 

yp , 8Io g\/g dp , 3^ W^g =0 fll^ 

dudv dv du dudv '" ' ^ ^ 

By one quadrature we get 

dv StT 

where Fis a function of t; alone, and by a second quadrature 

where ?7 is a function of u alone. Since it can be shown that to every solution 
of the general equation found by Guichard there corresponds a congruence with 
the given representation ; it follows that the functions U and V are perfectly 
arbitrary in the present case. 

Guichard has shown that the cartesian coordinates, Xi, yi, %, of a point on 
the middle surface of the congruences corresponding to a particular solution of 
equation (11), are given byf 

* Bianchi, Lezioni, p. 262. t Bianchi, p. 262. 
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dxi df^ jT ZX 

du du " du ^ 

and similar expressions in j/i and %. 

3. We consider now the congruence corresponding to a given function VS 
and a particular form of p, and let S denote one of the surfaces orthogonal to 
this congruence. Denote by a, y, z the cartesian coordinates of a point on S and 
by r the distance of the point from the corresponding point on the mean sur- 
face; then 

x = Xi + rX, y = yi + rY, z=:zi + rZ. (14) 

Diflferentiating these equations and multiplying by X, F, Z respectively, we 

find 

dr=—^Xdxiy (15) 

|: = -2X^\ ^ = -XX^^. (150 

ou du ov dv ^ ^ 

When the expressions for ^ , » ^ » ^ given by (13), are substituted in 

these equations, they reduce to 

(16) 



dr _ 




dr 

"a? 


=1^^ 


d log § 
dv f 


From the first of these we 


get 

r 


^.^ 


P + y^, 





where Fg is a function of v alone. Substituting this expression in the second of 
(16), we find that Fg satisfies the condition 



n=<ij-+'-^f). 
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where the accent denotes differentiation with respect to v. Comparing this with 
(11'), we remark that 

V^=i2fVdv + 2G, 

where (7 is a constant, and consequently 

r = — p + 2rVdv+2G. (17) 

From the formulas (13), (14), (17) we find 



|=.(/r^+o_p)|?, 



(18) 



and similarly in y and z. 

The preceding development shows that when in these formulas (18) we assign 
to p a particular form, they give by quadratures the family of parallel surfaces 
cutting the corresponding congruence orthogonally, each surface of the family 
being determined by a particular value of the constant G. Since p contains two 
arbitrary functions, U, F, there exists a double infinity of families of parallel 
surfaces whose lines of curvature in one system are represented on the sphere 
by a given family of great circles, and after the functions X, Y, Z have been 
found, the further determination of these surfaces reduces to quadratures. 

Write 

^=K^)' ^=^t% <^=^(s)' 

then from (18) we have 

^=4ry*Fe?t;+ C7 — pTg, i^=0, G—AS^Ydv^-G^. (19) 

From the last of these expressions, it follows that (7 is a function of v alone ; 
hence the lines of curvature whose spherical representation is a family of great 
circles, are geodesies on the surface, that is, they are plane curves. 
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4. Recalling the Rodriques formulsB,* 

dx S-Z" dx 8Jr 

where pi and p, are the principal radii of curvature of the surface, and comparing 
them with (18), we get 

p,= 2(^fVdv+G-p), p, = 2(^fvdv + Gy (20) 

From the second we have that p, is a function of v alone. 

Conversely, let 2 be a surface for which p^ is a function of v alone ; we may 
write 

p^ = 2frVdv+ G). 

Denote by 2p the distance between the focal points and by r the distance from 
the middle point to the surface ; then 

p, = {r + p) = 2{Vdv+ G). 

From this we have 

9r__3p ?!:=:_?£ 4. 2F 
du du' dv dv ' 

and if ari, yi, z^ are the coordinates of the middle point, 

du cu dv dv 

For any normal congruence referred to its developables and with Xj, yi, z^ for 
coordinates of the middle point, we havef 



du du du ^ 

yJT ^^^ ^P 8 log S 

dv Sv dv ^' 



• Bianchi, Lezioni, p. 101. t Bianchi, Lezioni, p. 262. 
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CompariDg these with the preceding, we have 

aiog^ _f. 9p I „ 81ogV^ _ v- 

These equations are satisfied by p = 0, F = 0. In this case p^ = p^i and hence 
2 is a sphere. Since every line on a sphere is a line of curvature, it follows that 
the sphere is an evident solution of our problem. However, when 2 is not a 
sphere, the first equation shows that ^ is a function of v alone, and the second 
equation which p must satisfy is the equation (11'). Hence, for all surfaces hav- 
ing one of their 'principal radii constant along each line of curoature in one system, 
the spherical representation of the other lines of curvature is a family of great circles 
and these lines are geodesies on the surface. 

5. Consider now the surfaces for which the lines of curvature u = const, are 
geodesies ; then (r is a function of t; alone. In this case the second Codazzi equa- 
tion* reduces to 

from which it follows that D' is a function oft; alone. Hence pi, which is equal 
to — ^- , is a function of v alone, and consequently the surfaces which we are dis- 
cussing are characterized by the property that their lines of curvature in one 
system are geodesies. 

The first and second sheets of the evolute of any surface may be defined as 
the envelopes of the planes through a point on the surface and perpendicular to 
the tangents to the lines of curvature v = const., u = const, through the point. 
For the surfaces which we are considering, the former plane is the same at all 
points along a curve u = const, and is, in fact, the plane of the curve. Hence 
this plane depends entirely upon one parameter u, and, consequently, its envelope 
is a developable surface. Conversely, when the first sheet is a developable, the 
ciirves u = const., on the surface are geodesies. From this it is seen that the 
surfaces which we have been considering are the very ones which Monge dis- 

* lb., p. 91. 
46 
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cussed as surfaces for which one of the focal sheets is a developable surface and 
which are known as the surfaces of Mange.*^ Hence, surfa/ces whose lines of 
curvature in one system are^ represented on the sphere by great circles are surfaces 
of Monge, and conversely. 

6. Monge has shown that the most general surfaces of this kind are gene- 
rated by an invariable plane curve whose plane rolls without sliding upon a 
developable surface. The radius of curvature of the curve is, in this case, the 
radius of principal curvature of the surface corresponding to the lines of curva- 
ture which are the successive positions of the plane curve, and consequently the 
latter radius depends only upon the parameter of these lines of curvature ; in 
the preceding development this radius was denoted by pa . We have found for 
its expression, 

p^=2rVdv + 2G. (21) 

Since v is the parameter of the curvature, it follows from this expression that 
for a definite form of the function V the character of the curve is completely 
determined and the variation of G gives parallel curves with the same evolute. 
Recalling the expression for the semi-focal distance, 

p= ^ (/V^ Vdv+U) , (22) 

we remark that the arbitrary function F, which appears in this expression, is 
the same as in (21), and consequently when a particular form is given to the 
function Fin (22), the character of the geodesic lines of curvature of the sur- 
face is determined, whirh are to be represented on the sphere by a given family 
of great circles. We will now find in what way the function U serves to deter- 
mine the surface. 

Since the planes of the great circles on the sphere are parallel to the planes 
enveloping the first sheet of the evolute, the intersections of the former are par- 
allel to the lines generating the developable. Hence, when the spherical repre- 
sentation of the surface is given, the directions of the generatrices of the 

* Monge, ^* Application de 1 'Analyse d la G^om^trie, 6me edition, p. 828 et seq. 
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developable are determined, and consequently the function U determines the 
manner in which these lines are arranged so as to form the developable. For 
example, if all the great circles on the sphere have a common diameter, all the 
planes of these circles intersect in this line, and consequently the generating 
developable of the surface is cylindrical. In this case the function U determines 
the character of the right section of the cylinder. The corresponding surfaces 
are the so-called moulure surfaces. We consider this special case further and 
show in what manner U enters into the expressions for the cartesian coordinates 
of the surface S. 

Let the axis of z be the common diameter of all the great circles, and there- 
fore parallel to the axis of the cylinder. The coordinates of a point on the 
sphere can be written 

jr=coswsini;, Y= sin u s'mv, Z=cost?, 

and from this 

v^g = sin v, ^= 1 . 

Now (22) becomes 



and from (13) we have, by a quadrature, for the coordinates of the middle sur- 
face of the congruence, 

.jcj = / ( U^ cos u + 17 sin u) du — cos u rVain v dv, 
yj = / ( J7' sin ti — 27 cos u) du — ainv I V sin v dv, 

/V cos V sin^ V + I 
.- ^ 
sm^t; 



V sin V dv 
dv. 



If we denote by x,y, z the coordinates of the surface S corresponding to 
the value zero for Gin (17), and substitute the value for r and the preceding 
expressions for aui , yi, Zi in (14), the surface S is given by 
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35 = 2 / Z7sin udu + 2 cos uj Vi cos v do , 

y = — 2 r CTcos udu+2amu I V^ cos v <it; , ^ (23) 

2 = — 2 / T^ sin V dv , 

From the above we find for the square of the linear element of S, 

d^=A( U—f Fi cos V dvjdv? + T? <fol (24) 

It is evident that the surfaces of revolution are a particular class of the surfaces 
defined by (23) and correspond to the case where the cylinder reduces to its axis. 
Prom (24) it follows that for surfaces of revolution ?7 is a constant, and con- 
versely. 

7. Since the evolute of a line of curvature u = const, is a plane curve in 
the same plane as the latter, and since the locus of these evolutes is the second 
sheet S^ of the evolute of Sy this second sheet also is a surface of Monge. Since 
its generating plane is the same as for ;S^, the family of great circles on the sphere 
is the same for both surfaces. However, the normals to these two surfaces at 
corresponding points are perpendicular to one another. Consequently if the 

point (w, v) on the sphere is the image of a point on ;S^, then {^u^ v + —jis the 

image of the corresponding point on ^3. Again, since the differential <te denotes 
the angle between consecutive radii of the sphere along a great circle, or, what 
is the same thing, the angle between consecutive tangents to the geodesies 
u = const, of the surface, the evolule of the curve 

P2=2Fi 
is given by f ^ ^dV^ 

As the generating developable is the same for both S and S^^ the function U is 
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the same for both. Therefore, given a surface S corresponding to a system of 
expressions for the functions \/^, U and Fj; if, in the first cost?, sint?, are 

dV 
replaced by — sinv, cosv respectively and Fj is replaced by -j-i, the corre- 
sponding surface is the second sheet of the envelope of S. 

For example, if we make these changes in (23), we have the following 
expressions for the coordinates of the corresponding surface S^ : 



(25) 



a-g = 2 / CT sin udu — 2 cos uj -^ sin v dv , 
^2 = — 2 / CTcos udu — 2 sin uJ -^ sin v dv , 
28 = — 2 I -^ COS V dv. 

From the definition of the evolute, we have that 

x^ = x—p^X, y% = y — ^%T, z^ — y — p^Z. 

If the previously found expressions for sc, y, z, p,, JT, T^ Z are substituted 
here, these equations can be brought to the form (25). 

8. We have remarked that surfaces of revolution belong to the class under 
discussion and have given an example of a spherical representation of these sur- 
faces. Now we wish to find all possible forms of the functions Z7i, U^^ U corre- 
sponding to surfaces of revolution. We do this by expressing the condition that 
pi shall be a function oft; alone. From (12) this gives 

UifVco8vdv+ U^fv^invdv^- U 
Ui cos V + U% sin v 

The following cases give all the possible ways in which this equation of condition 
is satisfied, and, furthermore, there are surfaces of revolution corresponding to 
each of these cases. 

where X is a constant equal to or difierent from zero. From (10) we find that 
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U^i2i ^B» ^ are constants ; put 

C'la^Clj Uf2=C2i i^S=^8- 

On account of the relation between Dij ,...., C^aj we can introduce two func- 
tions $1 and $2 as follows : 

CTji = sin $1 cos 6^ , U^i Cg — ZT^i c, = sin di sin 0,, Cj = cos di. 
From (10) Oi= ?7,, 

'^^"''"^ e. = n+fu,du. 

where yi is a constant. Therefore 

Un = ^/l— cf cos (ti +f^idu^ » 

and similarly for Z7,i and IT^i. Hence JT, F, Z are given by quadratures and, 
therefore, the complete determination of the surfaces of revolution, for which 
^g z= Z7i cost?, reduces to quadratures. This is the case previously discussed 
at which time we took J7i = 1 . 

2^ cri = o, U—XUz. 

This case is similar to the preceding and leads to similar results. 

3^ U^ = 2.U2=fiU, 

where Jl, (i are constants, and Z7is either a function of w or a constant different 

from zero. Recalling the preceding results and remarking that -^^ = ;i, we 

Fee that the problem of determining the direction cosines of the normals to the 
surface is equivalent to that of finding general helices from their intrinsic equa- 
tions. By methods similar to those used in case 1**, it can be shown that this deter- 
mination reduces to quadratures. Hence the surfaces of revolution, for which 
^g = I7j (cos V + ^ 8\nv)j are found by quadratures. 

4^ u, = xU2. u=(i, 

where Jl, // are constants. This case is similar to the preceding. 

9. Since p^ is a function of v alone, for p^ to be a function of p, it also would 
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be a function of v alone, and, consequently, S would be a surface of revolution. 
Hence, surfaces of revolution are the only surfaces of Monge which are Weingarten 
surfaces. 

Again, from (19), 

/ E \J ^^^ — pj VS U^J Fj cos V do — U^J Vi sin vdv— U 
^■^^ JWv " ^^ • 

For S to be an isothermic surface, it is necessary and sufficient that the numera- 
tor of the right-hand member be a product of a function of w by a function of v • 
It is readily seen that the four cases 1**, 2**, 3°, 4** of the preceding section are the 
only ones satisfying this condition; hence, the surfaces of revolution are the only 
surfaces of Monge which are isothermic. 

10. It is well known that the direction cosines X, T, Z, corresponding to a 
given family of great circles and their orthogonal trajectories, are particular 
solutions of the equation* 

duov ov cu ^ ^ 

and the envelope of the plane whose equation is 

Xx+ Yy + Zz= TT, 

where TTis a particular solution of the above equation, has the curves u == const., 
V = const, for lines of curvature. Moreover, the cartesian coordinates of the 
point of contact aref 

x=WX+A{W,X), y=WT+A{W,Y), z=WZ + A{W,Z), 
where A(^, 4^) is the mixed differential parameter defined by 

The general integral of (26) is readily found to be 

W=co8vf UUi du + sin vf UU^ du + F, (27) 

* Bianohi, Lesioni, p. 119. t lb., p. 187. 
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where CT, Fare functions of u and v respectively. From (7) we see that the 
problem of finding X, F, Z reduces to taking zero for Fand the choice of three 
sets of values for 27 so that the resulting forms shall satisfy conditions (8) and 
(10). After X, F, Z have been found and the two quadratures in (27) for 
any value of ?7have been eflFected,the corresponding surface Si& found by diflfer- 
entiation. When we compare this result with those of the preceding sections, 
we see that the actual determination of the surfaces requires fewer quadratures, 
but an inspection of the above formulsB shows that the preceding method leads to 
a more ready geometrical interpretation of the results. 

It is of interest to remark that when F=0 in (27), W has the same form 
as \/^. Substituting vS for 6 in (26), we find Ui = ^Ui, where >l is a con- 
stant, taking any value. Hence, when 

^g = J7i(;i cost; + fi sin v), d^=0, ^=1, 

the envelope of the plane 

Xx+ Yy + Zz = V^ 

is a surface of revolution having the lines u =: const, for meridians and v = const, 
for parallels. 

Prinoeton, March, 1902. 



On the Invariants of a Homogeneous Quadratic Differ- 
ential Equation of the Second Order. 

By D. R. Cubtiss. 



The subject of invariants of linear differential equations under the trans- 
formation 

i? = //(x), y = Mx)v. (1) 

where //(x) and %{x) are arbitrary functions of x, has been discussed by many 
writers. A brief summary of this work may be found in a paper by Dr. Bouton 
on the invariants of the general linear differential equation.* These considera- 
tions have been extended to systems of linear differential equations by Dr. Wil- 
czynskijf at whose suggestion the work of this paper was undertaken. But 
although Staeckel has shownf that (1) is the most general point transformation 
which converts a homogeneous differential equation of any degree and of order 
greater than one into another of the same degree and order, equations of degree 
higher than unity have so far received very little notice. 
In this paper I propose to treat the equation 

where Pu Pz* Pb9 Pn gz ^re functions of x, and determine those functions of the 
coeflBcients and of their derivatives which are the same for (2) and for any equa- 
tion obtained from (2) by any transformation of form (1). A few applications 
will also receive brief notice. 

Appell has published a paper§ in which he finds some of the invariants 

* American Journal of Mathematics, Vol. XXI, No. 2, 1809. 
t Transactions of the American Mathematical Society, Vol. II, No. 1. 
t Grelle^s Journal, Vol. CXI. 
i Journal de Math6matique, 4th Series, Vol. V. 
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of this equation, but he investigates only so much of the subject as is useful in 
certain applications which form the bulk of his paper. His work will be referred 
to later on. 

The transformations (1) evidently form an infinite continuous group which 
may be defined by differential equations. We may therefore use Lie's theory of 
such groups, and this method of treatment constitutes the main advance of this 
paper over Appell's on the same subject. 



A. — JSeminvariants. 

Let us first transform the dependent variable alone. Functions of the coeflB- 
cients and of their derivatives which remain invariant under this transformation 
we shall call semin variants. 

Denoting derivatives by accents, we have 

y =X(x)V + ;i'(a:)>7, \ (3) 

y ' = X (x) ri' + 2;i' (x) ri + V' {x)yl^ 

As Appell remarks, y, y', y" are expressed linearly in terms of >;, Vt »?"» so 
that the invariants of the ternary quadratic form corresponding to (2) will be 
included among the semin variants of (2), and will, in fact, be relative invariants 
under the general transformation, since this again transforms y, y\ y^' linearly in 
terms of >? , >/, >;". 

Substituting (3) in (2), we obtain the equation 

V'' + ^Thyf" + n^rf + \n^yi n + 2p,>7''>7 + An^yf' rl - 0, 
in which the coefficients have the values 



'«i = X+i'" '*«=(t-) + ^^x"*'^»' 



pi = -5- + 2p,^+g'„ 



^ = 



X' fi' 






(4) 
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The infinitesimal transform atims of the group (3) are obtained by putting 

V = 4/S<, etc. i 

^ (a) being an arbitrary function of x alone, and ht an infinitesimal. 

By inserting in (4) the special values (5) for X, X', etc., we find the infini- 
tesimal transformations of the coefficients to be 



hpi =z^St, 5p» = 2pj ^' 8t, 



(6) 



To obtain 5jpi, ^pi, etc., Spi', hp'j etc., we need only take derivatives, of the corre- 
sponding order, of 5pi, hp2, etc., since the independent variable is left un trans- 
formed by the group (3). 

We have then, finally, the extended transformation 

^(/)»'=i(f«i^+i^!+--)+f«?.+|j»si+- • (') 

If F{p^,p2, qz,'", pi pi qi "' ,Pi\ p'i\ q^\ • • • •) 

is a seminvariant, it must be a solution of X (/) = 0, and conversely, any solu- 
tion of this equation is a seminvariant. We shall first look for the rational inte- 
gral seminvariants ; we shall find that all others can be expressed in terms of 
these. 

Let us assign to y, y, y" the weights 0, 1, 2 respectively. Then, in order 
that (2) may have all of its terms of the same weight, namely 4, we must assign 
to p^ the weight x , and to q^ the weight 2. Further, let the weight of p^i^ be 
♦ + r, and let that of g^^*"^ be 2 -{- ;[/, and let the weight of a product be eq.ual to 
the sum of the weights of its factors. We say that an expression is isobaric of 
weight Jl if all of its terms are of weight %. 

It is evident that there is no integral rational seminvariant of weight 1. 

Seminvariants involving expressions of weight no greater than 2 must satisfy 
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the equation 

Since ^ is arbitrary, this breaks up into the two equations 

These are independent and form a complete system ; hence we have two inde- 
pendent solutions, and these are easily found to be 

Q, = q,-p[-pi. (9) 

Let Pa be a seminvariant of weight 3. The most general expression isobaric 
of weight 3, written with undetermined constant coeflBcients, is 

^8 = <^Pi + ^P2P\ + cq%Pi + dpi + ep!^ -V fqt + gpiPx + W 

Hence, if this is a seminvariant, we must have 

^« =ai)i^" + a {2p, + q,)^' + bp,^' + 2bpl^' + cq,^' + cp,{^'' + 2p,^^) 

+ Sdpl ^' + 2ep, ^" + 2epi ^' +/^"f + 2/p, ^" + 2/p[ <^' 
+ 9Pil>' + 9Pi^'' + W==0. 

From this condition follows the system of equations 

/+A = 0, a + c + 2e+2f+g = 0, 2a + b =0, 

a + c=0, 26 + 2c + 3d =0, 2e +2/+ g=0. 

Of these only five are independent, so that we have three independent seminva- 
riants of weight 3, one being 

Pz —Pi — ^PtPi — qiPi + 2p?. (10) 

The others turn out to be Pg and Q^- I^ fact, since the independent variable is 
untransformed, any derivative of a seminvariant will itself be a seminvariant. 
P4 must be a solution of the four equations 
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a/ 



dp'. 



+ 2p,^ + 2i,i^ + 2i>i'^+ 2p,^ 






3/ 



+ 2p 






3/ 



a/ 



+ 2/>{'^, + (2i>. + <z,)|/+(2;>R9i)^ + 4j,,^ = 0. 



8 



3^^'^' 3^ 



3/ 
3?i 



a/ 



7 + 2i>,^ + 4^;^, + -;:- + 2;,, J^, + 4/,{^;:^ + ;„--^ 






3/ 



+ 2>ia|: + (2/>, + ?.)|^,+ 2,,3| = 0, 






aK 



^a^i'-^- 



(11) 



Without going through the details of solving this set, we may notice that it 
is a complete system of four independent equations containing thirteen argu- 
ments; the nine independent solutions are P,, P^, Pg', Q,, Q',, Qg, I\, P^ and 

Pi=Pi- 4/)s2>i + 4/),l>f + 2q,p\ - Sp{ - 2q,p[ +/>,'* + 2/),'^. (1 2) 

Turning novr to the general case, and considering the case of irrational as 
well as of rational seminvariants, it is evident that any function of seminvariants 
alone is itself a seminvariant. The question now arises: Can we obtain a com- 
plete system of seminvariants, i. e., a set such that all other seminvariants are 
functionally dependent upon it? We can answer this in the affirmative ; in fact, 
Pj, Q,, Pj, P4 and their successive derivatives constitute such a set. For the 
fundamental differential equation, taken to terms of weight v, will contain the 
first V derivatives of ^ ; we shall have then a complete system of v equations in 
the 6v — 7 arguments 



PiyPu 
P»i pi 

q%'q»> 

Pi, pi 
Pi, pi 



, p'r\ 
,pi'-'\ 

,pi"'\ 

,pi'-*K 



(13) 



That these v equations are all independent, follows at once from the fact, 
illustrated by (11), for the case v = 4, that each contains one and only one 

term of the form -^^) » t being different for each equation. Accordingly, there 
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are 4v — 7 seminvariants, and no more, functionally independent, involving the 
arguments (13) only. Such a set is formed by the quantities 

P P' p<»-2) ^ 

-^it -^^j • • • • > -^j ) I 

p,. Pi ,Pi'-*\ I ^ ' 

4, -£-4, . . . . , ^4 , J 

for they involve only the arguments (13), are 4v — 7 in number, and are all 
independent. The truth of this last statement may be shown thus : The members 
of any row of (14) are evidently independent of each other ; the second row has 
in each member a term of the form q^^ not to be found in the first row ; the third 
row has in each member a term of the form p^^ not to be found in the two pre- 
ceding rows ; the last row, a term of the form pf{^ not to be found in any preced- 
ing row. 

We have thus demonstrated 

Theorem I. — All seminvariants^ rational or otherwise, of equation (2) are 
functionally dependent on P^y Q2, Ps^ Pi and their successive derivatives. 

B. — Invariants. 

It is evident that invariants can be functions only of the seminvariants. If 
we apply to (2) the transformation i^ = ^(x), we need only examine how this 
affects the seminvariants, obtaining in terms of them the differential equation an 
invariant must satisfy. It should be noted that the derivative of an invariant is 
not, for this general transformation, an invariant, since the independent variable 
is now also transformed. 

We have | :=ni{x), 



dx ~ d^^' 

d^y _ d?y tix%xdy „ 

Equation (2) now becomes 



(15) 
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where the new coefiScients are 

The infinitesimal transformations are obtained by putting 

^ = x — v{x)St, (16) 

V (x) being an arbitrary function of x, and St, an infinitesimal. We have writ- 
ten — V (x) rather than + v (x) so as to harmonize with the infinitesimal trans- 
formations of the dependent variable y. If we denote by Sx and 8y the infini- 
tesimal transformations of x and y respectively, taken both times in the sense — 
new value of a? or y minus the old value — we have, in our notation, 

8x = — v{x)6ty 5y = — 4) (x) 8t . 

Prom (16) follows 

This leads immediately to the following expressions for the infinitesimal changes 
in the coefficients : 

^ipi = (i/ p, - 4 v") k , Spi = (2v'pt - pi v") St , 

Sqt = 2v'qtSt, Spt = {Sv'pa — ^q,v")6t, Spi=4v'piSt. (17') 

To obtain the variation of a derivative of a function whose variation is 
known, we make use of the formula 

In the present case, since jx = — v8t , this equation becomes 

¥' = -^m + ^f^i' (18) 

In particular, we have 

Sp[ = {2v^pi + v"p, - i i/'O 8t . 
The variations of the seminvariants can now be obtained. They are given 



372 CuBTiss : On the Invariants of a Homugeneuus Quadratic 

by the equations 



hP, = {3v'P, + v^^P,)St, I (19) 

HP, = {4v^ P, + 21/^' Ps + v^' Qz) 5«, ^ 

while hPzf SPj/t SQ%^ etc., are readily calculated from (19) and (18). 

Having thus applied the general infinitesimal transformation of the group 
to the seminvariants, we may at once write down the equation characteristic of 
an absolute invariant : 

It is easy to verify the fact that for our present equation the following state- 
ments, quoted almost verbatim from the paper of Dr. Wilczynski, already 
referred to, hold true equally as well as for linear equations : 

1. Every absolute invariant is isobaric in the coeflBcients (and therefore in 
the seminvariants (14)) and of weight zero. 

2. An absolute invariant, rational in the seminvariants (14), must be the 
quotient of two relative invariants of the same weight. 

3. A relative invariant is isobaric in the seminvariants (14), and if the com- 
mon weight of all its terms is w, it satisfies the equation 

««,a) = (/*')- "«»(x). (21) 

or, for infinitesimal transformations, 

hB^^wQ^v^ht. (22) 

For proofs which need scarcely any alteration. Dr. Bouton's paper on the 
linear equation may be referred to. 

The first equation of (19) shows that P^ is a relative invariant. Therefore, 

e, = P,. (23) 

Clearly ©, must have the form aPl^ + ^^jj + ^-Ps- Accordingly, 
50, = ]a (3i/P^ + 2y'P2) + h (3i/gi + 2i;"g« + \ r<^>) + c (3i/P, + i;"P,) } ht 
= Zv%ht, 

from which follows 6=0, c+2a = 0, 

so that we have ©s = A — i Pt* (24) 
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The equation for an absolute invariant involving the semin variants (14) 
up to weight 4, breaks up into the following system: 



+ (3i'. + i>'.)^ + 2P.^^ = 0. 



> (26) 



These are all independent, hence there are 9 — 5 = 4 functionally independent 
solutions ; i. e., four absolute invariants, or five independent relative invariants. 
These five relative invariants are solutions of the first four equations, their left- 
hand members having been multiplied into v^\ v^^\ v^^t v" respectively in (20) 
(see (22)). 

One of these solutions should be the discriminant of the ternary quadratic 
form corresponding to (2) ; this is 

5, = i1-P,(P,-(2|). (26) 

Two others we already know, 02 ^^^ %- Without going through with the 
process of solving the equations, we know a priori another, given by Forsyth's 
Jacobian process :* 

e.^se^e^— 26^02. (27) 

For the fifth, we may take 

d.= Pt+4Pi ©3- 2P,Pi + 2PiP,. (28) 

These are all independent, as may easily be verified. 

Before leaving this part of the subject, let us note an invariant 6^ which we 
shall refer to later on. This is connected with the invariants already obtained 

* Phil. Trans., 1, 1888, pp. 407-418. 
48 
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by the relation 

^2^4— 1265— 3d«+ 16§«— 2§e = 0. 

Its value in terms of the seminvariants is 

Q, = 15 {P, — Ql) - lOP^ + 2P'j + 1 2P2 g,. (29) 

Let us now attempt to find a complete system of independent relative inva- 
riants containing seminvariants (14) up to weight a (a > 2). These will be the 
solutions of the system of equations which (20), taken to terms of weight (t, 
breaks up into (excluding that one whose left-hand member is multiplied by 
v' in (20)). (19) shows us that these equations are a in number. They are 
linearly independent ; for a consideration of (18) and (19) shows that two of 
them are 

^ a/ -0 9/ -Q. 

while if we write down the other equations obtained by equating to zero the 
coefficients of v", r^'\ , in (20) in this order, each contains a term of the form 

Xp P^^ ^w^^^) (*<» * constant) which does not occur in any of the preceding equa- 
tions. Hence, since the arguments are 4<r — 7 in number, there are 3a — 7 
functionally independent solutions. 

We may now state 

Theorem II. — The number 0/ independent relative invariants of (2) containing 
seminvariants (14) 0/ weight a or less is Za — 7 . (a > 2) . 

It can now be shown that Forsyth's Jacobian process yields, when applied 
to the invariants already in our possession, a complete system. Let us write 
Q^ = 3^2 O3 — 26j ©jj, 
% =6did6— 20^^,, 



^8A-6=(3'<'— 9)^8^8A-9— 2d8A-9^8, 
53A-«=(3X-9jei§8X-9-25i,.,e,. 

68A-6= (3^ 9)^2 ^8A-9 ^^Zk-9^t- 



(30) 
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The invariants ©„ d^y ^sx-si 5sa-6» ^8a-6» (X = 4, 5, 6 , , a) are 3a —7 in 

number, and they are functionally independent, for, taken in this order, each 
contains at least one seminvariant not to be found in the preceding ; these are 
BMQCQBsiv^ly, P^,P',,P,, PI P'^, PI P'^\... ,Pi'-»>, Pi'-^i^/-» Finally, 
this set involves seminvariants of weight or, and of no higher weight; for, by 
their law of formation, ds^.e, ^sa-si ^sA-e contain seminvariants of weight higher 
by unity than any entering into Osx-gi ^8a-»» ^sa-9> ^^^ of no higher weight ; d^ 
contains a seminvariant of weight 2, Q^ one of weight 3, while the highest weight 
of any seminvariant in%,d^,9^\Q A\ a simple induction completes the proof. 

We have now established 

Theorem III. — dj, d,, dsx-e* ^sx- e* ^8a-6» ('I = 4, 5, , a) form a complete 

ay stem ofrekUive invariants containing seminvariants (14) of weight a or less (<r>2) ; 
all other such relative invariants are functionally dependent upon these. 

Hence, all absolute invariants, rational or irrational, containing these semin- 
variants, depend functionally upon the 3<r — 6 independent rational absolute 
invariants formed from the above system of relative invariants. 

Note that another system might have been obtained by substituting % for 
d, in (30). 

In passing we may notice another important class of invariant expressions. 
We have rf^ = fi! (x) dx. Accordingly (see (21)), denoting by Q^ (^) , as in (21), 
the invariant corresponding to d^ formed for the transformed equation, 

xir ^ — /*'-'«, (x) ^'^"'--BA^^' 

There exists, therefore, a class of integral invariants of the form 

C. — Semicanonical Form. 

We may choose X so as to make the coefiScient iti in the transformed differ- 
ential equation vanish. Equations (4) show that this may be accomplished by 
putting 

^' - ., 

or A,= C?6"-^'^^- 
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As the expressions for the seminvariants show, and as may be verified by 
substituting the above value for % into equations (4), the transformed equation 
becomes 

n"' + 4P« V' + P,n^+ 4P, W + 2(2, V' = 0. (32) 

Its coefficients are seminvariants. This form of the differential equation, which 
is characterized by the conditional =: 0, will be called the semicanonical form. 
The transformation leading to it requires only a quadrature. 

D. — Canonical Form. 

The general transformation (1) contains two arbitrary functions, % and /i, 
so that we should be able to obtain a transformed equation lacking any two 
terms, except of course the first. But, in general, the equations determining the 
values of X and ^ for such a transformation are not solvable by quadrature alone. 
We can, however, by mere quadratures, determine % and ft so as to make the 
coefficients of yt/, y'y disappear in the transformed equation ; i. e., we can 
reduce (2) to the form, 

(S)'+'^(al)'+-'^+^''S=»' <'') 

which we shall call the canonical form. 

Let the transformation reducing (2) to this form be 

Instead of actually carrying out such a transformation, we may determine 
/, e/'and JTby means of the invariants of (2). 
We find that for equation (33), 

a T a jrf/ . dl dx 

d, = iPK, d, = — I{J-JP). 
Therefore, making use of (21), we have 



/-A -£- ^» 



(34') 
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From these equations we can easily calculate /, J, K, their values being 



/— A T— ^ — 1 
M' 



J = 



ir= 



_ ^. 



In addition, we obtain from (34') 

M = Ctfei^^^dx + C7„ 



4^ilf'' 
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(36) 



(36) 



C2 and G^ being arbitrary constants. 

If we apply (34) to (2), the coeflBcient of FT" in the transformed equation 

will be 

, if ' 1 /A' ^\ 



Since this must vanish, we have the following determination for A (x) ; 

A{x) = 0,0^^6-^ ('''''^^y\ 



(37) 



We have, in the preceding work, taken it for granted that a transformation 
exists which will reduce to form (33) equation (2). We may, however, by 
actual substitution, readily verify the fact that (34), as determined by (36) and 
(37), really does reduce (2) to the desired form. 

We should note one exceptional case where the canonical form fails, namely, 
where ^j, = . An extended discussion of this case will not be attempted in this 
paper. We may here reduce (2) to a form containing only three terms, but the 
transformation can no longer be obtained, in general, by mere quadratures. In 
fact, it may be readily verified that if ^ is any solution of the equation 



the transformation 
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where Jc is any constant, reduces (2) to the form 

KdJpJ ^ IP ^dX^ 15P ^-^' ^^^^ 

At this point we may compare Appell's results. (33) is substantially his 
canonical form, but throughout he uses only indefinite integrals, neglecting the 

constants in (36) and (37) ; /, J^ ^and iM' dx are then absolute invariants, 

and these, with the derivatives of /, /, K, with regard to X, form a complete 
system. To show how this system may be connected with the one we have 
assigned, the following equations may serve as examples: 



4jr 


0, K* 

01' 


— J 

P ~ 






\dx) 

AP - 







Our system has the advantage of giving us explicitly rational integral rela- 
tive invariants, and also takes into account the constants of (36) and (37), thus 
giving the most general transformation reducing (2) to the canonical form. To 
find the most general transformation leaving (33) invariant, we need only sub- 
stitute M^I for 0, and — \ MT for d, in (36) and (37). The result is 

y=(7iF, X=Ci»+Ci, (39) 

The most general infinitesimal transformation leaving the semicanonical 

form invariant is easily deduced. The total infinitesimal change in a coefficient 

for transformations (6) and (16) together is evidently the sum of the changes due 

to the transformation of each variable separately. We wish, then, to obtain all 

those transformations which make hpi vanish if pi is zero. From (6) and (17') 

we find 

hp^^{^^^v%-\v^^)ht. 

Hence for any infinitesimal transformation leaving the semicanonical form 

unchanged, 

^' — i v" = ; i. e., ^ = i v' + c (c an arbitrary constant). 
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This gives the infinite subgroup, whose infinitesimal transformations are 

hy=—^{x)yht:=i — {\v^{x) + c)yht^ . . 

h^ = -v{x)ht. ] ^ ^ 

The corresponding finite transformations are 

y-^nJcfi^'^Yi (Aj an arbitrary constant), ) , . -x 

The equations for the most general subgroup leaving the canonical form 
invariant are 

giving ^ = ^1, i^rrAjar+A,. 

The infinitesimal transformations sought for are therefore 

hy=—k,yH, \ . . 

hx = -{h^^h,)ht^) ^ ^ 

and, of course, (39) gives the corresponding finite transformations. We should 
note that under the subgroup (39) the derivative of a relative invariant is itself 
invariant. For, by (18) and (22), 

hei- ^ {hB:)'\'v*eiht = \av^'e,+ {a + \)v%\m. 

But, since for all infinitesimal transformations of the subgroup r" = 0, 

5d:=(a+l)i/e:3<; 

i. e., 0^ is an invariant of the subgroup. Clearly any transformation (2) agreeing 
with (39) in its change of independent variable has the same property. 

E. — Remarks and Applications. 

If 62 vanishes identically, the complete system of Theorem III apparently 
reduces to 6^ alone, while if both 6^ &^^ % vanish, every member of the system 
become equal to zero. The vanishing of 9^ ^^^ ^s means no more or less than 
the vanishing of P^ end P, ; hence we might go back to the differential equation 
(20), omitting terms in P,, P, and their derivatives, and from its solutions build 
up a new complete system. Nevertheless, the system of Theorem III, though 
all its members vanish, is still complete ; all relative invariants may be obtained 
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as the limits of combinations of its members; an illustration is afforded by $^ 
which equals 16 (P^ — Q\) when $^ = $^ = 0. 

For some purposes a form of (2), in which (t/'Y has a coefficient j>o different 
from unity, may be advantageous ; it will be general enough to take p^sB^k con- 
stant. In this case Pq is absolutely invariant. Seminvariants and relative inva- 
riants are readily obtained from those given in this paper by writing £l , ^ , 

etc., for j9i, p2, etc., and multiplying the resulting forms by a power otp^ suffi- 
cient to clear of fractions. Isobaric seminvariants and invariants are then homo- 
geneous in the coefficients. From these results we could easily construct the 
invariants of a form of (2) lacking the term in {j/'Y. 

In conclusion, a few applications are here given, the discussion in each case 
being as brief as is consistent with clearness. 

1. Two equations of form (2) are equivalent under a transformation (3) of 
the dependent variable alone, when all the seminvariants of the one are the same 
functions of the independent variable as are those of the other. This condition 
is necessary, as is clear from the definition of a seminvariant, and it is also suffi- 
cient, since the semicanonical forms of the two equations are then identical. 

2. Two equations of form (2) for which $$^0 are equivalent under a trans- 
formation of the group (1) if a transformation ^ = jlZ (x) exists which, when 
applied to the absolute invariants entering into the canonical form of one equa- 
tion, gives the corresponding invariants of the other equation. 

First, this is necessary ; for, suppose a transformation ^ = jx(a;), y = %(x)97 
changes an equation (A) in terms of x and y into an equation (B) in terms of ^ 
and fj. The absolute invariants of (B) are in terms of ^, and, from the nature 
of an invariant, must all be identical with the corresponding invariants of (A) if 
fZ {x) be substituted for ^. 

This condition is also sufficient ; for transform (A) into an equation (C) in 
^ and y by means of the substitution { = jx (x). The invariants of (C) are now 
identical with those of (B) ; and we may easily show that (C) and (B) are equiv- 
alent under a transformation y = % (x) 97 = A. (£) n of the dependent variable alone. 

Q 

To prove this, reduce both to the canonical form. Now ^ (2^ and G^d^ sre 

both absolute invariants ; this may be shown as in the work preceding (31) ; hence, 
choosing (7|, {7|, and c the same for each (see (36)), M is identically the same 
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for (C) as for (B). /, /, K are the products of absolute invariants and expres- 
sions of the form 






r being either 2 or 4, and are therefore also the same for (C) and (B). Thus 
(0) and (B) are reduced to identically the same equation by transforma- 
tions which agree so far as the independent variable is concerned ; they are 
equivalent under a transformation of the dependent variable alone ; (A) is trans- 
formed into (B) by the substitution of variables ^ = jS (a), y = X(a;)>7. 

To apply this test to two equations in x and ^ , we should equate the abso- 
lute invariants entering into the canonical form of each ; if these relations all 
give the same solution for ^ in terms of x, the two equations are equivalent. In 
particular, if one has constant coefficients, the absolute invariants of the other 
must reduce to constants. 

Note that the preceding work shows that if the absolute invariants entering 
into the canonical form of the one are carried into the corresponding invariants 
of the other by the transformation £ = jx(x), the equations are equivalent, and, 
therefore, this same transformation carries all the absolute invariants of the one 
into those of the other. Thus the invariants of an equation (2) are completely 
determined by those which enter into the canonical form. 

Remembering that one invariant entering into the canonical form is-^ dx, 

it will at once be seen that the equivalence condition may be given in the fol- 
lowing form : 

«'«) = (l)"'»'W' «•«) = (§)"'»• w- 

»'(9 = (I)"''''W' '.(f) = (!)"'». W' 

the invariants on the left-hand side of each equation being formed for the equa- 
tion in i^, those on the right for the equation in x. 

We have assumed here that 0s ^ 0, i. e., that a canonical form is possible ; 
we shall not in this paper attempt the discussion of the case 6^ = . 

3. If 00 vanishes identically, (2) breaks up into two linear equations of the 
second order. 
49 
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4- If dg = 6| = 64 = 0, (2) is the square of a linear equation of the second 
order ; (2) then has no invariants. For if ^^ = 63 = 64 = 0, 

P, = P, = 0, 

the form (38) reduces to 

(^7 = 0- 

Form (38) also gives us a binomial form 

to which (2) is reducible in case 6^ = 6| = 0. 

5. Appell, in the article already referred to, has developed the condition 
that (2) should have for its general solution 

y z= h^u^ + hku^ + Vu^j 

h and h being arbitrary constants, and Ui,U2^v^ linearly independent solutions. 
The conditions he develops are -2^= C^ J-=G^ + 4(7/, G being a constant. One 
of these conditions may be replaced by the relation 0^ + ^^ = 0. 

UmVKBSITT OF Gauvornia, Bbbkelet. 



Surfaces of Constant Mean Curvature. 

Bt L. p. Eisenhabt. 



Gosserat has established the following theorem :* 

Let ^ he any function of two varieties a and v ; if z denotes any soliiHon of the 
eqwdxon 

3*2 I dttdv dz , dv>dv 9z „ r. x 

du dv 

the formttlce 

^^ dv, z = z, (2) 



, . . . # \du / , , \ov 4 

x-\-xy=<p, x-ty=-l -^du+ -^ 

%/ du dv 



give the cartesian coordinates x, y, z of a surface for which the parametric lines are 
of length zero; and the square of the linear element is 



/dz_ d<p_dz a$Y 
\du dv dv du ) 



^^ wik — ^''^''' ^^^ 

du dv 

This method for the determination of a surface lends itself particularly to sur- 
faces of constant mean curvature. We find that for this class of surfaces 
the function ^ satisfies a partial differential equation of the fourth order, 
and that when a particular integral is found, the further determination of the 
corresponding surface requires quadratures only. Several particular integrals 
can be found ; in some of these cases the surface is imaginary. 



* Gomptes Hendus, 126, pp. 159-162. 
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Prom (3) we have 

/dz 3^ dz 9$\* 

TP v/'3a5V_ft p—'c^* 3x i\^ 3» 3c duj 

^— *l!5rJ — "' -'' — -^arra:: * ^jr-az ' 



3t* dv 



(. = 2(^) = 0. (4) 



DiflFerentiating the first of these expressions with respect to w, we have 



dx d^x 
Associate with this the identity 






where X, F, Z denote the direction cosines of the normal to the surface, then we 

have the relations 

dx dy dz 

3^ 9m du 

du^ du^ du^ dt^ 3t? du^ 

In consequence of (4) we have 

and hence if we adopt the notation 

Cur du dv dv 

the above identity gives 

in like manner it can be shown that 
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SubBtitttting for x, y, » their expressions firom (2) and making use of (1), we get 

/3»^ 82 ___3$ 3»a\* /3»^ 3a _ 3^ 3*a\" 

T)i _ \3t? 5tt 5w St?/ ryfi _ v5^ 3p StT g^/ 

yyt , /8z 8^ 32 3^\* \3« dvJ ,-x 

KSHJ \dvJ 
The expression for the mean curvature takes the simple form* 

where pi and p, are the principal radii of curvature ; hence for surfaces of con- 
stant mean curvature x, we have 

D' _ 

Substituting !> and F their expressions from (7) and (4), we have 

du dv \du dv dv du ) ' 

Since the sign of the mean curvature of a surface is determined by the 
assigned positive direction of the normal, it is evident that there is no loss of 
generality if we write the above expression as follows : 

dudv \3u ^ dv duJ * . ' 

By retracing the steps in the above development, we find that the converse 
of this result is true. Hence, the necessary and sufficient condition that formuIsB 
(2) define a surface of constant mean curvature x is that ^ and z satisfy equations 
{I) and (9) simultaneously. 

When x = 0, that is, when the surface is minimal, equations (9) and (1) 
reduce to 

^^ =0 -^=0, 
dudv ^ dudv 

* Bianohi, Lezioni, p. 104. 
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hence 

where Ui and Uf^ are functions of u alone, Vi and Vf are functions of v alone. Sub- 
stituting these expressions for ^ and z in (2), we find the well-known property 
of minimal surfaces, namely, that their cartesian coordinates are expressible as a 
sum of two functions, each of one of the parameters of its' lines of length zero. 
That this is a characteristic property can be seen from (9). For, in order that 

75—^ be zero, it is necessary that x be zero ; otherwise 
dudv 

3« 3(J> dz^ ?^ = 

du dv dv du * 

that is, z is expressible as a function of ^ and likewise x and y, and conse- 
quently the formulsB (2) would define a curve and not a surface. We will not 
discuss any further the case where ^c = , but in what follows it will be under- 
stood that x^O. 

From (9) we see that if ^ is a function of u alone or a function of v alone, 
the above equation holds, and consequently the surface reduces to a curve. 
Hence 4> is a function of both u and t; . 

Eliminating z between equations (1) and (9), we find that for equations (2) 
to define a surface of constant mean curvature x, the function'^) must satisfy the 
following partial diflFerential equation of the fourth order : 






du dv / \ du dv I 



9*^ 3*^ 3*4> 
5i? du dv 



du 



)v dv" _ ( ay Y I du^ d^ \ 

^ \dadv) I /a^Y /a4>Y / ' 

dv \\du) \dv) / 



(10) 



It is of interest to note that this equation does not involve x, and hence the 
general solution leads to surfaces of any constant mean curvature whatever. 

Solve equation (9) for ^ and substitute its expression in (1); then, by a 
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quadrature^ we find 

dz 



5t7 






(H) 



where 17 is a function of u alone, whose form is perfectly determinate for a value 
of ^ , as we shall see^n a moment. In a similar way we find 






T. = i^¥A I ^7^'^«+^l' (^^) 




where 7 is a determinate function of v alone. Since ^ -?- :^ 0, the condition of 

ouav 

integrability of the expressions, (11) and (12) reduces to 

du dv 

If this equation be differentiated with respect to u and v, the resulting equation 

can be brought to the form (10). Hence, for every particular integral ^ of (10) ^ 

the sum of the first three terms of (13) reduces to the sum of a function of t^ alone 

and a fimction of v alone. Thus, given an integral ^i, wejfind that the sum of 

the first three terms reduces to Ui+ V^, where Ui and Fj are readily found. Then 

from (13) we have 

U=Ui + c, V=- V^ + c, 

and, consequently, U and Fare known. Therefore, having found an integral of 
(10) and the corresponding function CTand V by means of (13), we get the z 
coordinate of the corresponding surface of mean curvature x by the quadrature 



-^/H'/m^^') 



du 



MfM'-&] '••' 
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From the form of equation (10) we see that an integral is determined only 
to within a constant factor, and we shall find that this factor fixes the magnitude 
of the mean curvature. Consider an integral ^ of (10) which does not involve 
a constant factor, and in (2) and (14) replace ^ by c^, where c is a constant. In 
place of ZJand F we must put U/c and V/c in consequence of (13). From this 
we see that the quantity under the integral sign does not vary with c. By 

means of (14) the expression for x — iy can be put in the form — |- 4>, where 4> 

is a function independent of c and x. Consider now two surfaces, of coordinates 
^> ^1) ^ and 0*2, Vzf h corresponding to the same function ^ and the values c^ 
and C| of the constant c. It is evident that the mean curvatures of the two sur- 
faces are unequal; call them Xi and x^. Then we get from (2) 

from which it follows that 

CjXi = c^x^. 

Hence, by choosing a suitable unit we can put c = — . We have then the fol- 

X 

lowing theorem : 

Given an integral ^ of equation (10) which does not involve a constant factor; 
theformuloa 

x + iy = ^lx, x-iy = -x/ ^rfti+^^cit;, (16) 

and (14) define a surface of constant mean curvature x. 

However, all surfaces defined by these formulsd and corresponding to the 
same integral ^ are homothetic to one another, and consequently, for the further 
discussion, there will be no lack of generality if we put x = 1 in (16). 

Suppose we put t«= Z7, and v=^ V^, where C^ and T^ are any functions 
whatever of new parameters u^ and t^^ respectively, defined in this manner, and 
denote by ^i the result of replacing u and i; in ^ by u^ and Vi respectively. It is 
evident that if 4> is an integral of equation (10), ^ is an integral of the equation 
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obtained from (10) by replacing u and v by u^ and vi ; we shall refer to this equa- 
tion as (10'). From the above we have 

dui du * ' dvi Cv ^ ' * " 

where the primes denote difiFerentiation. If these values for g^ du^^'^ *^^ 

substituted in equation (100» we find, after some easy reductions, 






^ at; / V 3^^ at?/ 



y^i y^^i a^^ 

at^^ ^^ 9^ _ /" 9> 
a^i a^i va 
3w^ ^ 






Comparing this with (10), we have the result : Gioen any function ^ («, ©) satis- 
fying equation (10), then ^{U, V) is an integral, where U and V any functions of 
u and V, respectively. 

Tn the same way it can be shown that equation (13) takes the form 






/\dudyj d^i I \ ati dv) 
a<^i /a$iY y /a^^ya^; 
a^ \at?/ ^ \duJ du 



Hence, the functions Ui and V^ corresponding to the solution ^i of equation (10) 
are gotten from those corresponding to the solution ^ by replacing u and v by 
U and V. In a similar manner it can be shown that the expressions for x — iy 
and z corresponding to the solution ^i are gotten from the corresponding ones 
for the solution ^ by the same substitution. However, since a change of param- 
eters doesn't affect the surface, and since the same lines are parametric when u 
is replaced by a function of t^ and t; by a function of t;, it is evident that all func- 
tions ^ which can be brought to the same form by such a change determine the 
same surface. 

We shall consider now the surfaces corresponding to several evident inte- 
grals of equation (10) and several which are readily found indirectly. 
60 
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A particular solution of equation (10) is given by 

4> = w. (16) 

When this expression for ^ is substituted in (13), the latter reduces to 

17—7=0, 
hence ?7=F=a, 

where a is a constant. Putting these values for ^, CTand Fin (14) and (16), we 
get 

x + iy = tii;, X — ty = i ( — — 2a log— — a*tn? j , 

\V/0 V / 

2 = i(log^ + aut;). (17) 

Eliminating u and t?, we get the following equation of the surface 

4(a* + y* + 2") = 1 + [22 — a (a: + ty)]', (18) 

Hence, unless a is zero, the surface is imaginary. When a = 0, equation (18) 
reduces to 

«' + 3^ = i, 

that is, the surface is a right circular cylinder. Recalling the preceding results, 
we have that the cylinder of revoltUion is the only real surface of constant mean cur- 
vature corresponding to the. function ^ = UV, where U and V are any functions 
whatever of u and v respectively. 

Another evident integral of equation (10) is 

^=-4—- (19) 

^ u + V ^ ^ 

As in the preceding case, equation (13) for this expression of ^ reduces to 

hence, I7=F=a, 

When these expressions for ^, U and V are substituted in (14) and (16), they 
give 

.. + iy= 1 , a:-^y= ^^^+^(^-^)-^^ . = ^Z:^«.(20) 
1^ + t; ^ u + v u + v ^ ' 
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If these values for ^ and z are put in the expressions (7) for D and D", we get 

that is, the lines of length zero are asymptotic lines for the surface. Hence S is 
a sphere.* In fact, this is readily seen by eliminating u and v from the expres- 
sions (20). If we introduce parameters t^ and vi defined by 

tii=2ti — a, t?i=2t; + a» 
the expressions (20) become 

Wi + t?! "^ Ui + Vl t«i + t?l ^ ^ 

and by elimination 

a? + f/^ + 7?=1. 

Hence, for any function ^ of the form jj y . the surface is a sphere. 

We propose now to find all integrals of equation (10) which are functions of 
u + V. If we denote by accents derivatives with respect to t^ + «?, we find that 
equation (10) reduces to the total differential equation 

Put y=z^',pz= ^", then upon substitution and reduction the above equation 
becomes 

If this equation is satisfied by j? = 0, we have 

^ = c{u + v)y 

where c is a constant, which, as we have seen, is the case of minimal surfaces. 
We exclude this case and introduce two new functions, z and r defined by 

^=2y*2, y = 6^. 

* Bulletin of the Amer. Math. Soo., March, 1902, p. 241. 
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Then the above equation reduces to 

cPz . dz . /dz\^ ^ 

An integral of this equation is z = const., say c ; then, from the above we 
have 

whence, by two quadratures, 



€»{U + V)' 



which, as we have seen, leads to the sphere. 
We exclude this case now and put 



dz _ . 



then the above equation becomes 



.*+<+. = 0. 



which, upon integration, gives 



z 2 



Retracing the steps in the above substitutions, we get 

4>=ytan " + ^ + ^ + j, (21) 

where a, fi, y, S are arbitrary constants. By a translation of the surface and a 
change of parameters, this expression for ^ can be given the form 

^ = X + iy = y tan {u + v). (21') 

The equation (13) reduces to 

4(» + «)+7-P'=o, 

r 

from which we have 

jr— 4k + 2S y__ 4p — 23 
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where j is a constant. From (14) and (16) we find 

z= (u — V + S) tan (w + v), \ 

x — ty = — A r!i±:^ —J Bm2{u + v) + (u — v + «)*tan (ti + t?)l )' ^^^^ 

When a surface is referred to its lines of length zero, the directions of the 
lines of curvature are given by* 

Ddu^ — D^dv^ = 0. (23) 

If the values of Z) and D' for the surface given by (21') and (22) are calculated 
by means of (7), we get for (23) 

duf — d'lf =0. 

Hence, if we put u + 1? = Wi, u — v = t»i, 

til and Vi are the real parameters of the lines of curvature such that the linear 

element takes the form 

dt^ = X{du\ + d^). 

The cartesian coordinates have the following expressions : 

05 -|- iy = tan iij, a; — ty = — I -^ — ^ sin 2ui — t;f tan Wi I , z = ivi ^^ Wi» 

from which it follows that the surface is imaginary. Combining the above 
results with the theorem which we established just before the discussion of these 
particular integrals, we have the theorem : 

Minimal aurfacea and the sphere are the only real surfaces of constant mean cur- 
vaiurefoT which ^ is a function of the sum of any function of u and any function 
ofv. 

Again we seek the integrals of equation (10) which are a function of ut?. 
If we denote by accents the derivatives with respect to tw, equation (10) 
becomes 

uv <^ V^ + 24^ V'' — 3<?>y + 3Mt? ^'" — 4uv ^yy ' = . 

Put ^' = ef, log ut; = r ; then this equation becomes 

d?t_di^d?t_dH_^ 
d^ dr dp di^ 

* Bianchi, Leuoni, p. M. 
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An integral of this equation is given by < = const. ; in this case 

which case has been considered before. Excluding this case from what follows, 

we make the substitution -=- = 0, and find that $ satisfies the equation 

ar 

^^-6^-^ = 
3r* dr dr ' 

This equation also is satisfied by $ const., say c ; then 

^' = e* = ac^ = a {my. 

But this is reducible by a translation of the surface to the general form ^= UV, 
and hence belongs to the first class considered. We make an exception of this 

case and put -j- :=zp; the equation in p is 

and consequently, 

y+2g+a 

P 2 • 

where a is a constant. From this we get 

2dd 



dr — 



' + 20 + a 



Three cases arise according as a is greater, equal to or less than unity. 

!•. a> 1. In this case 

r + a = , tan * -r=l , 

^ Va — 1 Va — 1 

where j3 is a constant. Retracing the steps, it is readily found that 

»= y tan^^^^(^°g^^ + ^) + ^. 
^ Va— 1 2 ^ 



xr 1 u Va— 1 Va— l(loe«+i3/2), v/a — 1 (logw + /8/2) 
If we replace y by z^ — 1 y, Jlir — ^ '^ — ZULL-J by «, -^— ^^ — L_fi^_/ 

by t? and h by zero, this expression for ^ becomes the same as (21'). Hence this 
case is the same as the general case where ^ is a function of ?7+ F. 
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v. a = 1 . Now 

and, consequently, 

loguv + ^ 
By a suitable choice of parameters this becomes 

^ u + v' 
which has the sphere for the corresponding surface. 
3». a < 1 . Then 



Fcom this it is found that ^ takes the form 

^ ^ V 1 - a [(ttw)''' - -/"r^:::!] + ^ • 

By a convenient choice of parameters and a translation, this can be written 

^ uv — 1 

Equation (13) becomes 

2 log tit; + J7— 7=0, 
and, consequently, 

J7= — 2(logti + 5), F=2(logt; — 5), 
where 5 is a constant. From (14) and (15) we get 

log — (t^ + 1) + 25 



x — iy = — ^ 



"- 2{uv — l) 

uv h 2 log t^t; + (t*t? + 1) log* -^ 



r 

((t*t,+i)iog^+2i)n 

wo — 1 J 
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In this case it is found that the equation of the lines of curvature is 

Hence if we put 

log u + log t? = Wi, log u — log t; = u?i , 

Ui and vi are the real parameters of the lines of curvature. The cartesian coor- 
dinates have then the following expressions : 

e^^—l y 2(e^— 1) • 

From this we see that the surface is imaginary. Since ^= log ZJF belongs to 
the above class and leads to the minimal surfaces, we have the following theorem : 

Minimal surfaces, the sphere and cylinders of revolution are the only real sur- 
faces of constant mean curvature corresponding to the case where ^ is afwictkm of 
the product of any fwiction ofuhy any function of v. 
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